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ADVICE TO THE READER 


1. This series of volumes, a list of which is given on pages g and 10, 
takes up mathematics at the beginning, and gives complete proofs. In 
principle, it requires no particular knowledge of mathematics on the 
reader’s part, but only a certain familiarity with mathematical reasoning 
and a certain capacity for abstract thought. Nevertheless, it is directed 
especially to those who have a good knowledge of at least the content of 
the first year or two of a university mathematics course. 


2. The method of exposition we have chosen is axiomatic and abstract, 
and normally proceeds from the general to the particular. This choice 
has been dictated by the main purpose of the treatise, which is to provide 
a solid foundation for the whole body of modern mathematics. For this 
it is indispensable to become familiar with a rather large number of very 
general ideas and principles. Moreover, the demands of proof impose 
a rigorously fixed order on the subject matter. It follows that the utility 
of certain considerations will not be immediately apparent to the reader 
unless he has already a fairly extended knowledge of mathematics; other- 
wise he must have the patience to suspend judgment until the occasion 
arises. 


3. In order to mitigate this disadvantage we have frequently inserted 
examples in the text which refer to facts the reader may already know 
but which have not yet been discussed in the series. Such examples 
are always placed between two asterisks: * --- ,. Most readers will 
undoubtedly find that these examples will help them to understand 
the text, and will prefer not to leave them out, even at a first reading. 
Their omission would of course have no disadvantage, from a purely 
logical point of view. 


4. This series is divided into volumes (here called ‘ Books ”). The first 
six Books are numbered and, in general, every statement in the text 
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assumes as known only those results which have already been discussed 
in the preceding volumes. This rule holds good within each Book, 
but for convenience of exposition these Books are no longer arranged in 
a consecutive order. At the beginning of each of these Books (or of 
these chapters), the reader will find a precise indication of its logical 
relationship to the other Books and he will thus be able to satisfy himself 
of the absence of any vicious circle. 


5. The logical framework of each chapter consists of the definitions, the 
axioms, and the theorems of the chapter. These are the parts that have 
mainly to be borne in mind for subsequent use. Less important results 
and those which can easily be deduced from the theorems are labelled as 
‘‘propositions,”” “lemmas”, ‘corollaries’, ‘‘remarks”, etc. Those which 
may be omitted at a first reading are printed in small type. A 
commentary on a particularly important theorem appears occasionally 
under the name of “scholium”. 

To avoid tedious repetitions it is sometimes convenient to introduce 
notations or abbreviations which are in force only within a certain chapter 
or a certain section of a chapter (for example, in a chapter which is con- 
cerned only with commutative rings, the word “ring’’? would always 
signify “commutative ring”), Such conventions are always explicitly 
mentioned, generally at the beginning of the chapter in which they 
occur. 


6. Some passages in the text are designed to forewarn the reader against 
serious errors. These passages are signposted in the margin with the sign 


a (“dangerous bend’’). 


7. The Exercises are designed both to enable the reader-to satisfy himself 
that he has digested the text and to bring to his notice results which have 
no place in the text but which are nonetheless of interest. The most 
difficult exercises bear the sign 9. 


8. In general, we have adhered to the commonly accepted terminology, 
except where there appeared to be good reasons for deviating from it. 


g. We have made a particular effort to always use rigorously correct 
language, without sacrificing simplicity. As far as possible we have 
drawn attention in the text to abuses of language, without which any 
mathematical text runs the risk of pedantry, not to say unreadability. 


10. Since in principle the text consists of the dogmatic exposition of 


a theory, it contains in general no references to the literature. Biblio- 
graphical references are gathered together in Historical Notes, usually 
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at the end of each chapter. These notes also contain indications, where 
appropriate, of the unsolved problems of the theory. 

The bibliography which follows each historical note contains in general 
only those books and original memoirs which have been of the greatest 
importance in the evolution of the theory under discussion. It makes 
no sort of pretence to completeness; in particular, references which serve 
only to determine questions of priority are almost always omitted. 

As to the exercises, we have not thought it worthwhile in general to 
indicate their origins, since they have been taken from many different 
sources (original papers, textbooks, collections of exercises). 


11. References to a part of this series are given as follows: 


a) If reference is made to theorems, axioms, or definitions presented 
in the same section, they are quoted by their number. 


b) Ifthey occur én another section of the same chapter, this section is also quoted 
in the reference. 


c) If they occur in another chapter in the same Book, the chapter and section 
are quoted. 


d) If they occur in another Book, this Book is first quoted by its title. 


The Summaries of Results are quoted by the letter R: thus Set 
Theory, R_ signifies “‘ Summary of Results of the Theory of Sets *’. 
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INTRODUCTION 


Most branches of mathematics involve structures of a type different from 
the algebraic structures (groups, rings, fields, etc.) which are the subject 
of the book Algebra of this series: namely structures which give a 
mathematical content to the intuitive notions of limit, continuity and neigh- 
bourhood. These structures are the subject matter of the present book. 

Historically, the ideas of limit and continuity appeared very early 
in mathematics, notably in geometry, and their role has steadily increased 
with the development of analysis and its applications to the experimental 
sciences, since these ideas are closely related to those of experimental deter- 
mination and approximation. But since most experimental determinations 
are measuremenis, that is to say determinations of one or more numbers, it 
is hardly surprising that the notions of limit and continuity in mathematics 
were featured at first only in the theory of real numbers and its outgrowths 
and fields of application (complex numbers, real or complex functions of 
real or complex variables, Euclidean geometry and related geometries). 

In recent times it has been realized that the domain of applicability 
of these ideas far exceeds the real and complex numbers of classical 
analysis (see the Historical Note to Chapter I). Their essential content 
has been extracted by an effort of analysis and abstraction, and the result 
is a tool whose usefulness has become apparent in many branches of 
mathematics. 

In order to bring out what is essential in the ideas of limit, continuity 
and neighbourhood, we shall begin by analysing the notion of neighbourhood 
(although historically it appeared later than the other two). If we start 
from the physical concept of approximation, it is natural to say that a 
subset A ofaset E isaneighbourhood ofanelement a of A if, whenever 
we replace a by an element that “approximates” a, this new ele- 
ment will also belong to A, provided of course that the “error” involved 
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is small enough; or, in other words, if all the points of E which are “suf- 
ficiently near” a belong to A. This definition is meaningful whenever 
precision can be given to the concept of sufficiently small error or of an 
element sufficiently near another. In this direction, the first idea was 
to suppose that the “distance” between two elements can be measured 
by a (positive) real number. Once the “distance”? between any two 
elements of a set has been defined, it is clear how the “neighbourhoods” 
of an element a should be defined : a subset will be a neighbourhood of a 
if it contains all elements whose distance from a is less than some preas- 
signed strictly positive number. Of course, we cannot expect to develop 
an interesting theory from this definition unless we impose certain conditions 
or axioms on the “distance” (for example, the inequalities relating the 
distances between the three vertices of a triangle which hold in Euclidean 
geometry should continue to hold for our generalized distance). In 
this way we arrive at a vast generalization of Euclidean geometry. It is 
convenient to continue to use the language of geometry : thus the elements 
or a set on which a “distance” has been defined are called points, and 
the set itself is called a space. We shall study such spaces in Chapter IX. 

So far we have not succeeded in freeing ourselves from the real numbers. 
Nevertheless, the spaces so defined have a great many properties which 
can be stated without reference to the “distance” which gave rise to them. 
For example, every subset which contains a neighbourhood of @ is again 
a neighbourhood of a, and the intersection of two neighbourhoods 
of a is a neighbourhood of a. These properties and others have a 
multitude of consequences which can be deduced without any further 
recourse to the “distance” which originally enabled us to define neigh- 
bourhoods. We obtain statements in which there is no mention of 
magnitude or distance. 

We are thus led at last to the general concept of a topological space, 
which does not depend on any preliminary theory of the real numbers. 
We shall say that a set E carries a topological structure whenever we have 
associated with each element of E, by some means or other, a family 
of subsets of E which are called neighbourhoods of this element — provided 
of course that these neighbourhoods satisfy certain conditions (the axioms 
of topological structures). Evidently the choice of axioms to be imposed 
is to some extent arbitrary, and historically has been the subject of a 
great deal of experiment (see the Historical Note to Chapter I). The 
system of axioms finally arrived at is broad enough for the present needs 
of mathematics, without falling into excessive and pointless generality. 

A set carrying a topological structure is called a topological space and 
its elements are called points. The branch of mathematics which studies 
topological structures bears the name of Topology (etymologically, “science 
of place”, not a particularly expressive name), which is preferred 
nowadays to the earlier (and synonymous) name of Analysis situs. 
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To formulate the idea of neighbourhood we started from the vague 
concept of an element “sufficiently near’? another element. Conversely, 
a topological structure now enables us to give precise meaning to the 
phrase “such and such a property holds for all points sufficiently near a’? : 
by definition this means that the set of points which have this property is 
a neighbourhood of a for the topological structure in question. 

From the notion of neighbourhood there flows a series of other notions 
whose study is proper to topology: the interior of a set, the closure of 
a set, the frontier of a set, open sets, closed sets, and so on (see Chapter I, 
§1). Forexample,asubset A is an open set if, whenever a point a belongs 
to A, all the points sufficiently near a belong to A; in other words, 
if A is a neighbourhood of each of its points. The axioms for neighbour- 
hoods have certain consequences for all these notions; for example, the 
intersection of two open sets is an open set (because we have supposed that 
the intersection of two neighbourhoods of a is a neighbourhood of a). 
Conversely, we can start from one of these derived notions instead of 
starting from the notion of a neighbourhood; for example, we may suppose 
that the open sets are known, and take as axioms the properties of the 
family of open sets (one of these properties has just been stated, by way 
of example). We can then verify that, from knowledge of the open sets, 
the neighbourhoods can be reconstructed; the axioms for neighbourhoods 
are now consequences of the new axioms for open sets that we took as 
a starting point. Thus a topological structure can be defined in various 
different ways which are basically equivalent. In this book we shall 
start from the notion of open set, because the corresponding axioms are the 
simplest. 

Once topological structures have been defined, it is easy to make 
precise the idea of continuity. Intuitively, a function is continuous at 
a point if its value varies as little as we please whenever the argument 
remains sufficiently near the point in question. Thus continuity will 
have an exact meaning whenever the space of arguments and the space 
of values of the function are topological spaces. The precise definition is 
given in Chapter I, § 2. 

As with continuity, the idea of a limit involves two sets, each endowed 
with suitable structures, and a mapping of one set into the other. For 
example, the limit of a sequence of real numbers a, involves the set 
N of natural numbers, the set R_ of real numbers, and a mapping of the 
former set into the latter. A real number a is then said to be a limit of 
the sequence if, whatever neighbourhood V of a we take, this neigh- 
bourhood contains all the a, except for a finite number of values of 7; 
that is, if the set of natural numbers n for which a, belongs to V is 
a subset of N whose complement is finite. Note that R is assumed to 
carry a topological structure, since we are speaking of neigbourhoods; 
as to the set N, we have made a certain family of subsets play a particular 
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part, namely those subsets whose complement is finite. This is a general 
fact: whenever we speak of limit, we are considering a mapping f of a 
set E into a topological space F, and we say that f has a point a of F 
as a limit if the set of elements x of E’ whose image / (x) belongs to 


a neighbourhood V of a [this set is just the “inverse image” 7 (V)] 
belongs, whatever the neighbourhood V, toa certain family ¥ of subsets 
of E, given beforehand. For the notion of limit to have the essential 
properties ordinarily attributed to it, the family § must satisfy certain 
axioms, which are stated in Chapter I, § 6. Such a family § of subsets 
of E iscalleda/filteron E. The notion ofa filter, which is thus inseparable 
from that of a limit, appears also in other contexts in topology; for example, 
the neighbourhoods of a point in a topological space form a filter. 

The general study of all these notions is the essential purpose of Chapter I. 
In addition, particular classes of topological spaces are considered there, 
spaces which satisfy more restrictive axioms, or spaces obtained by parti- 
cular procedures from other given spaces. 

As we have already said, a topological structure on a set enables one 
to give an exact meaning to the phrase “whenever x is sufficiently 
near a, x has the property P}x}”. But, apart from the situation 
in which a “distance” has been defined, it is not clear what meaning 
ought to be given to the phrase “every pair of points x, y which are suffi- 
ciently near each other has the property Px, »}”, since a priori 
we have no means of comparing the neighbourhoods of two different 
points. Now the notion of a pair of points near to each other arises fre- 
quently in classical analysis (for example, in propositions which involve 
uniform continuity). It is therefore important that we should be able 
to give a precise meaning to this notion in full generality, and we are 
thus led to define structures which are richer than topological structures, 
namely uniform structures. They are the subject of Chapter IT. 

The other chapters of this Book are devoted to questions in which, 
in addition to a topological or uniform structure, there is some other 
structure present. For example a group which carries a suitable topology 
(compatible in a certain sense with the group structure) is called a topo- 
logical group. Topological groups are studied in Chapter III, and we 
shall see there in particular how every topological group can be endowed 
with certain uniform structures. 

In Chapter IV we apply the preceding principles to the field of rational 
numbers. This enables us to define the field of real numbers; because 
of its importance, we study it in considerable detail. In the succeeding 
chapters, starting from the real numbers, we define certain topological 
spaces which are of particular interest in applications of topology to 
classical geometry : finite-dimensional vector spaces, spheres, projective 
spaces, etc. We consider also certain topological groups closely related to 
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the additive group of real numbers, which we characterize axiomatically, 
and this leads us to the definition and elementary properties of the most 
important functions of classical analysis: the exponential, logarithmic 
and trigonometric functions. 

In Chapter IX we revert to general topological spaces, but now with 
a new instrument, namely the real numbers, at our disposal. In particular 
we study spaces whose topology is defined by means of a ‘“‘distance’’; 
these spaces have properties, some of which cannot be extended to more 
general spaces. In Chapter X we study sets of mappings of a topological 
space into a uniform space (function spaces) ; these sets, suitably topologized, 
have interesting properties which already play an important part in classi- 
cal analysis. 
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CHAPTER 1! 


Topological Structures 


1. OPEN SETS, NEIGHBOURHOODS, 
CLOSED SETS 


1, OPEN SETS 


Derinition 1. A topological structure (or, more briefly, a topology) on a set X 
is a structure given by a set D of subsets of X, having the following properties 
(called axioms of topological structures) : 


(O,) Every union of sets of © is a set of ©. 
(Oy) Every finite intersection of sets of D is a set of ©. 


The setsof 2 are called open sets of the topological structure defined by 2D on X. 


DEFINITION 2. A topological space is a set endowed with a topological structure. 


The elements of a topological space are often called points. When a 
topology has been defined on a set X, this set is said to be the set under- 
lying the topological space X. 

Axiom (O,) implies in particular that the union of the empty subset 
of ©, i.e. the empty set belongs to ©. Axiom (Oy) implies that the 


intersection of the empty subset of ©, i.e. the set X, belongs to ©. 


To show that aset © ofsubsets of X satisfies (O,;), it is often convenient 
to prove separately that it satisfies the following two axioms, whose conjunc- 
tion is equivalent to (O,): 

(Oy 4) The intersection of two sets of OD belongs to L. 

(Oy 4) XX belongs to O. 
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Examples of topologies. Given any set X, the set of subsets of X consisting 
of X and @ satisfies axioms (O,;) and (O,,) and therefore defines 
a topology on X. So does the set 8(X) of all subsets of X: the topol- 
ogy it defines is the discrete topology on X, and the set X with this topol- 
ogy is called a discrete space. 


A covering (U,),ex of a subset A of a topological space X is said to be 
open if all the U, are open in X. 


DEFINITION 3. A homeomorphism of a topological space X onto a topological 
space X' is an isomorphism of the topological structure of X onto that of X’; 
that is to say, in accordance with the general definitions a bijection of 
X onto X' which transforms the set of open subsets of X into the set of open 
subsets of X'. 


X and X’ are said to be homeomorphic if there is a homeomorphism of 
X onto X’, 


Example. If X and X’ are two discrete spaces, any bijection of X 
onto X’ is a homeomorphism. 


The following criterion follows immediately from the definition of a 
homeomorphism : for a bijection f of a topological space X onto a topological 
space X' to be a homeomorphism, it is necessary and sufficient that the image under 
JS of each open set in X is an open set in X', and that the inverse image under f 
of each open set in XX! ts an open set in X. 


2. NEIGHBOURHOODS 


Derinirion 4. Let X be a topological space and A any subset of X. A 
neighbourhood of A is any subset of X which contains an open set containing A. 
The neighbourhoods of a subset {xt consisting of a single point are also called 
neighbourhoods of the point x. 


It is clear that every neighbourhood of a subset A of X is also a neigh- 
bourhood of each subset BcA; in particular, it is a neighbourhood 
of each point of A. Conversely, suppose A is a neighbourhood of 
each of the points of a set B, and let U_ be the union of the open sets 
contained in A; then Uc A, and since each point of B belongs to an 
open set contained in A, we have BcU; but U is open by virtue of 
(O,), hence A is a neighbourhood of B. In particular: 


PROPOSITION I. A set is a neighbourhood of each of its points if and only if it 
is open. 
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The everyday sense of the word “neighbourhood” is such that many 
of the properties which involve the mathematical idea of neighbourhood 
appear as the mathematical expression of intuitive properties; the choice 
of this term thus has the advantage of making the language more expres- 
sive. For this purpose it is also permissible to use the expressions ‘‘sufhi- 
ciently near’ and “as near as we please” in some statements. For 
example, Proposition 1 can be stated in the following form: a set A 
is open if and only if, for each xeA, all the points sufficiently near x 
belong to A. More generally, we shall say that a property holds for all 
points sufficiently near a point x, if it holds at all points of some neigh- 
bourhood of x. 


Let us denote by (x) the set of all neighbourhoods of x. The sets 
%(x) have the following properties : 


(Vx) Every subset of X which contains a set belonging to B(x) itself belongs 
to B(x). 


(Vy) Every finite intersection of sets of B(x) belongs to %B(x). 
(Vinx) The element x is in every set of B(x). 


Indeed, these three properties are immediate consequences of Defini- 
tion 4 and axiom (Q,,). 


(Viy) Jf V_ belongs to (x), then there is a set W belonging to B(x) such 
that, for each ye W, V_ belongs to B(y). 


By Proposition 1, we may take W to be any open set which contains x 
and is contained in V. 


This property may be expressed in the form that a neighbourhood of x 
is also a neighbourhood of all points sufficiently near to x. 


These four properties of the sets (x) are characteristic. To be precise, 
we have: 


ProposiTIon 2. If to each element x of a set X there corresponds a set (x) 
of subsets of X such that the properties (Vy), (Vix), (Vinx) and (Vyy) are 
satisfied, then there is a unique topological structure on X such that, for each xe X, 
B(x) is the set of neighbourhoods of x in this topology. 


By Proposition 1, if there is a topology on X satisfying these conditions, 
the set of open sets for this topology is necessarily the set © of subsets 
A of X such that for each xe A we have Ae %(x); hence the uniqueness 
of this topology if it exists. 

The set © certainly satisfies axioms (O,;) and (Oy): for (O,), 
this follows immediately from (V,), and for (Oy), from (Vy). It 
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Figure 1. 


remains to show that, in the topology defined by ©, G(x) is the set of 
neighbourhoods of x for each xeX. It follows from (V,)_ that 
every neighbourhood of x belongs to %(x). Conversely, let V bea 
set belonging to B(x), and let U_ be the set of points ye X such that 
Vey); if we can show that xe U, Uc V and UeSd, then the proof 
will be complete. We have xeU since VeX%(x); also UcV, for 
every point ye U belongs to V by reason of (Vyy) and the hypothesis 
Vey). It remains to show that Ue, ie. that UeS(y) for 
each ye U; now (Fig. 1) if ye U then by (V;y) there is a set W such 
that for each zeW we have VeM(z); since VeB(z) means that 
zeU, it follows that Wc U, and therefore, by (V,), that Ue %(,). 
Q.E.D. 
Proposition 2 shows that a topology on X can be defined by means 
of the sets %(x) of neighbourhoods of points of X, subject only to the 
axioms (V;), (Vi), (Vm) and (Vjy). 


Example. We may define a topology on the set Q of rational numbers 
by taking for open sets all unions of bounded open intervals; the set of these 
subsets certainly satisfies (O,), and to see that it satisfies (O,,;) it is 
enough to remark that if the intersection of two openintervals Ja, b[ and 
Jc, d[ is not empty, then it is the interval Ja, B[, where a = sup (a, c) 
and 8 = inf (b,d). We get the same topology by defining for each xeQ 
the set &(x) of neighbourhoods of x to be the set of subsets containing an 
open interval to which x belongs. ‘The topological space obtained by assign- 
ing this topology to Q_ is called the rational line (cf. Chapter IV, § 1, 
no. 2). Notice that in this space every open interval is an open set. * We 
can define a topology on the set R_ of real numbers in the same way; R 
with this topology is called the real line (cf. § 2, Exercise 5 and Chapter IV, 


§ 1, no. 3). 
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3. FUNDAMENTAL SYSTEMS OF NEIGHBOURHOODS; 
BASES OF A TOPOLOGY 


DerFIniTion 5. Ina topological space X, a fundamental system of neighbourhoods 
of a point x (resp. of a subset A of X) is any set G of neighbourhoods of x 
(resp. A) such that for each neighbourhood V of x (resp. A) there is a neigh- 
bourhood WeG such that WcV. 


If G is a fundamental system of neighbourhoods of a subset A of X, 
then every finite intersection of sets of G contains a set of 6. 


Examples. 1) In a discrete space (no. 1) the set {x} alone constitutes 
a fundamental system of neighbourhoods of the point x. 

2) On the rational line Q the set of all open intervals containing a point 
x is a fundamental system of neighbourhoods of this point. So is the 
set of open intervals ]x —1/n,* + 1/n[, and the set of closed intervals 
[x —1/n,x-+ 1/n], where n runs through all the integers > 0, 
or through any infinite strictly increasing sequence of integers > 0. 

* There are analogous results for the real line. , 


Derinition 6. A base of the topology of a topological space X is any set B 
of open subsets of X such that every open subset of X is the union of sets belong- 
ing to B. 


Proposition 3. If X is a topological space, then for a set & of open subsets 
of X to be a base of the topology of X it is necessary and sufficient that for each 
xeX the setof Ve® such that xe V is a fundamental system of neighbourhoods 


of x. 

It is clear that the condition is necessary. Conversely, if it is satisfied, 
then given any open set U and any xe U there is an open set V,e 8 
such that xe V,c¢U. The union of the sets V, for xe U is therefore 
equal to U. This completes the proof. 


Examples. 1) The discrete topology has as a base the set of subsets of X 
which consist of a single point. 


2) The set of bounded open intervals is by definition a base of the topology 
of the rational line (no. 2). * Likewise, the set of bounded open intervals 
is a base of the topology of the real line. , 


4. CLOSED SETS 


Derinition 7. In a topological space X, the complements of the open sets of X 
are called closed sets. 
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Taking complements, we find that the axioms (O,;) and (Oy) take 
the following form : 


(O;) Every intersection of closed sets is a closed set. 
(Oj;) Every finite union of closed sets is a closed set. 


The empty set and the whole space X are closed (and therefore 
both open and closed; cf. § 11). 


On the rational line, every interval of the form [a, ->[ is a closed set, 
for its complement ]<-, a[ is open; likewise, every interval of the form 
j<— a] is a closed set; hence so is every bounded closed interval [a, 6], 
since it is the intersection of the intervals [a, >[ and ]<,, 4]. 

The set Z of rational integers is closed in the rational line, since its 


complement U jn, n+ 1[ is open, 


A covering (F,)1er of a subset A of a topological space X is said to 
be closed if each of the F, is closed in X. 


A homeomorphism f of a topological space X onto a topological 
space X‘ (no. 1) can be characterized as a bijection of X onto X’ such 
that the image under f of every closed subset of X is a closed subset of X' and 
the inverse image under f of every closed subset of X' is a closed subset of X. 


5. LOCALLY FINITE FAMILIES 


Derinition 8. A family (A,),ex of subsets of a topological space X is said 
to be locally finite if for each xe X there is a neighbourhood V of x such that 
VnA, =@ for all but a finite number of indices .e1. A set S of subsets 
of X is said to be locally finite if the family of subsets defined by the identity map 
of GS onto itself is locally fintte. 


It is clear that if (A,),e, is a locally finite family of subsets and if B,c A, 
for each .eI, then the family (B,),e is locally finite. 

Every finite family of subsets of a topological space X is obviously 
locally finite; the converse is not true in general. 


* For example, in R, the open covering formed by the interval ]<-, 1[ 
and the intervals ]n, —>[ for each integer n > 0 is locally finite; and 
each interval ]n,-—>[ meets an infinite number of sets of this covering. , 


Proposition 4. The union of a locally finite family of closed subsets of a topolog- 
ical space X is closed in X. 
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Let (F,),ex bea locally finite family of closed subsets of X, and suppose 
that xe X does not belong to F = U F,; then x has a neighbourhood 


iel 

V_ which meets only those F, whose indices belong to a finite subset J 
of I. For each teJ let U, be the complement of F,; then OF 
contains the set Vn nN U,, which is a neighbourhood of x since each U, 


ves 
is open and contains x. Hence, by Proposition 1 of no. 2, CF is open 


and therefore F is closed in X. 


We note that the union of an arbitrary family of closed subsets of X 
is not necessarily closed; for example, on the rational line Q, the set 
]2, 1[ is the union of the closed sets 


ots | for n> 2, 
n n 


but is not closed. 


6. INTERIOR, CLOSURE, FRONTIER OF A SET; DENSE SETS 


Derinition 9. In a topological space X, a point x is said to be an interior 
point of a subset A of X if A is a neighbourhood of x. The set of interior 
points of A is called the interior of A and is denoted by A 


According to Definitions g and 4, a point x is an interior point of 
A if there is an open set contained in A which contains x; it follows 
that A is the union of all the open sets contained in A, and hence is 
the largest open set containedin A: in other words, if B is an open set contained 
in A, then BcA. Consequently, if A and B are two subsets of X 
such that Bc A, then BcA; and A is a neighbourhood of B if and 
only if BcA. 


Remark. The interior of a non-empty set can be empty; this is the case 
for a set consisting of a single point which is not open, for example on the 
rational line * (or the real line) ,. 
Proposition 1 of no. 2 can be restated as follows: 
A set is open if and only if it coincides with tts interior. 


The property (Vy) of no. 2 implies that every point which is an 
interior point of each of two subsets A and B isan interior point of An B; 
consequently 


(1) AnB=Anb. 
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Every point which is interior to the complement of a set A is said 
to be an exierior point of A, and the set of these points is called the exterior 
of A in X; a point «eX which is an exterior point of A is therefore 
characterized by the property that x has a neighbourhood which does not 
meet A, 


Derinition 10. The closure of a subset A of a topological space X is the 
set of all points xe X such that every neighbourhood of x meets A, and is 


denoted by A. 


This definition can be reformulated by saying that a point x lies in 
the closure of a set A if there are points of A as near x as we please to. 


Every point which is not in the closure of A is exterior to A, and 
conversely; thus we have the formulae (which are duals of each other) 


Hence, to any proposition on interiors of sets, there corresponds by 
duality a proposition on closures, and vice versa. In particular, the closure 
of a set A is the smallest closed set which contains A; in other words, if B 
is a closed set such that Ac B, then AcB. If A and B are two sub- 
sets of X such that AcB, then AcB. 


A set is closed tf and only if it coincides with its closure. 
The dual of formula (1) is 


(3) AuB=AuB. 


Proposition 5. Let A be an open set in X; then for every subset B of X 
we have 


(4) AnBcAnB. 


For suppose xe AnB; then if V is any neighbourhood of x, Vn A 
is a neighbourhood of x, since A is open; hence Vn An B is not empty 
and therefore x lies in the closure of AnB. 

If x lies in the closure of A but notin A, then every neighbourhood 
of x contains a point of A other than x; but if xe A it can happen that 
x has a neighbourhood which contains no point of A except x. We 
say then that x is an tsolated point of A. In particular, x is isolated in 
the whole space X if and only if {x} is an open set. 

A closed set which has no isolated points is called a perfect set. 
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DerFiniTion 11. In a topological space X, a point x is said to be a frontier 
point of a set A if x lies in the closure of A and in the closure of GA. The 
set of frontier points of A is called the frontier of A. 


The frontier of A is therefore the set An CA, which is closed. A frontier 
point x of A is characterized by the property that every neighbourhood 
of x contains at least one point of A and at least one point of §A; 
x may or may not belong to A. The frontier of A is the same as the 
frontier of §A. The interior of A, the exterior of A and the frontier 
of A are mutually disjoint and their union is the whole space X. 


DeriniTIon 12. A subset A of a topological space X ts said to be dense in X 
(or simply dense, if there is no ambiguity about xX) if A=X, te. 
if every non-empty open set U of X meets A. 


Examples. * We shall see in Chapter IV, § 1 that the set of rational 
numbers and its complement are dense on the real line. , 

In a discrete space X the only dense subset of X is X itself. On 
the other hand, every non-empty subset of X is dense in the topology on 
XX for which the only open sets are Q and X. 


Proposition 6. If ® is a base of the topology of a topological space X, there 
is a dense set D in X such that Card (D) < Card (%). 


We may restrict ourselves to the case in which none of the sets of 8 is 
empty (the non-empty sets of % already form a base of the topology 
of X). For each Ue, let xy be a point of U; it follows from 
Proposition 3 of no. 3 that the set D of the points xy is dense in X, 
and we have Card (D) < Card (®) (Set Theory, Chapter III, § 3, 
no. 2, Proposition 3). 


2. CONTINUOUS FUNCTIONS 


1, CONTINUOUS FUNCTIONS 


DeFIniTIon 1. A mapping f of a topological space X into a topological 
space X! is said to be continuous at a point xy@ X if, given any neighbourhood V' 
of f (xq) in X’, there is a neighbourhood V of xo in X such that the relation 
xeV implies f(x)eV'. 
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Definition 1 may be restated in the following more intuitive form: to say 
that f is continuous at the point xg means that f(x) is as near as we 
please to f'(x%o) whenever x is sufficiently near xq. 


The relation “for each xe V, f(x)eV’” is equivalent to {(V)c¢V’ 
or again to Vc f (V’); in view of the neighbourhood axiom (V,), 
we see that Definition 1 is equivalent to the following: f: X — X' 
ts satd to be continuous at the point xq if, for each neighbourhood V' of f (x9) 
in X', (V’) is a neighbourhood of x9 in X. Moreover, it is sufficient 
that 7 (V’) is a neighbourhood of x9 for each neighbourhood V’ 


belonging to a fundamental system of neighbourhoods of f (x9) in X' (§1, no. 3). 


Proposition 1. Let f be a mapping of a topological space X into a topological 
space X'. If f is continuous at x, and if x lies in the closure of a subset A 
of X, then f(x) lies in the closure of f (A). 


Let V’ be a neighbourhood of f(x) in X’. Since / is continuous 
at x,  (V’) is a neighbourhood of x in X. Hence f'(V’) meets A, 
from which it follows that V’ meets f(A), and therefore f(x) is in 
the closure of f(A). 


Proposition 2. Let X, X', X” be three topological spaces; let f be a 
mapping of X into X', continuous at xeX; let g be a mapping of X' 
into X", continuous at f(x). Then the composition h=gof: X—->X" 
ts continuous at x. 


Let V” be a neighbourhood of h(x) = g(f(x)) in X”. Since g is 
continuous at f(x) it follows that ¢(V") is a neighbourhood of f (x) 
in X’. But f is continuous at x, hence Ff (e(v")) =h (V") isa 
neighbourhood of x in X, and therefore ’ is continuous at «x. 


DEFINITION 2. A mapping of a topological space X into a topological space X' 
is said to be continuous on X (or just continuous) if it is continuous at each point 


of X. 


Examples. 1) The identity mapping of a topological space X onto 
itself is continuous. 


2) A constant map of a topological space into a topological space is 
continuous. 


3) Every mapping of a discrete space into a topological space is conti- 
nuous. 
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TuHrorem 1. Let f be a mapping of a topological space X into a topological 
space X', Then the following statements are equivalent : 


a) f ts continuous in X. 

b) For every subset A of X, f(A) ¢f (A). 

c) The inverse image under f of every closed subset of X' is a closed subset of X. 
d) The inverse image under f of every open subset of X' is an open subset of X. 


We have already seen that a) implies b) (Proposition 1). To show that 
b) implies c), let F’ be a closed subset of X’ and let F = T(E ); then 
by hypothesis f(F) ¢f(F) ¢F’ = F’, hence Fe /(F’) = FcF, so that 
F =F and F is closed. By virtue of the relation G7 (A) =f (Qa) 
for every subset A’ of X’, c) implies d). Finally, suppose that d) 
is satisfied. Let x be any point of X andlet V’ be any neighbourhood 
of f(x) in X’; then there is an open set A’ in X' for which 


f(xjeA’cV! 


and hence xe f(A’) cf (V’). By hypothesis, 7 (A) is open in X, 
so that ra (V’) is a neighbourhood of x in X. Thus d) implies a). 


Remarks. 1) Let % be a base (§ 1, no. 3) of the topology of X’; then 
for f: X-—>X’ to be continuous, it is necessary and sufficient that 
J (U’) is open in X for every U' eS. 


Examples. Let a be any rational number. The mapping x—>a-+ x 
of the rational line Q_ into itself is continuous on Q, for the inverse image 
under this mapping of an open interval ]d, c[ is the open interval 


6 — a, ¢ — af. 
Likewise, the mapping x-—>ax is continuous on Q; this is clear if 
a=0, for then ax =o for all x; if a0 then the inverse image 


- under this mapping of the open interval J6, c[ is the open interval with 
end-points }/a and c/a. 


2) The direct image of an open (resp. closed) set of X under a continuous 
mapping f: X —> X’ is not necessarily open (resp. closed) in X’ (cf. § 5). 


Example. * The mapping f: x—1/(1 +x) of R_ into itself is 
continuous, but /{(R) is the half-open interval Jo, 1], which is neither 
open nor closed in R. , 


THEOREM 2. 1) If f: X—>X’ and g: X'-—>X" are two continuous 
mappings, thn gof: X—+>X" is continuous. 
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2) For a bijection f of a topological space X onto a topological space X' to 
be a homeomorphism, it is necessary and sufficient that f and the inverse of f 
are continuous (or, as is also said, that f is bicontinuous). 


The first assertion is an immediate consequence of Proposition 2; the 
second follows from Theorem 1, d) and the definition of a homeomor- 
phism (§ 1, no. 1). 


Remarks. 1) It is possible to have a continuous bijection of a topological 
space X ontoa topological space X' which is not bicontinuous : for example, 
take X’ to be the rational line Q, and X to be the set Q with the 
discrete topology; then the identity map X-—>X’ is continuous but is 
not a homeomorphism. 


2) To verify that a continuous bijection f: X-—»X’ is a homeo- 
morphism, it is enough to show that foreach «eX and each neighbour- 
hood V of x, f(V) is a neighbourhood of f(x) in X’. 

3) Let X be a topological space, and for each xeX let B(x) be 
the set of all neighbourhoods of x. Let x) be a point of X; for each 
xe X, define a set B(x) of subsets of X as follows: Bo(x9) = B(x), and 
if x ~ x» then '8,(x) is to be the set of all subsets of X which contain x. 
It is immediately verified (§ 1, no. 2, Proposition 2) that the sets Xo(x) 
are sets of neighbourhoods of points of X for a topology on X; let Xp, 
denote the topological space thus obtained, and let 7: X,—> X denote 
the identity map, which is continuous but not in general bicontinuous. 
A mapping f of X into a topological space X’ is continuous at the 
point x. if and only if the composition xk X’ is continuous on Xo; 
this follows immediately from the definitions. 


2. COMPARISON OF TOPOLOGIES 


Theorem 2 of no. 1 shows that we may take the continuous mappings 
as morphisms of topological structures (Set Theory, Chapter IV, § 2, no. 1); 
from now on, we shall assume that we have made this choice of morphisms. 
In accordance with the general definitions (Set Theory, Chapter IV, § 2, 
no. 2), this allows us to define an ordering on the set of topologies on a given 
set X: 


DEFINITION 3. Given two topologies ©,, Gq on the same set X, we say that 
©, is finer than ©, (and that Gy ts coarser than ©) if, denoting by X; the 
set X with the topology ©; (i = 1, 2), the identity mapping X,—>X, ts 
continuous. If in addition ©, = G,, we say that ©, is strictly finer than ©, 
(and that 6, is strictly coarser than ©y). 


Two topologies, one of which is finer than the other, are said to be 
comparable, 
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The criteria for a mapping to be continuous (no. 1, Definition 1 and 
Theorem 1) give the following proposition : 


Proposition 3. Given two topologies ©,, ©, on a set X, the following 
statements are equivalent : 

a) ©, is finer than ©y. 

b) te each xe X, each neighbourhood of x for Gz is a neighbourhood of x 
for ©. 

c) For each subset A of X, the closure of A in the topology ©, is contained 
in the closure of A in the topology %.. 

d) Every subset of X which is closed in ©, is closed in ©. 

e) Every subset of X which is open in G._ is openin ©. 


Example. *1n Hilbert space H_ consisting of sequences x = (x,) 
of real numbers such that 


Ix? = DL B<+ 0, 
n=0 


the neighbourhoods of a point x 9 in the strong topology on H are the 
sets which contain an open ball |/x — x9|| <a centred at x»; the 
neighbourhoods of x, in the weak topology on H are the sets contain- 
ing a set defined by arelation of the form sup |(x — xola,)| <1, where 
the a, are points of H and PS teh 


3 


(xly) = 3 an 


n=0 
if x= (x,) and y=(y,). Now if B= sup |la,|, the relation 
1<i< 


Sign 
lx — Xoll < 1/8 implies that |(x — xola,)| < |x — xoll-lla,| < 1 for 
1 <i<n; hence the strong topology on H is finer than the weak topo- 
logy. On the other hand, given any finite family (a), <;<, of points of 
H, there are points x in H such that (x—vx,|a,) =0 for 1 <i<¢n 
and such that ||x — x9l| is arbitrarily large; this shows that the strong 
topology is strictly finer than the weak topology. , 


Remarks. 1) In the ordered set of all topologies on a set X, the topology 
in which the only open sets are @ and X is the coarsest and the discrete 
topology is the finest. 

2) The finer the topology, the more open sets, closed sets and neighbourhoods ; 
the finer the topology, the smaller (resp. the larger) the closure (resp. the 
interior) of a set; the finer the topology, the fewer dense sets. 

3) If f: X—X’ is a continuous mapping, it remains continuous if 
the topology of X is replaced by a finer topology and the topology of X’ 
is replaced by a coarser topology (no. 1, Theorem 2). In other words, 
the finer the topology of X and the coarser the topology of X’, the more 
continuous mappings there are of X into X’. 
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3. INITIAL TOPOLOGIES 


Proposition 4. Let X bea set, let (Y,),e be a family of topological spaces, 
and for each .eI let f, be a mapping of X into Y,. Let © be the set of 
subsets of X of the form ra (U,) (el, U, open in Y,), and let B be 
the set of finite intersections of sets of ©. Then 8 is a base of a topology © 
on X which is the initial topological structure on X for the family (f,) (Set 
Theory, Chapter IV, § 2, no. 3) and in particular is the coarsest topology on X 
Sor which the mappings f, are continuous. More precisely, if g is a mapping 
of a topological space Z into X, then g is continuous at a point zeZ (X 
carrying the topology ©) if and only if each of the functions f, 0 g is continuous 
at Z. 


Let © be the set of all unions of sets belonging to $8; clearly © satisfies 
axiom (O,) since formation of unions is associative; and © satisfies 
axiom (Oy) by reason of the definition of 8 and the fact that finite 
intersection is distributive over arbitrary union [Set Theory, R § 4, 
formula (37)]. The set © is therefore the set of open subsets of X for 
a topology © of which % is a base. We shall prove the last assertion 
of the proposition, which implies the others by reason of the general 
properties of initial structures (Set Theory, Chapter IV, § 2, no. 3, criterion 
CST 9). In the first place, the definition of G shows that the f, are 
continuous on X (no. 1, Theorem 1); hence, if g is continuous at z, 
so are the mappings f,og (no. 1, Proposition 2). Conversely, suppose 
that all the mappings f, o g are continuous at z, and let V_ be a neigh- 
bourhood of g (z) in X; by definition, there is a finite subset J of I, 
and for each 1eJ an open subset U, of Y, such that V contains the 


set NF uw) and g(z) belongs to this set. It follows that 
ted 
en —y nl 
evo NEF), 
1€ 


and the hypothesis implies that each of the sets FFU) is a neigh- 
bourhood of z in Z; hence ¢(V) is also a neighbourhood of z in Z. 
This completes the proof. 


Let %, be a base of the topology of Y,(1eI); let G’ denote the set 
of subsets of X of the form 7 (U,) for teI and U,e%, for each 
tel; if %’ is the set of finite intersections of sets of G’, it is evident 
that %’ is a base of the topology &. 


The general properties of initial structures (Set Theory, Chapter IV, 


§ 2, no. 3, criterion CST 10) imply in particular the following transitivity 
property (the direct proof of which is quite straightforward) : 
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Proposition 5. Let X be a set, (Zi)yeq @ family of topological spaces, 
(Jx)rex @ partition of I and (Y¥}),e, @ family of sets indexed by L. Also 
for each }EL let hy be amapping of X into Y,; foreach }eEL and each 
tej, let g be a mapping of Y, into Z,, and put fp =e ,°h. ITfeach Y, 
carries the coarsest topology for which the mappings g(t@J)) are continuous, 
then the coarsest topology on X for which the f, are continuous ts the same as 
the coarsest topology for which the h, are continuous. 


Examples. 1) Inverse image of a topology. Let X beaset, Y a topological 
space, f a mapping of X into Y; the coarsesttopology 6 on X for 
which / is continuous is called the inverse image under f of the topology 
of Y. It follows from Proposition 4 and the formulae for the inverse 
image of a union and an intersection [Set Theory, R, § 4, formulae (34) 
and (46)] that the open (resp. closed) sets inthe topology © are the inverse 
images under f of the open (resp. closed) sets of Y; consequently, for 


each xe X, the sets Ya (W), where W runs through a fundamental 
system of neighbourhoods of f(x) in Y, form a fundamental system 
of neighbourhoods of x in the topology 6. In § 3 we shall study, under 
the name of induced topology, the particular case in which X is a subset 
of Y and f is the canonical injection X—Y; X, with the induced 
topology, is then called a subspace of Y. 

For a mapping /f of a topological space X into a topological space 
X’ to be continuous it is necessary and sufficient that the topology of X 
is finer than the inverse image under f of the topology of X’. 


2) Least upper bound of a set of topologies. Every family (©,),e of topol- 
ogies on a set X has a least upper bound © in the ordered set of all topol- 
ogies on X, i.e. there exists a topology on X which is coarsest among 
all the topologies on X which are finer than each of the 6,. To see this 
we may apply Proposition 4, taking Y, to be the set X with the topology 
G,, and f, to be the identity map X->Y,; © is the coarsest topology 
for which all the mappings f, are continuous. 

Let GS bean arbitrary set of subsets of a set X; amongst the topologies 
© on X for which the sets of G are open, there is a topology 6) which 
is coarser than all the others and which is called the topology generated 
by ©. For each set UeS let Gy be the topology whose open sets 
are @, U and X [it is clear that this set of subsets of X satisfies (O;) 
and (Oy)]; then 6, is just the least upper bound of the topologies Gy. 
By Proposition 4, if % is the set of finite intersections of sets belonging 
to 6, then % is a base of the topology Gp». We say that © is a sub- 
base of Gy. 


3) Product topology. Let (X,),ey be a family of topological spaces. 
The coarsest topology on the product set X = Il X, for which the projec- 


ir § 
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tions pr,: X—-» X, are continuous mappings is called the product of the 
topologies of the X,; we shall study it in more detail in § 4. 


4. FINAL TOPOLOGIES 


Proposition 6. Let X bea set, let (Y.),ey be a family of topological spaces, 
and for each .eI let f, be a mapping of Y, into X. Let © be the set 


of subsets U of X such that f (U) ts open in Y, for each vel; 
then © is the set of open subsets of X in a topology © on X which is 
the final structure on X for the family (f,) (Set Theory, Chapter IV, § 2, 
no. 5), and in particular © is the finest topology on X for which the mappings 
SJ, are continuous. In other words, if g is a mapping of X into a topological 
space Z, then g is continuous (X carrying the topology ©) if and only if each 
of the mappings go f, is continuous. 


It is immediately verified that © satisfies the axioms (O,;) and (O,). 
[Set Theory, R, § 4, formulae (34) and (46)]. We shall prove the last 
assertion of the proposition, which implies the other assertions by reason 
of the general properties of final structures (Set Theory, Chapter IV, § 2, 
no. 5, criterion CST 18). It is clear that the f, are continuous in the 
topology 6, by the definition of © (no. 1, Theorem 1); hence if g is 
continuous, so is each mapping go jf, (no. 1, Theorem 2). Conversely, 
suppose that each go f, is continuous, and let V be an open set in Z; 


by hypothesis, 7 Ce (V)) isopenin Y, foreach 1.e1; hence ¢(V) €9, 
and the proof is complete. 


Corotiary. Under the hypotheses of Proposition 6, a subset F of X is 
closed in the topology © if and only if f ,(F) is closed in Y, for each vel. 


This follows from the definition of the open sets in the topology © by 
taking complements. 


The general properties of final structures (Set Theory, Chapter IV, 
§ 2, no. 5, criterion CST 19) imply the following transitivity property 
(the direct proof of which is also straightforward) : 


Proposition 7. Let X be a set, (Ze, @ family of topological spaces, 
(Jn)rer @ partition of I, and (Y,)xe, @ family of sets indexed by L. Also, 
for cach KEL let hy be a mapping of Y, into X; foreach }eL and each 
tej, let g), be a mapping of Z, into Y,, and put f, = ho gy. ITfeach Y, 
carries the finest topology for which the mappings gy,(\eJ)) are continuous, 
then the finest topology on X for which the f, are continuous is the same as the 
finest topology for which the h, are continuous. 
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Examples 


1) Quotient topology. Let X be a topological space, R an equiva- 
lence relation on X, Y= X/R_ the quotient set of X with respect 
to the relation R, 9: X-»>Y the canonical mapping. The finest 
topology on Y for which 9 is continuous is called the quotient of the 
topology of X by the relation R; we shall study it in more detail in § 3. 


2) Greatest lower bound of a set of topologies. Every family (©,),q of 
topologies on a set X has a greatest lower bound © in the set of all topologies 
on X, ie. © is the finest of all the topologies on X which are coarser 
than each of the ©,. To see this we may apply Proposition 6, taking Y, 
to be the set X with the topology ©,, and f, to be the identity mapping 
Y,—>X. If ©, is the set of subsets of X which are open in the topology 


©,, then the set No, is the set of subsets of X which are open in 6. 


tel 
© is also called the intersection of the topologies ©,. 


3) Sum of topological spaces. Let (X,),e be a family of topological 
spaces, X the set which is the sum of the X, (Set Theory, Chapter IT, 
§ 4, no. 8, Definition 8); for each 1eI, let j, be the canonical (injective) 
mapping of X, into X. The finest topology 6 on X for which the 
mappings j, are continuous is called the sum of the topologies of the X,, 
and X with this topology is said to be the sum of the topological spaces X,. 
Let us identify each of the X, with a subset of X by means of j,; then 
a set Ac X is open (resp. closed) in the topology © if and only if each 
of the sets An X, is open (resp. closed) in X,. In particular, each of 
the X, is both open and closed. 

The following proposition generalizes the situation of Example 3: 


Proposition 8. Let X bea set, (Xy),e, a family of subsets of X. Suppose 
each XX) carries a topology ©, such that, for each pair of indices (), w) : 

1) X, aX, és open (resp. closed) in each of the topologies ©), Gy. 

2) The topologies induced on X,NXy by ©, and ©, coincide. Let © be the 
finest topology on X for which the injections jy: X,-—>X are continuous. 
Then, for each ). ei, X, ts open (resp. closed) in X in the topology 6, and 
the topology induced by © on X, coincides with %). 

In view of Proposition 6 and its corollary, it is enough to show 


that for each } and each subset A, of X), the following statements 
are equivalent : 


(i) A, is open (resp. closed) in the topology ©). 
(ii) For each pe L, Ayn X, is open (resp. closed) in the topology Gy. 


It is clear that (ii) implies (i) by taking » =». Conversely, if (i) 
is satisfied, then A, X, is open (resp. closed) in Xn X, for the topology 
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©, induced on X,nX, by ©; but ©, is also the topology induced 
on X,nX, by ©; hence A,n X,_ isalso the intersection of X,n X, 
with a subset B, of X, which is open (resp. closed) in the topology ©,; 
since Xn X, is open (resp. closed) in G,, sois Ayn X,. This completes 
the proof. 


We remark that if the union of the X;, is different from X, then the 
topology induced by 6 on X— ( U x:) is discrete. For if xeX 
belongs to none of the X), then {x| aX == @ is open in each topology 
&, and therefore {xj{ is open in the topology 6. 


5. PASTING TOGETHER OF TOPOLOGICAL SPACES 


Let (X)),e, be a family of sets, and let X be the set which is the 
sum of the X, (Set Theory, Chapter II, § 4, no. 8, Definition 8); we shall 
identify each X, with a subset of X by means of the canonical injection 
Jyt XX. 

Let R_ be an equivalence relation on X such that each equivalence 
class of R_ has at most one element in each X,; for each pair of indices (2, p) 
let Aj, be the subset of X, consisting ofthe elements x for which there 
isanelement » eX, which belongs tothe equivalence classof X. Clearly 
to each xeA), corresponds a unique y¢A,, whichiscongruent to x 
mod R; the mappings hy, : Ajy —- Ay so defined satisfy the following 
conditions : 


(i) For each ,eL, hj) is the identity mapping of A,, = X). 


(ii) For each triple of indices (2, p, v) of L andeach xe@A,,n Aj, 
we have fy,(x)@A,, and 


(1) fy (x) = Iyy(hya(*))- 


Conversely, suppose that for each pair of indices (}, p) we are given 
a subset Aj, of X, and a mapping 4, : Aj, > Ay) satisfying the 
conditions (i) and (ii) above. It follows first of all from (ii) applied 
to the triples (2, p, 4) and (p, 2, w) that Ayyo hy (resp. Ay, Ayy) is 
the restriction of fy, (resp. hyy,) to Ayy (resp. Ay); hence we deduce 
from (i) that My, and hy) are bijections which are inverses of each other. 
Now let R}{x, y{ be the relation “ there exist 2, y such that xe Aas 
yEAy and y = hy(x)”. It follows from (i) and from what precedes 
that R_ is reflexive and symmetric; on the other hand, if xe Ayy, 


J = hyy(*) © Agy 9 Agy and Z=h,y (9), 
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then also x = Ayy( J) and therefore, by (ii), xe Ayu n Ayy; the relation (1) 
thus shows that R_ is transitive, and therefore R_ is an equivalence relation 
on X. It follows also from (i) and from the definition of R that each 
equivalence class mod R_ has at most one element in each of the sets X, 
and that Aj, is the set of all xX, for which there is an element ye X, 
congruent to x mod R. We say that the quotient set X/R is obtained 
by pasting together the XX, along the A), by means of the bijections hy. If 
@: X-»X/R is the canonical mapping, the restriction of » to each 
X, is a biection of X, onto (X). 

Now suppose that each X, is a topological space, and let ©, be its 
topology. Let © be the finest topology on the set X/R for which 
the mappings 9 oj, are continuous; © is the quotient by R of the 
topology on X which is the sum of the topologies ©,. We say that the 
topological space X/R (with the topology 6) is obtained by pasting 
together the topological spaces Xj along the. Ay, by means of the bijections hy: 
The open (resp. closed) subsets of X/R are “thus the canonical images of 
the subsets B of X which are saturated with respect to R and are such 
that Bn X, is open (resp. closed) in X for each Xe L. 

Since the restriction of g to each X, is a bijection onto the subset 
XX = 9(X) of X/R, we can transport the topology ©, to X, by 
means of this bijection, so that XX) carries a topology @); and the topology 
© on X/R_ is the finest for which the canonical injections ». > X/R 
are continuous. In general, the topology induced by © on X} is coarser 
than ©), but not identical with the latter; even if the Ay) are homeo- 
morphisms (§ 3, Exercise 15). However, it follows from no. 4, Proposition 
8 that, with the preceding notation: 


PRoposiTION 9. Suppose that the hy) are homeomorphisms and that each 
Au as open (resp. closed) in X; then each o(X,) is open (resp. closed) 
in X/R_ and the restriction of 9 to X, is a homeomorphism of X,_ onto 
the subspace 9(X) of X/R. 


3. SUBSPACES; QUOTIENT SPACES 


1, SUBSPACES OF A TOPOLOGICAL SPACE 


Let A be a subset of a topological space X. We have defined the 
topology induced on A by the topology of X as the inverse image of the 
latter under the canonical injection A—X (§ 2, no. 3, Example 1). 
An equivalent definition is as follows : 
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Derinition 1. Let A be a subset of a topological space X. The topology 
induced on A by the topology of X is that in which the open sets are the intersec- 
tions with A of open sets of X. The set A with this topology is called a sub- 
space of X. 


Example. The topology induced on the set Z of rational integers 
by the topology of the rational line is the discrete topology, for the intersec- 
tion of Z and the open interval Jn —1/2, n+ 1/2[ is the set jn}. 


By Proposition 5 of § 2, no. 3 (or directly from Definition 1) we see that, 
if BcAcX, the subspace B of X is identical with the subspace B of the 
subspace A of X (transitivity of induced topologies). If G is a sub- 
base (resp. a base) of the topology of X (§ 2, no. 3, Example 3) its trace 
©, on A is a subbase (resp. a base) of the topology induced on A, 

In all questions which involve the elements or subsets of A, it is 
essential to distinguish carefully between their properties as points (resp. 
subsets) of X, and their properties as points (resp. subsets) of the subspace 
A. We shall make this distinction by using the phrases “in A”, “with 
respect to A”, or “relative to A” to refer to properties in the latter 
category (possibly contrasting them with the phrases “in X”, “with 
respect to X”, “relative to X’’). 

An open set of the subspace A need not be open in X; in order that every 
set which is open in A should be open in X tt is necessary and sufficient that A 
is open in X. The condition is necessary, since A is open in A, and 
it is sufficient by virtue of (O,;) and Definition 1. 

The sets which are closed in A are the intersections with A of the closed 
setsin X (§ 2, no. 3s Example 1); as above we see that every set which is 
closed in A is closed in X if and only if A is closed in X. 

The neighbourhoods of a point xe A relative to A are the intersections 
with A of neighbourhoods of x relative to X. Every neighbourhood of x 
relative to A is a neighbourhood of x relative to X if and only if A 
is a neighbourhood of x in X. 


Proposition 1. Jf A and B are two subsets of a topological space X, and 
BcA, then the closure of B in the subspace A is the intersection with A of 
the closure B of B in X. 


If xe A, every neighbourhood of x in A is of the form VnA, where 
V_ is a neighbourhood of x in X. Since VnB=(VnA)nB, it 
follows that x lies in the closure of B with respect to A if and only 
if x lies in the closure of B with respect to X. 


Coroutiary. A subset B of A is densein A if and onlyif B= A in X 
(i.e. if and only if AcB). 
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It follows that if A, B, C are three subsets of X such that A> B>C, 
and if B is dense in A, and C is dense in B, then C is dense in A 


(transitivity of density), for we have A=B=C in X. 


Proposirion 2. Let A be a dense subset of a topological space X; then for 
each xe@A and each neighbourhood V of x relative to A, the closure V of 
V in X is a neighbourhood of x in X. 


For V contains UnA, where U isan open subset of X which contains 
x, hence V contains UnA=U (§ 1, no. 6, Proposition 5). 


Proposition 3. Leé (A,),e be a family of subsets of a topological space X, 
such that one of the following properties holds: 


a) The interiors of the A, cover X. 
b) (Ayer # @ locally finite closed covering of X (§ 1, no. 5). 
Under these conditions, a subset B of X is open (resp. closed) in X if and 
only if each of the sets Br A, is open (resp. closed) in A,. 
Clearly if B is open (resp. closed) in X, then Bn A, is open (resp. 
closed) in A,. Conversely, suppose first that condition a) is satisfied; 
since (§B) n A, = A, — (BnA,), it is enough, by duality, to consider 
the case in which each of the Bn A, is open with respect to A,. In this 
case BnA, is open in A, for each teI, and therefore open in X; and 
since B= U (Bn A,) by hypothesis, it follows that B is open in X. 
t 

Nowsuppose that b) is satisfied; by duality again, we need only consider 
the case in which each of the Bn A, is closed in A,, and therefore closed 
in X. Since the family (Bn A,) is locally finite and B= U (Bn A,), 

t 

it follows from § 1, no. 5, Proposition 4 that B is closed in X. 
Remark. Let (U,),e be an open covering of a topological space X, 
and for each .eI let %, be a dase of the topology of the subspace U, 
of X; then it is clear that 8 = U %, is a base of the topology of X. 


ter 


2, CONTINUITY WITH RESPECT TO A SUBSPACE 


Let X and Y be two topological spaces, f a mapping of X into Y, 
B a subset of Y which contains f(X). The definition of the induced 
topology as an initial topology (§ 2, no. 3, Proposition 4) shows that f 
is continuous at xe X if and only if the mapping of X into the subspace 
B of Y, having the same graph as f, is continuous at x. 
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Now let A be a subset of X; if f is continuous at xe@A (resp. 
continuous on X), its restriction f|A is a mapping of the subspace A 
into Y, which is continuous at x (resp. continuous on A) by Proposi- 
tion 2 of § 2, no. 1. We shall sometimes say that a mapping f: X—Y 
is continuous relative ta A at xe@A (resp. continuous relative to A) if its 
restriction f|A is continuous at x (resp. continuous on A). 


It should be noted that /f{A can be continuous without f being 
continuous at any point of X; an example of this phenomenon is provided 
by the characteristic function 9, of a subset A of X which is such that 
both A and its complement are dense in X (§ 2, Exercise 11), 9, being 
regarded as a mapping of X into the discrete space {0,1}. 9, is not 
continuous at any point of X, but its restriction to A is constant and 
therefore continuous. 


If A is a neighbourhood in X ofa point «eA, andif f: X—Y 
is such that f|A is continuous at x, then / is continuous at x; for 
each neighbourhood of x in A is a neighbourhood of x in X (local 
character of continuity). 


Proposition 4. Let (A,),e, be a family of subsets of a topological space X 
whose interiors cover X, or which is a locally finite closed covering of X. Let f 
be a mapping of X into a topological space X'. If the restriction of f to each 
of the subspaces A, is continuous, then f is continuous. 


For if F’ is a closed subset of X’ and if F= f(F’), then Fn As 
is closed in A, for each 1eI (§ 2, no. 1, Theorem 1) and therefore F 
is closed in X by Proposition 3 of no. 1; the result now follows from 
Theorem 1 of § 2, no. 1. 


3. LOCALLY CLOSED SUBSPACES 


Derimirion 2. A subset L of a topological space X is said to be locally closed 
at a point xeL if there is a neighbourhood V of x in X such that Ln V 
is a closed subset of the subspace V. WL is said to be locally closed in X if it 
is locally closed at each xeL. 


Remark. Let F be a subset of X such that for each point x of X 
there is a neighbourhood V of x such that Vn F is closed in the subspace 
V; then it follows from Proposition 3 of no. 1 that F is closedin X. On 
the other hand, Proposition 5 below shows that in general there are locally 
closed sets which are not closed in X. 


Proposition 5. For a subset L of a topological space X, the following 
properties are equivalent : 


a) L is locally closed in X. 


38 


QUOTIENT SPACES § 3.4 


b) L is the intersection of an open subset and a closed subset of X. 
c) L is open in its closure TL in X. 


If L is locally closed, then, foreach xeL, there isan open neighbourhood 
V, of x in X such that Ln V, is closed in V,; U = U V, isopen 
L 


ze 

in X, and Proposition 3 of no. 1 shows that L is closed in U; therefore a) 
implies b). If L=UnF, where U is open and F closed in X, 
we have LDecF; hence LcUnDZcUnF=L, which shows that 
L = UnL is open in [, so that b) implies c). Finally, if L = UnT, 
where U is openin X, L is closed in U, hence locally closed, and 
thus c) implies a). 


Corotrary. Let f: X—X' be a continuous map and L' a locally closed 
subset of X's then F(L') is locally closed in X. 


This follows immediately from Proposition 5 above and Theorem 1 of § 2, 
no.!I. 


4. QUOTIENT SPACES 


Derinition 3. Let X be a topological space, R an equivalence relation on 
X. The quotient space of X by R is the quotient set X/R with the topology 
which is the quotient of the topology of X by the relation R (§ 2, 
no. 4, Example 1). 

Unless the contrary is expressly stated, whenever we speak of X/R as 
a topological space, it is to be understood that we mean the quotient space 
of X by R. We shall often say that this topological space is the space 


obtained by identifying the points of X which belong to the same equivalence 
class mod R. 


Let 9 be the canonical mapping X—+X/R. By definition (§ 2, 
no. 4, Proposition 6 and its corollary) the open (resp. closed) sets in X/R 
are the sets A such that @(A) is open (resp. closed) in X; in other 
words, the open (resp. closed) sets in X/R are in one-to-one correspond- 
ence with the open (resp. closed) subsets of X which are saturated with 
respect to R and are the canonical images of these subsets. 


Proposition 6. Let X be a topological space, Ran equivalence relation 
on X, 9 the canonical mapping of X onto X/R; then a mapping f of X/R 
into a topological space Y is continuous if and only if fo 9 is continuous on X 


This is a particular case of § 2, no. 4, Proposition 6; it expresses the fact 
that the quotient topology is the final topology for the mapping 9. 
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Proposition 6 shows that there is a one-to-one correspondence between 
the continuous mappings of X/R into Y and the continuous maps 
of X into Y which are constant on each equivalence class mod R. 


Example. * Consider the equivalence relation x=y (mod 1) on 
the real line R; the quotient space of R_ by this relation is called the 
one-dimensional torus and is denoted by T. The equivalence class of a point 
*xER_ consists of all the points x +n, where n runs through the set Z 
of rational integers. By Proposition 6 there is a one-to-one correspondence 
between the continuous functions on T and the continuous functions 
on R which are periodic with period 1. We shall return to this impor- 
tant example in Chapter V, § 1. , 


Coroiiary. Let X, Y be two topological spaces, R (resp. S) an equi- 
valence relation on X (resp. Y), and let f: X—->Y be a continuous mapping 
which is compatible with the equivalence relations R and S (Set Theory R, § 5, 
no. 8); then the mapping g: X/R—-Y/S induced by f (Set Theory R, § 5, 
no. 8) is continuous. 


This is a particular case of a general property of quotient structures (Set 
Theory, Chapter IV, § 2, no. 6, criterion CST 20). 


Proposition 7 (Transitivity of quotient spaces), Let R and S be two 
equivalence relations on a topological space X such that R_ implies S, and 
let S/R be the quotient equivalence relation on the quotient space X/R (Set 
Theory R, § 5, no. 9). Then the canonical bijection (X/R)/(S/R) +> X/S 
is a homeomorphism. 


This is a particular case of the transitivity of final topologies (§ 2, no. 4, 
Proposition 7. Cf. Set Theory, Chapter IV, § 2, no. 3, criterion CST 21). 


5. CANONICAL DECOMPOSITION OF A CONTINUOUS MAPPING 


Let X and Y be two topological spaces, f: X-»Y a continuous 
map, R_ the equivalence relation f(x) =f(y) on X. Consider the 
canonical decomposition 


fi: Xtxetymtly 


where 9 is the canonical (surjective) mapping of XK onto the quotient 
space X/R, q is the canonical injection of the subspace /(X) into Y, 
and g is the bijection associated with f (Set Theory R, § 5, no. 3). It 
is immediately seen that g is continuous (by Proposition 6 of no. 4); 
this is also a particular case of a general result on quotient structures. 
(Cf. Set Theory, Chapter IV, § 2, no. 6). But the bijection g is not neces- 
sarily a homeomorphism. 
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Proposition 8. Let f= ogo be the canonical decomposition of a contin- 
uous mapping f: X-»>Y, and let R_ denote the equivalence relation 


Sf (*) =f (9). 
Then the following three conditions are equivalent : 
a) g is a homeomorphism of X/R onto f (X). 


b) The image under f of every open set which is saturated with respect to R 
is an open set in the subspace f(X). 


c) The image under f of every closed set which is saturated with respect to R 
is a closed set in the subspace f (X). 


For the condition b) [resp. c)] expresses that the image under g of every 
open (resp. closed) set in X/R is an open (resp. closed) set in jf (X). 


Example. Let X be a topological space, (X.).er a covering of X, 
Y the sum of the subspaces X, of X; then there is a partition (Y.).er 
of Y into subspaces which are both open and closed, and for each tel 
there is a homeomorphism f,: Y,—X. Let f: Y—~X_ be the 
continuous mapping which agrees with f. on Y, for each :el, and 
let R_ be the equivalence relation f(x) = f(y); the quotient space 
Y/R is thus obtained by ‘‘ pasting together ’’ the Y, (§ 2, no. 5). Consider 
the bijection g: Y/R-—>X associated with /; in general g is 
not a homeomorphism, as is shown by the example in which each X, 
consists of a single point and X is not discrete. However, if the interiors 
of the X, cover X, or if (X%,) is a locally finite closed covering of X, 
then g isa homeomorphism : for if U is any open subset of Y which 
is saturated with respect to R, then for each teI the set 


f(U)nX. = f(U ny.) 


is open in X,, and the assertion follows from Proposition 3 of no. 1. 


The following proposition gives a simple sufficient condition for g to bea 
homeomorphism : 


Proposition 9. Let f: X—Y be a continuous surjection, and let R denote 
the equivalence relation f (x) = f(y). If there is a continuous section s: Y —> X 
associated with f (Set Theory, Chapter II, § 3, no. 8, Definition 11), then the 
mapping g: X/R—-+Y associated with f is a homeomorphism, and s is a 
homeomorphism of YY onto the subspace s(Y) of X. 


For if 9: XX -—> X/R is the canonical mapping, then g and gos are 
bijective, continuous and inverse to each other; likewise s and the 
restriction of f to s(Y) are bijective, continuous and inverse to each 
other. 
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If R_ is an equivalence relation on a topological space X and 
eg: X¥>X/RK 


is the canonical mapping, a continuous section s: X/R—->X_ associated 
with 9 is also called a continuous section of X with respect to R (cf. 
Set Theory, Chapter II, § 6, no. 2); the subspace s(X/R) of X is then 
homeomorphic to X/R. If we are given s(X/R), then s is uniquely 
determined; s(X/R) is often called, by abuse of language, a (continuous) 
section of X with respect to R. 


A continuous section of a topological space with respect to an equivalence 
relation need not exist (Exexcise 12). 


6. QUOTIENT SPACE OF A SUBSPACE 


Let X be a topological space, A a subspace of X, R an equivalence 
relation on X, f the canonical map X — X/R, g the restriction of f 
to A. The equivalence relation g(x) = g(y) on A is just the relation Ry 
induced by R on A (Set Theory R,§5,no. 5). Let g=ohog be the 
canonical decomposition of g, so that if j is the canonical injection of 
A into X we have a commutative diagram (*) 


(1) A+ AIR, > f(A) & XR. 


i ee 


PROPOSITION 10. The canonical bijection h: A/R, f(A) is continuous. 
Furthermore, the following three statements are equivalent : 


a) h is a homeomorphism. 


b) Every open subset of A which is saturated with respect to Ry is the interse- 
ction with A of an open subset of X which is saturated with respect to R. 


c) Every closed subset of A which is saturated with respect to Ry is the interse- 
ction with A of aclosed subset of X which is saturated with respect to R. 


The first part of the proposition is immediate (no. 5). The second part 
follows from Proposition 8 of no. 5: if B is an open (resp. closed) subset 
of A which is saturated with respect to Ry, and g(B) =/(B) is the 
intersection with f(A) of an open (resp. closed) subset C of X/R, 
then B is the intersection with A of the open (resp. closed) subset 7 (C) 


(*) This expression means that foj = pohog. 
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of X, which is saturated with respect to R; and conversely, if B_ is 
the intersection with A of an open (resp. closed) subset D which is 
saturated with respect to R, then f(B) is the intersection of f(A) 
and f(D), which is open (resp. closed) in X/R. 


CoroLttary 1. Jf A is an open (resp. closed) subset of X which is saturated 
with respect to R, then the canonical mapping h: A/Ry > f(A) is a homeo- 
morphism. 


For if A is open (resp. closed) in X and saturated with respect to R, 
and if BcA is open (resp. closed) in A and saturated with respect 
to R,, then B is open (resp. closed) in X and saturated with respect 
to 


Coro.uary 2. Sf there is a continuous mapping u: X—A_ such that u(x) 
is congruent t0 x mod R_ for each xe X, then f(A) = X/R and the 
canonical mapping h: A/R,y > X/R_ is a homeomorphism. 


Since each equivalence class mod R meets A, the canonical image 
of A/R, in X/R is the whole of X/R; on the other hand, if U is open 
in A and is saturated with respect to R,, it follows from the hypothesis 
that “(U) is the set obtained by saturating U with respect to R; 
since uw is continuous, “(U) is open in X (§ 2, no. 1, Theorem 1). 
The corollary follows from this fact by virtue of Proposition 1o. 


Example. * Let R_ denote the equivalence relation x= (mod 1) 
on the real line R (no. 4, Example) and let A denote the closed interval 
{o, 1]; A contains at least one point of each equivalence class mod R. 
The canonical mapping of A/R, onto the torus T is a homeomorphism; 
for if F is closed in A (and hence in R), in order to saturate F with 
respect to the relation R we have to take the union of the closed sets 
F+n (for all neZ), which evidently form a locally finite family, so 
that their union is closed (§ 1, no. 5, Proposition 4); the assertion follows 
from this. We remark that A/R, is obtained by identifying the points o 
and tin Avy, 


4. PRODUCT OF TOPOLOGICAL SPACES 


1. PRODUCT SPACES 


DEFINITION 1. Given a family (X,)1eq of topological spaces, the product 
space of this family is the product set X = I[x. with the topology which ts the 


product of the topologies of the X, (8 ne: 3, Example 3). The spaces 
X,(.e1) are called the factors of X. 
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By virtue of § 2, no. 3, Proposition 4, the product topology on X_ has as 


-1 
a base the set % of finite intersections of sets of the form pr,(U,), where 
U, is open in X,; these sets are products I[A. where A, is open 


in X, for each tel and A, = X, for all but a finite number of indices 
These sets will be called elementary sets. 

If %, is a base of the topology of X, (for each ,eI), it is clear 
that the elementary sets IIA, such that A,e %, for each index 1 such 


that A,=4 X, form another base of the product topology. The elemen- 
tary sets of this type which contain a given point xe X thus form a_funda- 
mental system of neighbourhoods of x (§ 1, no. 3, Proposition 3). 

If I is a finite set, the construction of the product topology from the 
topologies of the factors X, is simpler: the elementary sets are just pro- 
ducts ITA. where A, is any open subset of X,, for each tel (cf. 


tel 
Exercise 9). 
Examples. * The product R* of n_ spaces identical with the real 
line R_ is called real number space of n dimensions; R? is also called the real 
plane (cf. Chapter VI,§1). Likewise, starting from the rational line Q, we 
define the rational number space of n dimensions Q* (rational plane for n = 2). 
The topology of the space R* has as a base the set of all products 
of n open intervals in R, which are called open boxes of n dimensions. 
The open boxes which contain a point xeR" form a fundamental system 
of neighbourhoods of this point. Likewise the products of n closed 
intervals in R are called closed boxes of n dimensions. The closed boxes 
to which « is interior also form a fundamental system of neighbourhoods 
of x. There are analogous results for Q". , 


Proposition 1. Let f=(fi) be a mapping of a topological space Y into 

a product space X = Il X,. Then f is continuous at a point ae Y if and 
él 

only of f, is continuous at a for each vel. 

Since f, = pr,o f, this is just a particular case of Proposition 4 of § 2, 

no. 3. 


Corotiary 1. Let (X,),er (Yirex be two families of topological spaces 
with the same set of indices. For each el, let f, be a mapping of X, into 
Y,. In order that the product mapping f: (*,) > (f(x) of 


IL X, | into Lly, 
‘er tel 


should be continuous at a point a = (a,) it is necessary and sufficient that f, is 
continuous at a, for each .el. 
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f can be written as x > (/,(pr,(x)), so that by Proposition 1 the condition 
is sufficient. Conversely, for each xeI let g, be the mapping of X,, 


into I X, such that pr,(g,(*,)) =, and pr,(g,(%,)) =a, whenever 
vel 
.=éx; then g, is continuous at the point a,, by Proposition 1. Since 


Sx = Ply of? g, it follows that if f iscontinuousat a, then f, is contin- 
uous at dy. 

Corotiary 2. Let X, Y be two topological spaces. In order that a mapping 
ff: X—+Y° should be continuous it is necessary and sufficient that the mapping 
g: x-> (x, f(x)) ts a homeomorphism of X onto the graph G of f (con- 
sidered as a subspace of the product space X x Y). 


Since (= pr, g, the condition is sufficient. It is also necessary, for if f 
is continuous, then g is bijective and continuous (Proposition 1) and the 
inverse of g is the restriction of pr, to G, which is continuous (cf. 
Set Theory, Chapter IV, § 2, no. 4, criterion CST 17). 

Proposition 2 (Associativity of topological products). Let (X,),e be 
a family of topological spaces, (Jx)xex @ partition of the set I, and for each 
xeK let X= |] X, be the product of the spaces X, for .eJy. Then 


ies, 

the canonical mapping of the product space 

TX, onto the product space |] X% 

rel xeKk 
is a homeomorphism. 
This is a particular case of transitivity of initial topologies (§ 2, no. 3, 
Proposition 5; cf. Set Theory, Chapter IV, § 2, no. 4, criterion CST 193). 

Generally we identify the product spaces Il X, and If x. by 

means of the canonical mapping. tel <= 


Corotiary. Let o be a permutation of the set I. Then the mapping 
(%,) > (xa,) ts @ homeomorphism of 


I] X, onto ees 
tel tel 

Take K=I and J, = {o(t) } for each teI in Proposition 2. 
Proposition 3. Let X be a set, (Yirex @ family of topological spaces, 
and for each .eI let f, be a mapping of X into Y,. Let f be the mapping 
x—>(fi(x)) of X into Y= II Y,, and let © be the coarsest topology on 

tel 

X for which the mappings f, are continuous. Then © is the inverse image 
under f of the topology induced on f (X) by the product topology on Y. 
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This is another particular case of transitivity of initial topologies (§ 2, 
no. 3, Proposition 5; cf. Set Theory, Chapter IV, § 2, no. 4, criterion CST 15). 


Corotiary. For each vel let A, be a subspace of Y,. Then the topology 
induced on A = II A, by the product topology on Ul Y, ts the product of the 


; él tél 
topologies of the subspaces A,. 


Let j, be the canonical injection A,—> Y,, and apply Proposition 3 to 
the mappings /, =j,° pr, (cf. Set Theory, Chapter IV, § 2, no. 4, criterion 
CST 14). 


2. SECTION OF AN OPEN SET; SECTION OF A CLOSED SET; 
PROJECTION OF AN OPEN SET. PARTIAL CONTINUITY 


PROPOSITION 4. Let X,, X_ be two topological spaces; then for each aye X,, 
the mapping %,—>(@,, *,) is a homeomorphism of X,. onto the subspace 
{a,} x X_ of XX Xp 


This is a particular case of Corollary 1 of Proposition 1 of no. 1 applied 
to the constant function *, —> a. 


The mapping x, —> (a, *,) is a continuous section (§ 3, no. 5) with 
respect to the equivalence relation pr,z = praz’ in X, xX X,;_ the 
quotient space X, x X, by this equivalence relation is therefore homeo- 
morphic to X,. 


Corouiary. The section A(x,) of an open (resp. closed) set A of the product 
X, X X, at an arbitrary point x, X, (*) is open (resp. closed) in X,. 


Proposition 5. The projection of an open set U of the product X, x X, 
onto either factor 1s an open set. 


For example, we have pr,U = U U(x,), and the proposition follows 
2,EX 
from the Corollary to Proposition 4 and axiom (Q,). 


Remark 1. The projection of a closed subset of X, x X, onto a factor 
need not be closed. For example, in the rational plane Q?, the hyperbola 
whose equation is xx, = 1 is a closed set, but both its projections are 
equal to the complement of the point o in Q, and this is not a closed set. 


(*) By the section A(x,) of A at x, is meant the set of all x,@X, such 
that (x,, x.)e@A (cf. Seé Theory R, § 3, no. 7). 
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Proposition 6. Let X,, X,, Y be three topological spaces, f a mapping 
of the product space X, X X, into Y. If f is continuous at the point (a4, ae) 


then the partial mapping x,—>f(a,, %2.) of X, into Y is continuous at the 
point az. 


For this mapping is the composition of f and the mapping x, — (a, %2); 
hence the result follows from Proposition 4. 

Proposition 6 is often expressed by saying that a continuous function 
of two variables is continuous with respect to each of them separately. 


Remark 2. It is possible for all the partial mappings determined by 
amap f: X, X X,—Y to be continuous without f being continuous 
on X, x X, (cf. Chapter IX, § 5, Exercise 23). * For example if f 
is the mapping of the real plane R? into R defined by 


SF (#9) = /(x* + 9%) if (x, ») & (0, 0) 


and f(0, 0) =o, then all the partial mappings are continuous; but f 
is not continuous at (0, 0), since f(x, x) = 1/2 if xo. 


If g is a mapping of X, into Y, continuous at a point a@,, then the 
mapping (x, *2) > g (*,) of X, x X,-»Y is continuous at all points 
(@,, x,), for it is the composition of g and the projection onto X,. 


The results of this subsection are easily extended to an arbitrary product 
X, of topological spaces by remarking that this product is homeo- 
é1 
morphic to the product (U x.) x (11x) for any partition (J, K) 
i€ 


ted 
of I (no. 1, Proposition 2). 


3. CLOSURE IN A PRODUCT 


ProposiTion 7. In a product space Il X,, the closure of a product of sets 
tél 
I A, is the same as the product TIA. of their closures. 


1er cel 
Suppose that @ = (a,) lies in the closure of Il A,; then for each xe], 
t 


= pr,a is in the closure of A, because of the continuity of pr, (§ 2, 
no. 1, Theorem 1) and therefore ae {[A. Conversely, let b = (d,) € HA. 


and let ITv. be any elementary set containing 6; for each .e L Vv, 
contains a point x,eA,; hence Ilv. contains the point (x*,) € a and 


therefore 8 lies in the closure of []a. 
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CoroLiary. A product IIA. of non-empty sets is closed in the product space 
U 
Ix, if and only if A, is closed in X, for each vel. 
t 


If I is finite, a product ][a. is open provided that A, is open 
tel 
in X, for each teI; but this is no longer so if I is infinite. 
Proposition 8. Let a = (a,) be any point of a product space X = Il XxX; 


tel 
then the set D of points xe X such that pr.x =a, except for a finite number 
of indices 1 is dense in X. 


For each xe X and each elementary set V = Iv, which contains x, 


cer 
we have U, = X, except for indices , belonging to a finite subset J of 
I; if we take », =x, for .eJ and », =a, for .¢J, it is clear that 


y=(y)eD and yeV; 
hence the result. 


4. INVERSE LIMITS OF TOPOLOGICAL SPACES 


Let I be a partially ordered (but not necessarily directed) set (*), in 
which the order relation is written a <@. For each aelI, let X, 
be a topological space, and for each pair (a, 6) such that a <@ let 
Jig be a mapping of Xg into X,. We say that (X,, fxg) is an inverse 
system of topological spaces if: 1) (Xa, fap) is an inverse system of sets; 
2) fag is a continuous mapping whenever a<. Let X denote the 
set lim X,, and for each aelI let f, be the canonical mapping 
X— X,; then the coarsest topology on X for whichthe f, are contin- 
uous is said to be the inverse limit (with respect to the f,g) of the topolo- 
gies of the X,, and the set X with this topology is called the inverse 
limit of the inverse system of topological spaces (Xa, fag). Whenever we speak 
of im X, as a topological space, it is always to be understood that the 
topology of this space is the inverse limit of the topologies of the X,, 
unless the contrary is expressly stated. 


The set X is the subset of the product [| X, consisting of those 
points x such that ael 


(1) Pra(*) = fag(Pre(*)) 


whenever a <8. It follows from Proposition 3 of no. 1 that the inverse 
limit of the topologies of the X, is the same as the topology induced on X 


by the topology of the product space I X,. If, foreach wel, Y, is 
ael 


(*) That is, a set endowed with a reflexive and transitive relation (Set Theory R, 
§ 6, no. 1). 
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a subspace of X, such that the Y, form an inverse system of subsets of the 
X, (Set Theory chapter III, § 7, n° 2), then it is clear that the topolo- 
gical space lim Y, is a subspace of lim X,. 


Let (Xq, fag) be another inverse system of topological spaces indexed 
by the same set I, and for each ael let u,: X,—->X, bea continuous 
mapping such that (u,) is an inverse system of mappings; then u = lim u, 
is a continuous mapping of X= limX, into X’=limX,. For if 
f« is thecanonical mapping X’—->X,, wehave fy 0u=u, 0 fy, so that 
fa is continuous foreach «eI, and the assertion follows from Proposi- 
tion 4 of § 2, no. 3. 


Finally, suppose I is a directed set, and let J be a cofinal subset of I; 
let Z be the inverse limit of the inverse system of topological spaces 
(Xa, fap)aes,ges- Then the canonical bijection g: X-»Z (Set Theory, 
Chapter III, f 7, nO. 2, proposition 3) is a homeomorphism. For we have 
pr)(g(x)) = pr\(x) for each Xe J; hence g is continuous (no. 1, Propo- 
sition 1); and if A is the inverse of g, then for each «eI there exists 
Xe J suchthat a<}, and therefore pr.(h(z)) = fa(pr(z)), which shows 
that h is continuous (no. 1, Proposition 1), since the f,, are continuous. 


ProposiTion 9. Let I be a directed set and J a cofinal subset of I. Let 
(Xa, fag) be an inverse system of topological spaces indexed by 1; let X = lim Xy 


and let fy: X —> X,, be the canonical mapping. Then the family of sets F a(Ua)s 
where a runs through J and U, runs through a base % of the topology of 
X, for each aeJ, is a base of the topology of X. 


From § 2, no. 3 we know that the finite intersections of sets of the form F a(Ua) 
(2eI, U, openin X,) form a base of the topology of X. If (aj)1<cicn 
is a finite family of indices of I, then there exists ye J such that o;<y 
for 1<i<n; hence fy, =fayofys if we put 


Vy = N Fane), 


—-1 


FV, = N F a,(Ua); 


then we have 
but V, is open and is therefore a union of sets belonging to %,. Hence 
the result. 


Coro.uary. Let A be a subset of X and let Aq denote f,(A) for each 
ael. Then: 


(i) The A, (resp. the A,) form an inverse system of subsets of the X,, and 
_ -1 — < — 

A=) f(A) = lim Ay. 

(ii) Jf A is closed in X, A= lim A, = lim Ag: 
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The first assertion of (i) follows from the emg Su = fag ofg for «<8 
and from the continuity of the fg (§ 2, no. < Aheoresi 1). Let A’ 
denote 


nN F a(Ae); 


then it is clear that A’ is closed and contains A, so that AcA’. 

Conversely, let xeA’; we have to show that « lies in the closure of A. 

By virtue of Proposition g it is enough ,to prove that every neigh- 

bourhood of x which is of the form F al U,), with «eI and U, 

openin X,, meets A. Now, by hypothesis, f,(x) ¢ U,, and since f,(x) € A 

we have U,n A, # @, which means that An f,(U,) is not empty. 

To establish (ii) it is enough to remark that, without any restriction 
on A, we have Aclim A,clim A,; nowif A is closed, then from (i) 
= lim Ay 

and (ii) follows. 
Example. Let I be a directed set and (X.)ae,; a family of subsets 
ofaset Y, such that X.> Xs whenever « < 6. For each ael let 6. 
be a topology on X. such that 6, is finer than the topology induced 
on Xs by Ga whenever a < 8. If we take fag to be the canonical 
injection X,—> X, for a < §, then lim X. may be identified canonically 
with the intersection X of the Xa, with the topology which is the least 
upper bound (§ 2, no. 3, Example 2) of the topologies induced on X by 
the Ga. 


5. OPEN MAPPINGS AND CLOSED MAPPINGS 


1. OPEN MAPPINGS AND CLOSED MAPPINGS | 


Derinition 1. Let X, X' be two topological spaces. A mapping f: X — X' 
is open (resp. closed) if the image under f of each open (resp. closed) set of X 
is open (resp. closed) in X'. 


In particular, f(X) is then an open (resp. closed) subset of X’. 


Examples. 1) Let A be a subspace of a topological space X. Then 
the canonical injection 7: A-— X_ is open (resp. closed) ifand only 
if A is open (resp. closed) in X (§ 3, no. 1). 

2) For a bijection f of a topological space X onto a topological space X’ 
to be a homeomorphism it is necessary and sufficient that f is continuous 
and open, or continuous and closed. 
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3) Let f be a surjection of a set X onto a topological space X’; if we 
give X the topology which is the inverse image under f of the topology 
of X’ (§ 2, no. 3, Example 1), then f is continuous, open and closed. 


4) In a product space 
x =I] x, 
1€l 


each projection pr.: X-—> X, is a continuous open mapping, but is 
not necessarily closed (§ 4, no. 2, Proposition 5). 


* 5) A holomorphic function on an open subset A of C is an open 
mapping of A into C., 

6) Let X, X’ be two topological spaces and f a continuous, but not 
bicontinuous, bijection of X onto X’. Then the inverse bijection g : 
X’-—» X is an open and closed mapping of X’ onto X, but is not 
continuous. 


Proposition 1. Let X, X’, X” be three topological spaces, and let f: 
X +X’, g: X' +X" be two mappings. Then: 

a) If f and g are open (resp. closed), so is gof. 

b) If gof is open (resp. closed) and if f is continuous and surjective, then g 
is open (resp. closed). 

c) If gof is open (resp. closed) and if g is continuous and injective, then f 
ts open (resp. closed). 

From Definition 1. a) follows immediately. To prove b) it is enough 
to remark that every open (resp. closed) subset A’ of X’ can be written 
as f(A), where A = ft (A’) is open (resp. closed) in X (§ 2, no. 1, 
Theorem 1); hence g(A’) = g(f(A)) is open (resp. closed) in X”. 
Finally, to prove c), we remark that f(A) = ZF (g( J(A)) for every 
subset A of X; by hypothesis, if A is open (resp. closed) in X, then 
g(f(A)) is open (resp. closed) in XX”, hence f(A) is open (resp. closed) 
in X’ by § 2, no. 1, Theorem 1. 

Proposition 2. Let X, Y be two topological spaces, f a mapping of X 
into Y. For each subset T of Y let fy denote the mapping of 7 (T) into T 
which agrees with f on 7 (T). 

a) If f is open (resp. closed), fy is open (resp. closed). 

b) Let (T(t))ey be a family of subsets of Y whose interiors cover Y, or 


which is a locally finite closed covering of Y; if all the fay) are open (resp. 
closed), then f is open (resp. closed). 


a) If A is an open (resp. closed) subset of 7 (T), then there is an open 
(resp. closed) subset B of X such that A=B nf (T), and. therefore 
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Jr(A) = f(B) n T; by hypothesis, /(B) is open (resp. closed), so that f(A) 
is open (resp. closed) in T. 

b) Let B_ be an open (resp. closed) subset of X, and let B, denote 
Bn f(T()); then f(B)nT() =fr(B)- Since fyy(B,) is open 
(resp. closed) in T(:) by hypothesis, it follows that /(B) is open (resp. 
closed) in Y, by Proposition 3 of § 3, no. 1. 


Corottary. Let (T(t))rey be @ family of subsets of Y whose interiors 
cover Y, or which is a locally finite closed covering of Y. mi f: X-Y ts 
continuous and if each of the fx, is a homeomorphism of f (T()) onto T(1), 
then f is a homeomorphism of X onio Y. 


For f is clearly bijective, and is open by virtue of Proposition 2. 


2, OPEN EQUIVALENCE RELATIONS AND CLOSED 
EQUIVALENCE RELATIONS 


DEFINITION 2. An equivalence relation R_ on a topological space X is said 
to be open (resp. closed) if the canonical mapping of X onto X/R_ is open (resp. 
closed). 


It comes to the same thing to say that the saturation of each open (resp. 
closed) subset of X with respect to R is open (resp. closed) in X (§ 3, 


no. 4). 
Examples. 1) Let X be a topological space, I’ a group of homeomorphisms 
of X onto itself, and let R be the equivalence relation 
“there exists ceI such that y = o(x)” 
between x and y (thus R_ is the equivalence relation whose classes 
are the orbits of I. in X. The relation R_ is open, for the saturation 


of a subset A of X with respect to R is open so is each o(A) and 
hence so is their union. 


* On the real line R_ the equivalence relation x= y (mod 1) is open, 
since it is derived as above from the group of translations 


K—>x nN (neZ) 


(see Chapter ITI, § 2, no. 4). , 


2) Let X be the sum of a family (X,) of subspaces of X, and 
let X/R be the space obtained by pasting together the X, along 
open subsets A., by means of bijections h,. (§ 2, no. 5); and suppose that 
hy is a homeomorphism of A. onto A,. for each pair of indices (1, x). 
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Then the relation R is open. For if U is openin X, the saturation 
of U is the union of the h,(UnA.u); since UnA, is open in Au, 
h.(Un A.) is open in A,, and therefore in X. 
3) With the notation of Example 2, suppose now that the A,, are 
closed and the h,. are homeomorphisms; further suppose that for each 
index 1 there is only a finite number of indices x such that A., ~< @ 
(i.e. each X, is “stuck” to only a finite number of X,). Then the 
relation R is closed. For if F is any closed subset of X, the saturation 
of F is the union of the sets f,.(FnA.)CA,; the assumptions made 
imply that this family is locally finite, and A,,(FN A.) is closed in A, 
and therefore in X. The result therefore follows from Proposition 4 of 
§ 1, no. 5. 

Proposition 3. Let X, Y be two topological spaces, let f: X—>Y be 

@ continuous mapping, let R_ be the equivalence relation f(x) =f(y) on X, 

and lee X5X/R f(%)—>Y be the canonical decomposition of f. Then 

the following three statements are equivalent : 

a) f is an open mapping. 

b) The three mappings p, h, i are open. 

c) The equivalence relation R is open, h is a homeomorphism, and f (X) 

is an open subset of Y. 


Also the preceding proposition remains true if “open” is replaced by “‘closed”’ 
throughout. 


Since the injection i is continuous, it follows from Proposition 1c) 
of no. 1 that if f is open then so is fh o p; since / is surjective and contin- 
uous, Proposition 1 b) shows that A is open; A isin any case a continuous 
bijection; thus A is a homeomorphism, and therefore, from Proposition 

= ; : 2 

1a) ofno.1, p=h o (hop) isanopenmapping. Also [no. 1, Proposi- 

—l1 

tion 1 b)] 7 0 A is open; hence [no. 1, Proposition 1 a)] so is i= (io h)o h. 

This proves that a) implies b). Conversely, Proposition 1 a) of no. 1 

shows that b) implies a). Finally, the equivalence of b) and c) follows 
immediately from the definitions. 


The proof in the case of closed mappings is analogous, mutatis mutandis. 
Proposition 4. Let R_ be an open (resp. closed) equivalence relation on a 


topological space X, and f the canonical mapping X—> X/R. Let A_ be 
a subset of X and suppose that one of the following two conditions is satisfied : 


a) A ts open (resp. closed) in X. 
b) A its saturated with respect to R. 


Then the relation Ry, induced on A its open (resp. closed) and the canonical 
mapping of A/R, onto f(A) is a homeomorphism. 
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Consider the commutative diagram (1) of § 3, no. 6, which gives the 
canonical decomposition of fo j. Under condition a), j is open (resp. 
closed) and so is f by hypothesis; hence foj is open (resp. closed) 
[no. 1, Proposition 1 a)], and the result follows from Proposition 3. Under 


condition b) we have 2a 
A= f(f(A)), 

and hog is the mapping of A into f(A) which agrees with f on A; 
by virtue of Proposition 2a) of no. 1, Ao is open (resp. closed), and 
the result again follows from Proposition 3, applied to ho 9. 


3. PROPERTIES PECULIAR TO OPEN MAPPINGS 


Proposition 5. Let X, Y be two topological spaces, f a mapping of X 
into Y, B a base of the topology of X. Then the following statements are: 
equivalent : 

a) f is an open mapping. 

b) For each UES, f(U) is openin Y. 


c) For each xe X and each neighbourhood V of x in X, f(V) is a neigh- 
bourhood of f(x) in Y. 


The equivalence of a) and b) follows immediately from the definitions 
and from (O,); the equivalence of a) and c) is a consequence of Proposi- 
tion 1 of § 1, no. 2. 


Proposition 6, Let R_ be an equivalence relation on a topological space X; 
then the following three conditions are equivalent: 
a) The relation R_ is open. 


b) The interior of each subset which is saturated with respect to R is saturated 
with respect to R, 


c) The closure of each subset which is saturated with respect to R is saturated 
with respect to R. 

By taking complements (§ 1, no. 6, formula (2)) we see that b) and c) 
are equivalent. Let us show that b) implies a) : suppose condition b) is 
satisfied and let U be an open subset of X, V its saturation with respect 
to R; then V5U, and since by hypothesis V_ is saturated, it follows 
that V =V, and therefore the saturation of U is open. Conversely, 
suppose condition a) is satisfied, and let A be a saturated set; if B is the 
saturation of A, then AcBcA, and since B is open by hypothesis 
it follows that B= A. 
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Proposition 7. Let R_ be an open equivalence relation on a topological space X, 
and let 9: K—->X/R_ be the canonical mapping. If A is any subset of X 
which is saturated with respect to R, then the closure (resp. the interior) of 9(A) 
in X/R is 9(A) (resp. 9(A)). 

Each of the two assertions of the proposition can be deduced from the other 
by taking complements and using formula (2) of § 1, no. 6 and the 
fact that if B is a saturated subset of X then (6 B) = Q¢(B). By 
virtue of Proposition 6, A is saturated; hence 9(A) is closed in X/R, 
and since Ac A wehave 9(A) ¢ 9(A), sothat 9(A)¢9(A). Butsince 9 
is continuous, 9(A) ¢ ¢(A) (§2,no.1, Theorem 1), and the result follows. 


Proposition 8. Let (Xen (Yidier be two families of topological spaces 
indexed by the same set I. For each vel let f, be an open mapping of X, 
into Y,, and suppose that f, is surjective for all but a finite number of indices. 


Then the product mapping f: (x,) > (f(x) of [] X, into [] Y, is open. 
cel 


tel 
By virtue of Proposition 5 we need only prove that the image under f{ 
of any elementary set Il A, in Il X, is open in I Y,. But this 
él él el 
image is Il S(A), and the hypotheses imply that FAA) is openin Y, 
él 

for each ve I, and that f(A,) = Y, for all but a finite number of indices; 
whence the result. 


Corotiary. Let (X,),ex be a family of topological spaces, and for each 
rel let R, be an equivalence relation on X,, and let f, be the canonical 
mapping X,—> X,/R,. Let R_ be the equivalence relation in X= ll xX, 


el 
“for cach .eI, pr,(x) = pr,(y) (mod R,)” 


between x and y, and let f be the product mapping (x,) > (f((™,)) of X 
into |] (X,/R,). If each of the relations R, is open, then the relation R is 


tel 
open, and the bijection associated with f is a homeomorphism of X/[R_ onto 


IT Rp. 


tel 


R_ is the relation f(«*) = f(y). Since f is continuous and open by 
Proposition 8 above and § 4, no. 1, Corollary 1 of Proposition 1, the result 
follows from Proposition 3 of no. 2. 


In particular, if R (resp. S) is an open equivalence relation on a 
topological space X (resp. Y), then the canonical bijection of 


(X x Y)/(R x S) onto (X/R) x (Y/S) 
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is a homeomorphism. If R and S are not assumed to be open, this 
bijection is continuous but is not necessarily a homeomorphism, even 
if one of the relations R, S is the relation of equality (Exercise 6). 


4. PROPERTIES PECULIAR TO CLOSED MAPPINGS 


Proposition 9. Let X, X’ be two topological spaces. A necessary and suf= 
ficient condition for a mapping f: XK -—> X' to be continuous and closed is that 
f(A) =f (A) for every subset A of X. 


The condition is sufficient, for it obviously implies that f is closed, and 
it also implies that f is continuous by reason of § 2, no. 1, Theorem _1. 
Conversely, if f£ is continuous and closed, we have f(A) ¢ f(A) cf (A) 
by § 2, no. 1, Theorem 1; also f (A) is closed in X’' by hypothesis; hence 


f(A) =f (A). 


Proposition 10. Let R_ be an equivalence relation on a topological space X. 
Then R_ is closed if and only if every equivalence class M mod R_ possesses 
a fundamental system of neighbourhoods which are saturated with respect to R. 


Suppose R_ is closed, and let U be an arbitrary open neighbourhood 
of M; since F = fu is closed in X, the saturation S of F with 
respect to R is closed in X. Since M is saturated with respect to R, 
we have MnS=@Q@, and thus V= HES} is an open neighbourhood 
of M, saturated with respect to R and contained in U. 


To prove the converse, let F be any closed subset of X. Let T be the 
saturation of F with respect to R, let x bea point of (T, andlet M 
be the equivalence class of x; then Mn T = @ anda fortiori Mn F = @, 
so that U =§jF is a neighbourhood of M. Hence there is a neighbour- 
hood VcU of M such that V is saturated with respect to R; V 
does not meet F, hence does not meet T, so that §T is a neighbour- 
hood of M and therefore of x. This shows that §T is open (§ 1, no. 2, 
Proposition 1), i.e. T is closed. 


Remark. Proposition 10 implies the followiag: if R is closed and if 
9 denotes the canonical mapping X— X/R, then for each xeX and 
each neighbourhood U of the equivalence class of x in X, 9(U) is a neigh- 
bourhood of ¢(x) in X/R. It should be carefully noticed that this 
statement by no means implies that for every neighbourhood V of x, 9(V) 
is a neighbourhood of 9(x); in other words (no. 3, Proposition 5) a closed 
equivalence relation is not necessarily open (Exercise 2). Conversely, 
an open equivalence relation is not necessarily closed (no. 1, Example 4); 


DEFINITION OF A FILTER § 6.1 


for if U is a neighbourhood in X of an equivalence class M, then 
for each xe@M and each neighbourhood VcU of x, the saturation 
of V is certainly a neighbourhood of M in X, but this neighbourhood 
is not necessarily contained in U. 

Finally, there are equivalence relations other than equality which are 
both open and closed (Exercise 3) and equivalence relations which are 
neither open nor closed (§ 8, Exercise 10). 


6. FILTERS 


1. DEFINITION OF A FILTER 


Dermnition 1. A filter on a set X is a set & of subsets of X which has the 
following properties: 

(Fy) Every subset of X which contains a set of ®& belongs to &. 

(Fy) Every finite intersection of sets of & belongs to &. 

(Fy) The empty set is not in &. 


It follows from (Fy) and (Fyy) that every finite intersection of sets 
of & is non-empty. 

A filter ¥ on X defines a structure on X, the axioms of which 
are (F,), (Fy) and (Fy); this structure is called a structure of a filtered 
set, and the set X endowed with this structure is called a set filtered by &. 


Axiom (F,,) is equivalent to the conjunction of the following two axioms : 
(F,;,) The intersection of two sets of § belongs to §. 

(Fiyz,) X belongs to §. 

Axioms (F,,,) and (Fy) show that there is no filter on the empty set. 

In order for a set of subsets which satisfies (F,) also to satisfy (Fy ,) 


it is necessary and sufficient that it is not empty. A set of subsets which satis- 
fies (F,) also satisfies (Fy;) if and only if it is different from $(X). 


Examples of filters. 1) If X 4 @, the set of subsets consisting of X alone 
isa filteron X. More generally, the set of all subsets of X which contain 
a given non-empty subset A of X isa filter on X. 


2) In a topological space X, the set of all neighbourhoods of an arbitrary 
non-empty subset A of X (and in particular the set of all neighbourhoods 
of a point of X) is a filter, called the neighbourhood filter of A. 


3) If X is an infinite set, the complements of the finite subsets of X are the 
elements of a filter. The filter of complements of finite subsets of the 
set N of integers > is called the Fréchet fiier. 
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2. COMPARISON OF FILTERS 


DEFINITION 2. Given two filters ®, &' on the same set X, §' is said to be 
finer than &, or & ts coarser than &', if cB. also ¥ AB, then F' 
is said to be strictly finer than &, or ®& strictly coarser than §'. 


Two filters are said to be comparable if one is finer than the other. The 
set of all filters on X is ordered by the relation “& is coarser than §'”; 
this relation is induced by the inclusion relation in {B($8(X)). 

Let (8,)1ex be any non-empty family of filters on aset X (which must 
therefore be non-empty); then the set 


&=fs. 


satisfies axioms (F,), (Fy) and (Fy) and is therefore a filter; § is 
called the intersection of the family of filters (%,),¢: and is obviously the 
greatest lower bound of the set of the §, in the ordered set of all filters 
on X. 


The filter formed by the single set X is the smallest element of the 
ordered set of all filters on X. We shall see in no. 4 that, if X has 
more than one element, the set of all filters on X has no greatest element. 


Given aset & of subsets of a set X, let us consider whether there are any 
filters on X which contain @. If such a filter exists then by (Fy) it 
contains also the set @' of finite intersections of sets of @ (including X, 
which is the intersection of the empty subset of @); hence a necessary 
condition for such a filter to exist is that the empty subset of X is not 
in @’. This condition is also sufficient, for by (F,) any filter which 
contains @’ also contains the set @” of subsets of X which contain 
aset of G’. Now ©” clearly satisfies (F,); it satisfies (Fj) by reason 
of the definition of ©’; and finally it satisfies (Fy,) because the empty 
subset of X does not belong to @’. Hence &" is the coarsest filter which 
contains @, and we have proved: 


PRoposiTion 1. A necessary and sufficient condition that there should exist a 
filter on X containing a set W of subsets of X is that no finite subset of G 
has an empty intersection. 


The filter G” defined above is said to be generated by G, and © is said 
to be a subbase of ©’. 


Example. Let © be any set of subsets of a set X, and let G be the 
topology on X generated by S (§ 2, no. 3, Example II). Since the set 
of finite intersections of sets of G is a base of ©, it follows from the proof 
of Proposition 1 above and from Proposition 3 of § 1, no. 3 that for each 
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xeX the neighbourhood filter of x for © is generated by the set G(x) of 
sets of S which contain «x. 


Coronary 1. Let § bea filter ona set X, and A a subset of X. Then 
there is a filter §' which is finer than § and such that Ae §&', if and only if A 
meets all the sets of &. 


Corottary 2. A set ® of filters on a non-empty set X has a least upper 
bound in the set of all filters on X if and only if, for all finite sequences (Bdicicn 
of elements of and all Aze®;, (1 <i<n), the intersection Ayn--- 1 A, 
as not empty. 

For this condition expresses that the union @ of the filters ¥ e@ satisfies 
the condition of Proposition 1. 


CorROLLary 3. The ordered set of all filters on a non-empty set X is inductive. 


For every linearly ordered set © of filters on X_ satisfies the condition 
of Corollary 2 of Proposition 1, since the sets A, all belong to the same §; 
by hypothesis, and we can apply (Fy). 


3. BASES OF A FILTER 


If @ isa subbase of a filter § on X (no. 2), then § is not in general 
the set of subsets of X which contain a set of @; for @ to have this 
property it is necessary and sufficient that every finite intersection of sets 
of @ should contain a set of G. Hence the following proposition : 


Proposition 2. Let ® be a set of subsets of a set X. Then the set of subsets 
of X which contain a set of B is a filter if and only if B has the following 
two properties : 

(By) The intersection of two sets of %8 contains a set of B. 


(By) B is not empty, and the empty subset of X is not in B. 


DeFiniTION 3. A set B of subsets of a set X which Satisfies axioms (By) 
and (By) is said to be a base of the filter it generates. Two Jjilter bases are said to 
be equivalent if they generate the same filter. 


If © is a subbase of a filter §, then the set @’ of JSinite intersections of 
sets of @ is a base of & (no. 2). 

Proposition 3. A subset B of a filter § on X is a base of & tf and only 
if every set of & contains a set of B. 


If % is a base of §, then clearly every set of § contains a set of $; 
conversely, if every set of § contains a set of %, then theset of subsets 
of X containing a set of 8 coincides with § by reason of (F,). 
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Proposition 4. Onaset X, a filter §' with base ©’ is finer than a filter § 
with base & if and only if every set of B contains a set of B'. 


This is an immediate consequence of Definitions 2 and 3. 


Corotuary. Two filter bases 8, 8’ ona set X are equivalent if and only 
if every set of $8 contains a set of B' and every set of B' contains a set of B. 


Examples of filter bases. 1) Let X be a topological space. Proposition 3 
shows that the bases of the neighbourhood filter of a point xe X are 
precisely the fundamental systems of neighbourhoods of x (§ 1, no. 3, Defini- 
tion 5). 

2) Let X be a non-empty directed set with respect to a relation (c) 
(Set Theory, Chapter III, § 1, no. 10). For each ae X, the set S(a) of 
all xe X such that a(s)x will be called the section of X relative to the 
element a. Then the set © of sections of X ts a filter base, for it clearly 
satisfies (By), and if a, 5 are any two elements of X, then there is by 
hypothesis an element ¢e X such that a(c)¢ and b(c)c, and therefore 


S(c) < S(a) n S(b), 


so that (B,) is satisfied. The filter generated by © is called the section 
filter of the directed set X. 


For example, the Fréchet filter (no. 1) is the section filter of the ordered 
set N, considered as directed by the relation <. 

Let § be a filter on a set Z. Since § is directed with respect to 
the relation > [by reason of axiom (F,,;)] we can define a section filter 
on %; here a section of & relative to a set Ae@ is the set S(A) of 
all Me such that McA. This filter is called the section filter of the 
flier §. 


4. ULTRAFILTERS 


DerIniTion 4. An ultrafilter on a set X is a filter & such that there is no 
filter on X which is strictly finer than & (in other words, a maximal element 
in the ordered set of all filters on X). 


Since the ordered set of all filters on X is inductive (no. 2, Proposition 1, 
Corollary 3), Zorn’s lemma (Set Theory, R, § 6, no. 10) shows that: 


Tueorem 1. If & is any filter on a set X, there is an ultrafilter finer than §&. 


Proposition 5. Let & be an ultrafilter on a set X. If A and B are two 
subsets of X such that AUBe®, then either Ac® or Be§®. 
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If the proposition is false, there exist subsets A and B of X such that 
A¢€§ and Be and AuBe§¥. Let © be the set of subsets M of X 
such that AuMe¥. It is straightforward to check that @ is a filter 
on X, and G is strictly finer than §, since Be @; but this contradicts 
the hypothesis that § is an ultrafilter. 


Corotiary. If the union of a finite sequence (Aj)ycicn of subsets of X belongs 
to an ultrafilter §, then at least one of the A; belongs to §. 

Proof is by induction on n. 

In particular, if (Aj)y<i<n is a covering of X, then at least one of the 
A; belongs to §%. 

Proposition 5 characterizes the ultrafilters; more generally, we have : 


Proposition 6. Let @ be a subbase of a filter ona set X. If for each subset 
Y of X we have either Ye@ or SYeEG, then G is an ultrafilter on X. 


Let § be a filter containing @ (there is one, by hypothesis); then § 
coincides with @; for if Ye§ then [Ye§; hence [Ye@ and 
therefore Y eG. 


Example of an ulirafilter. The set of all subsets of a non-empty set X 
which contain a given element aeX is an ultrafilter; for it is a filter, 
and if Y is any subset of X then either aeY or aeQy. Such 
ultrafilters are called érivial. 

Apart from this example, we shall never prove the existence of an 


ultrafilter (even on a countably infinite set) except by using Theorem 1 
(and therefore the axiom of choice). 


Remark. If X contains at least two elements, there are at least 


two distinct ultrafilters on X, and therefore the ordered set of filters 
on X has no greatest element. 


Proposition 7. Every filter § ona set X is the intersection of the ultrafilters 
finer than §&. 


Clearly this intersection contains %. Conversely, let A be a subset 
of X which does not belong to §, and let A’ denote §A; A contains 
no set of §; hence every Me meets A’ and therefore (no. 2, Proposi- 
tion 1, Corollary 1) there is a filter §’ which is finer than § and contains 
A’. If WW is an ultrafilter finer than % (Theorem 1) it follows that 
A@it. This completes the proof. 


5. INDUCED FILTER 


Proposition 8. Let & be a filter on a set X and A a subset of X. Then 
the trace &, of & on A is a filter if and only if each set of ® meets A. 
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Since (Mn N)nA==(MnA)n(NnA) wesee that §, satisfies (Fj); 
again, if MnAcPcA then P=(MuP)nA, whence §%, satisfies 
(F,). Hence §, is a filter if and only if it satisfies (Fy), i.e. if and only 
if each set of & meets A. 

In particular, if Ae then §, isa filter on A, by (Fy) and (Fy). 


DeriniTion 5. Let A be a subset of a sete X and & a filter on X. If 
the trace of & on A isa filter on A, this filter is said to be induced by & on A. 


If a filter § on X induces a filter on Ac X, then the trace on A 
of a base of § is a base of §,, by reason of Proposition 3 of no. 3. 


Example. Let X be a topological space, A a subset of X, x a point 
of X. In order that the trace on A of the neighbourhood filter % of x 
should be a filter on A, it is necessary and sufficient that every neigh- 
bourhood of x meets A, i.e. that x lies in the closure of A (§ 1, no. 6, 
Definition 10). 

This example of an induced filter is of interest for two reasons : first 
because it plays an important role in the theory of limits (§ 7, no. 5) 
and secondly because every filter can be defined in this way. Indeed, let ¥ 
be a filter on a set X and let X’ be the set obtained by adjoining a new 
element w to X, X being identified with the complement of {w} 
in X’ (Set Theory, R, § 4, no. 5); let §’ be the filter on X’ consisting 
of the sets Mu {w} where M runs through §. For each point x 4 w 
of X’, let @(«) be the set of all subsets of X’ which contain x, and 
let B(w) be %; then the B(x) for xe@X’ obviously satisfy axioms 
(V,), (Vi), (Vin) and (Vyy) and therefore define a topology on X’ 
for which they are the neighbourhood filters of points. Finally « lies 
in the closure of X in this topology, and § is induced by § = B(w) 
on X. The topology thus defined on X’ (resp. the set X’ with this 
topology) is called the topology (resp. the topological space) associated with §. 


ProposiTIon 9. An ultrafilter WU ona set X induces a filter on a subset A 
of X ifand only if Ae; and tf this condition ts satisfied then Wy is an ultra- 
filter on A. 


This is an immediate consequence of Propositions 5 and 6 of no. 4. 


6. DIRECT IMAGE AND INVERSE IMAGE OF A FILTER BASE 


Let % bea filter base on a set X, and let f be a mapping of X into 
a set X’; then f (%) is a filter base on X’, for the relation M=A@ 
implies {(M)=4@, and we have f(MnN)cf(M)n/f(N). If 8, 
is a base of a filter which is finer than the filter of base %, then /(%,) 
is a base of a filter finer than the filter of base f(%) (no. 3, Proposition 4). 
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Proposition 10. Jf & is an ultrafilter base on a set X and if f is a map- 
ping of X into a set X', than f(%) is an ultrafilter base on X’. 


Let M’ be a subset of X’. If F (M’) contains a set M of %, then 
M’ contains f(M); if not, then 07m) = fC(m’) contains a set 
N of 8 (no. 4, Proposition 5) and therefore (M’ contains f (N). 
Hence the result follows from Proposition 6 of no. 4. 

Consider in particular the case where f is the canonical injection 
A->X ofa subset A ofaset X. If & isa filter base on A then 
JS (%) is a filter base on X. The filter ¥ on X generated by /(%) 
is called the filter generated by % when is considered as a filter base on X. 


If % is an ultrafilier base on A it is also an ultrafilter base on X by reason 
of Proposition 10. 


Let us next examine whether the inverse image of a filter base is a filter 
base. Let ©’ be a filter base on a set X’, and let f be a mapping 
of aset X into X’; then fa (%’) is a filter base on X if and only if 
f (M’) ¢ x) for each M' € B'. This 1 is an immediate consequence of the 
relation Ff (M’ aN’) = 7 (M’) n 7 (N’) and of Definition 3 of no. 3. 
This condition can also be expressed by saying that every set of 8’ meets 
J (X) [or that the trace of 8’ on f (X) isa filter base]. If this condition 
is satisfied, then f (/ f (B')) is a base of a filter finer than the filter of base &. 

If 8 isa filter base | on X it is clear that the above condition is satis- 
fied by 8 = f (8); ¢ (f (%)) is then a base of a filter coarser than the 
filter of base %. 

Let A be a subset of a set X, g the canonical injection A— X; 
if B isa filter baseon X then ¢'(%) is thesame as B,. If we express 


this as a filter base of A by means of the above condition, we recover 
part of Proposition 8 of no. 5. 


7. PRODUCT OF FILTERS 

Let (X,),e, be a family of sets, and for each tel let %, be a filter 
base on X,. Let & be the set of subsets of the product set X = Il X, 
which are of the form Il M,, where M, = X, except for a finite number 
of indices and where ‘M, € B, for each . such that M,~X,. The 


formula (il M,) 9 (il N.) = Uf (M,nN,) shows that 8 is a filter 
base on x Note that the filter “of base % is also generated by the 
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sets pr,(M,), where M,e%, and » runs through I, since 
pt,(M,) = M, x I] x. 
t 


Derinition 6. Given a filter §, on each set X, of a family of sets (Xen 
the product of the filters &, is the filter on X =| X, which has as a base the 


él 
set of subsets of X of the form Il M,, where M,e 8 for each vel and 
I 
M, = X, for all but a finite number of indices. The product filter is denoted 
by I B.. 
:ér 


The reader may easily verify that the product of the filters §, can also 
be defined as the coarsest filter @ on X such that pr.(@) = §. for each 
tel. 


The preceding remarks show that if %, is a base of §, for each .el, 
then % is a base of the product filter Il §%, (no. 3, Proposition 3). 


él 
On a product X = Il X, of topological spaces, the neighbourhood 


él 
filter of any point *« = (x,) is the product of the neighbourhood filters of 
the x, (§ 4, no. 1). 

The construction of a product filter § = Il %, is simpler when 


eI 
the index set I is finite: a base of ¥ is then formed by all products If M,, 
él 
where M,e%, for each tel. If I= {1, By ess n} we write 


By, X Be Xs XB 
instead of IL. 


tel 


8. ELEMENTARY FILTERS 


Derinirion 7. Let (%p)nen 5e an infinite sequence of elements of a set X. 
The elementary filter associated with the sequence (x,) is the filter generated by 
the image of the Fréchet filter (no. 1) by the mapping n—>x, of N into X. 


It comes to the same thing to say that the elementary filter associated 
with (x,) is the set of subsets M of X such that x,eM_ except for a 
finite number of values of n. If S, denotes the set of all x, such that 
p2n, then the sets S, form a base of the elementary filter associated 
with the sequence (x,). 

The elementary filter associated with an infinite subsequence of a sequence 
(*,) is finer than the elementary filter associated with (x,) (cf. Exercise 15). 
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By definition, every elementary filter has a countable base. Conversely : 


Proposition 11. If a filter & has a countable base, it is the intersection of the 
elementary filters which are finer than &. 


Let us arrange the countable base of § asasequence (A,)nen; if we put 


n 
B, = a Ap 
p=0 
then the B, again form a base of § (no. 3, Proposition 3) and we 
have B,.,¢B, for each n. Let a, be any element of B, for each 
neéN; then it is clear that § is coarser than the elementary filter 
associated with (a,). Hence the intersection 3 of the elementary filters 
which are finer than § exists and is finer than §; if J is strictly finer 
than § there exists a set Mes such that B,n (M %@ for each n; 
if b,¢B,n(§M, the elementary filter associated with the sequence (6,) 
is finer than § and does not contain M. This contradicts the definition 
of 3. 


Remark. A filter which is coarser than a filter with a countable base need 
not possess a countable base; for example, if X is an uncountable infinite 
set, then the filter consisting of the complements of finite subsets of X 
has no countable base (otherwise the set of finite subsets of X would be 
countable, contrary to assumption); nevertheless this filter is coarser than 
every elementary filter associated with an infinite sequence of distinct 
elements of X. 


9. GERMS WITH RESPECT TO A FILTER 


Let % be a filter on a set X. On the set $(X) of all subsets of X, 
the relation 


“there exists Ve such that MnV=NnoV” 


between M and N is an equivalence relation R, for R_ is obviously 
reflexive and symmetric, and if M, N, P are three subsets of X such 
that Mn V=NnV and NnW=PnW, where V and W belong 
to %, it follows that Mn(VnW)=Nn(VnW)=Pn(VnW) and 
VnWe®8, so that R is transitive. The equivalence class mod R 
ofasubset M of X is called the germof M with respect to §; the quotient 
set B(X)/R_ is called the set of germs of subsets of X (with respect to 8). 


The mappings (M, N) >MnN and (M, N)-MuN of 
B(X) x BCX) 


into $(X) are compatible with the equivalence relations R x R and R 
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(Set Theory, R, § 5, no. 8). For if MzM’ (mod R) and NSN’ 
(mod R) then there exist V and W in § such that 


MnV=M’'nv and NnonwW=N’'onwW, 
so that (MnN)n(VnW) = (M’nN’) n(VnW) 
and (MuN)a(VnW) = (Mn (VanW)) 0 (Na (VaAW)) 
= (M'n (Vn W)) u(N’n(VnW)) 
= (M’UN’) n(VnW). 


Passing to the quotients, these mappings induce two mappings of 
(B(X)/R) x (BCX)/R) into B(X)/R, which we denote (by abuse of 
language) by (& 4) ~&ny and (&, n)—~>€uy respectively. It is a 
straightforward exercise to verify that with respect to these laws of composi- 
tion [defined throughout $(X)/R] every element is idempotent, and that 
each law is commutative and associative and distributive with respect 
to the other. Further, the relations E=&ny and »=&Uy, are equiv- 
alent; if we denote them (by abuse of language) by €c74, it is easily 
verified that this relation is an ordering on $(X)/R, with respect to which 
§3(X)/R_ is a lattice which has the germ of @ as least element and the 
germ of X as greatest element. Note that the relation &cy means 
that there exist Me&, Ney and Ve such that MnVcNnoV. 

Now let XX’ be another set, and let ® be the set of all mappings 
of a set of § into X’. The relation on ® 


‘there exists Ve ¥ such that f and g are defined and agree on V” 


between f and g is an equivalence relation S; itis clear that S is reflexive 
and symmetric, and if f, g, 4 are three elements of @ such that f and g 
are defined on Ve, and g and A are defined and agree on We, 
then f and fh are defined and agree on VnWe§, sothat S is transi- 
tive. The equivalence class mod S of a mapping f of a set Ve 
into X’ is called the germ of f (with respect to %), and the quotient 
set © = P/S is called the set of germs of mappings of X into X' (with 
respect to &). 


Remarks. 1) Every mapping f of a subset M of X into X’, where 
M belongs to ff, is equivalent mod S toa mapping f, of X into X’ 
(which justifies the above terminology) : it is sufficient to extend f to X, 
e.g. by giving it a constant value on X — M. 

2) The characteristic functions 9, and yy of two subsets M and N of X 
have the same germ with respect to § if and only if M and N_ have 
the same germ with respect to §. 


Let X" bea third set, 9 a mapping of X' into X”, ©’ the set of all 
mappings of a set of § into X”. Foreach fe®, go/f belongs to ®’; 
further, it is immediately seen that if ge has the same germ as f with 
respect to §, then 9 f and 90 g have the same germ with respect to §. 
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This germ therefore depends only on the germ f of f with respect to § 
and is denoted by 9(f). We thus define a mapping (denoted by 9, 
by abuse of language) of the set © of germs of mappings of X into X’, 
into the set ®’ of germs of mappings of X into X”. 

Now let X; (1 <i<n) be sets and 


n 
y=[[X: 
i=1 


their product; let ®; (resp. ©) denote the set of all mappings of a set 
of § into X; (resp. Y). If ffe®; for 1<ic¢n and if Mj;e§ is the 
domain and jj, then the mapping ¢— (j/,(t), ..-,fn()) is defined on 


n 

MM, 

i=1 
and hence belongs to ®; we denote this mapping (by abuse of language) 
by (fp ---»Jn). Furthermore, if f; and g; belong to ®; and have the 
same germ with respect to § (for 1 <i<n), it is immediately seen 
that (fA, .-., fn) and (g,, ..., Zn) have the same germ with respect 
to §; this germ therefore depends only on the germs f; ofthe f. Ifwe 
denote it by '(f,, ...; fn) then [ is clearly a bijection of the product set 


aud 

lI ®; 

t=1 
onto the set ©, where ©; (resp. &) denotes the set of germs of mappings 
of X into X; (resp. Y) with respect to §; hence, by abuse of language, 
we shall generally write (fj,..., f,) instead of 1(f;, ..., fn) whenever 
there is no risk of confusion. 

From what has been said, every mapping » of Y into a set X" 


defines a mapping (fa coer Fn) +> o(fi, en a of 
iis 


into the set ®’ of germs of mappings of X into X’. 

In particular, if n = 2 andif Xj, Xj; and X” are all equal to the 
same set X’ (so that is a law of composition defined throughout X’), 
then 4 induces a law of composition defined throughout the set Db of 
germs of mappings of X into X’. It is easily verified that if the law 
given on_X’ is associative (resp. commutative) then so is the corresponding 
lawon ®; ifthe law } on X’ hasan identity element e’, then the germ 
with respect to § of the constant mapping x —e’ is an identity element 
for the corresponding lawon ©. Finally, if thelawon X’ hasan identity 
element e’, thenthe germ f of fe has aninverse in ® if and only 
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if there exists Ve, contained in the domain of jf, such that /f(¢) 
is invertible in X' for each teV; if, for each teV, g(t) denotes 
the inverse of f(#) then the germ g of g is the inverse of. f in 6, 
In particular if X’ is a group with respect to the law y, then ® isa group 
with respect to the corresponding law; likewise, if X’ is a ring (resp. 
an algebra over a ring A) then @ is a ring (resp. an algebra over A) 
with respect to the corresponding laws of composition. 


10. GERMS AT A POINT 


One of the commonest situations to which the definitions and results of 
no. 9 apply is that in which § is the neighbourhood filter of a point a of 
a topological space X; instead of “germs with respect to § we then 
speak of ‘germs at the point a”. Notice that there is only one germ of 
neighbourhoods of a, namely the germ of the whole space X. The 
germs of closed sets are identical with the germs of sets which are locally 
closed at the point a, for if L is locally closed at a, then the germs of L 
and [ at a are equal (§ 3, no. 1, Proposition 1). It follows that if &, » 
are two germs of locally closed sets at a, thensoare Eun and En». 

Since a isineach Ve%, f(a) is defined for each mapping f whose 
domain belongs to §; furthermore, if f and g have the same germ 
at a we must have f(a) = g(a), so that f(a) depends only on the 
germ f of f at a, and is called the valueof f at a andisdenoted by 
f(a). It should be emphasized that the relation f(a) = ga) does not 
in general imply that = g. 

Let X', X" be two topological spaces; 6 a point of X"; g, g’ two 
mappings of X' into X” having the same germ at b. If f, f’ are 
two mappings of X into X’ which are continuous at a and have the 
same germ at a and are such that f(a) = 6, then go/f and g’ of’ 
have the same germ at the point a; for if V' is a neighbourhood of 6 in X’ 
such that g (x’) = g'(x’) for all x’eV’, then there is a neighbourhood 
V of a such that f(V)cV’, f'(V)cV' and f(x) =/'(x’) for all 
xeV, and the assertion follows. The germ of gof at a is then called 
the composition of the germs g and f of g and f respectively and is 
denoted by go f 


7, LIMITS 


1. LIMIT OF A FILTER 
Derinition 1. Let X be a topological space and & a filter on X. A point 


x@X 1s said to be a limit point (or simply a limit) of §, if & is finer than the 
neighbourhood filter B(x) of x; § is also said to converge (or to be convergent) 
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to x. The point x is said to be a limit of a filter base & on X, and ®B is 
said to converge to x, if the filter whose base is %B converges to x. 


This definition, together with Proposition 4 of § 6, no. 3, gives the following 
criterion : 


Proposition 1. A filter base 8 on a topological space X converges to x if 


and only if every set of a fundamental system of neighbourhoods of x contains 
a set of &. 


In accordance with the terminology introduced in § 1, no. 2 we can state 
Proposition 1 in the following way : 8 converges to x if and only if 
there are sets of B as near as we please to x. 


Ifa filter § converges to x, then every filter finer than § also converges 
to x, by reason of Definition 1. Likewise, if the topology of X is re- 
placed by a coarser topology, the neighbourhood filter of x is replaced by a 
coarser filter (§ 2, no. 2, Proposition 3), and therefore § still converges to x 
in this new topology. 


We can therefore say that the finer the topology, the fewer convergent filters 
there are in this tobology. In particular, in the discrete topology, the only 
convergent filters are the neighbourhood filters, for these are the trivial 
ultrafilters on X (§ 6, no. 4). 


Let @ be aset of filters on X, all of which converge to the same point x; 
the neighbourhood filter %(x) is coarser than all the filters of @, hence 
also coarser than the intersection 3 of these filters; in other words, 3 also 
converges to x. 


Proposition 2. A filter & on a topological space X converges to a point x 
if and only if every ultrafilter which is finer than & converges to x. 


This is an immediate consequence of the preceding remarks and Proposition 
7 of § 6, no. 4. 

In general a filter can have several distinct limit points; we shall revert 
to this question in § 8, no. I. 


2. CLUSTER POINT OF A FILTER BASE 


DEFINITION 2. In a topological space X, a point x is a cluster point of a filter 
base ®& on X if it lies in the closure of all the sets of B. 


If x is a cluster point of a filter base %, it is also a cluster point of every 
equivalent filter base by reason of § 6, no. 3, corollary to Proposition 4; 
in particular, x is a cluster point of the filter whose base is 8. 
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Proposition 3. A point x is a cluster point of a filter base & if and only if 
every set of a fundamental system of neighbourhoods of x meets every set of B. 


This follows immediately from the definitions. 

This proposition and Corollary 2 to Proposition 1 of § 6, no. 2 show 
that the property “x is a cluster point of the filter § is equivalent 
to the property “there is a filter which is finer than both § and the neigh- 
bourhood filter of x’’. In other words: 


Proposition 4. A point x is a cluster point of a filter § if and only if there is 
a filter finer than ®& which converges to x. 


In particular, every limit point of a filter § is a cluster point of §. 


Corotiary. An ultrafilter UW converges to a point x if and only if x is a 
cluster point of WW. 


If x is a cluster point ofa filter §, it is also a cluster point of every filter 
coarser than §&; likewise, if we replace the topology of X by a coarser 
topology, x remains a cluster point of § in the new topology. 

The set of cluster points of a filter base 8 on X_ is by definition 


the set | ) M, whence 
(—)3) 


ProposiTIon 5. The set of cluster points of a filter base on a topological space X 
ts closed in X. 


Proposrrion 6. Let B be a filter base on a subset A of a topological space X. 
Then every cluster point of %& in X belongs to A; and conversely every point 
of A is a limit point of a filter on A. 

The first assertion is trivial; on the other hand, if xe A, the traceon A 


of the neighbourhood filter of x in X isa filter on A which evidently 
converges to x. 


Remark. A filter on a topological space need have no cluster points (and 
a fortiort no limit points); for example, in an infinite discrete space the filter 
of complements of finite subsets has no cluster points. Spaces in which 
every filter has a cluster point play an important role in mathematics, 
and we shall study them in § 9. 


3. LIMIT POINT AND CLUSTER POINT OF A FUNCTION 


Derinition 3. Let f be a mapping of a set X into a topological space Y, 
and let & beafilteron X. <A point ye Y is said to be a limit point (or simply 
a limit) (resp. cluster point) of f with respect to the filter & if y is a limit point 
(resp. cluster point) of the filter base f (8). 
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The relation “y is a limit of f with respect to the filter §’ is written 
limg f=», or lim f(x) =», or limf(x) =» if there is no risk of 
confusion. 2, § x 

From Definition 3 and Propositions 1 (no. 1) and 3 (no. 2) we deduce 
the following criteria : 


Proposition 7. A point ye Y is a limit of f with respect to the filter ® if 
and only if, for each neighbourhood V of y in Y, there is a set Me®& such 


that f(M)cV (ie. 7 (V) e§ for each neighbourhood V of 4). 
A point yeY is a cluster point of f with respect to & if and only if for each 
neighbourhood V of y and each Me§®& thereisapoint xe M_ such that f(x) eV. 


Examples. 1) A sequence of points (%,)nex Of a topological space is a 
mapping n->x, of N into X. In analysis one frequently uses the 
notions of limit point and cluster point of such a mapping with respect to 
the Fréchet filter (§ 6, no. 1) on N; if y is a limit of nx, with respect 
to the Fréchet filter, y is said to be a limit of the sequence (x,) as n_ tends 


to infinity, and we write limx,=y. A cluster point of the mapping 
n>0oo 


n-—»«x, with respect to the Fréchet filter is called a cluster point of the sequence 
(xp). 

Thus a point ye X is a limit (resp. cluster point) of a sequence (x) 
of points of X if it is a limit point (resp. cluster point) of the elementary 
filter associated with (x) (§ 6, no. 8). 

The point y is a limit of asequence (x,) in X if and only if, for every 
neighbourhood V of y in X, all but a finite number of the terms of the sequence 
(xn) arein V, i.e. there is an integer my such that x, eV for all n> np. 
Likewise » is a cluster point of the sequence (x,) if and only if, for every 
neighbourhood V of y in X and every integer no, there is an integer 
n2>n, such that x,eV. 


2) More generally, let f be a mapping of a directed set A into a topological 
space X. If xe X is a limit (resp. cluster point) of f with respect to 
the section filter of A then x is said to be a limit (resp. cluster point) of f 
with respect to the directed set A, and we write x = lim f (z). 
zeA 

If y is a limit (resp. cluster point) of a mapping f: X—>Y with 
respect to a filter § on X, then » remains a limit (resp. cluster point) 
of f with respect to § if we replace the topology of Y by a coarser 
topology, or if we replace the filter § by a finer (resp. coarser) filter. 


PROPOSITION 8. Let f be a mapping of a set X into a topological space Y; 
then ye Y is a cluster point of f with respect to & if and only if there is a filter 


G ws X which is finer than & and such that y is a limit of f with respect 
to G. 
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For if y is a cluster point of f with respect to 8, andif % is the neigh- 
bourhood filter of y, then t (%) is a filter base on X since every set 

of f (%) meets every set of § (§ 6, no. 6). This remark shows also that 
ee is a filter @ on X which is finer than both § and the filter with 
base F (8) (§ 6, no. 2, Proposition 1, Corollary 2), hence that » is a 
limit point of f with respect to @. 

Notice finally that if f is a mapping of a set X into a topological 
space Y, the set of cluster points of f{ with respect to a filter § on X 
is closed in Y (no. 2, Proposition 5) and possibly empty. 


Remark. If yeY isa limit (resp. cluster point) of a mapping f: X > Y 
with respect to a filter § on X, then y is also a limit (resp. cluster point) 
of every function g: X-»Y which has the same germ as f with respect 
to § (§ 6, no. 9); » is said to be a limit (resp. cluster point) of the germ 
ft of f with respect to §. 


4. LIMITS AND CONTINUITY 


Let X, Y be two topological spaces, f a mapping of X into Y, ¥B 
the neighbourhood filter in X of a point ae X. Instead of saying 
that yeY is a limit of f with respect to the filter @ and 
writing y = limg f, we use the special notation 


I= ne (*); 


and we say that y is a limit of f at the point a, or that f(x) tends to » 
as x tends to a. Similarly, instead of saying that y» is a cluster point 
of f with respect to 9%, we say that y is a cluster point of f at the point a. 


A consideration of the definition of continuity (§ 2, no. 1, Definition 1) 
Proposition 7 of no. 3 shows that: 


PROPOSITION 9. A mapping f of a topological space X into a topological 
space Y is continuous at a point ae X if and only if lim f (x) = f(a). 
11 


Corotiary 1. Let X, Y be two topological spaces, f a mapping of X into 
Y which is continuous at a point ae Xj; then, for every filter base & on X which 
converges to a, the filter base f (8) converges to f(a). Conversely if, for 
every ultrafilter YW on X which converges to a, the ultrafilter base f (WU) converges 
to f(a), then f is continuous at a. 


The first assertion is an immediate consequence of Proposition 9. To 
prove the second, suppose that / is not continuous at a; then there is a 
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neighbourhood W of f(a) in Y such that 7 (W) does not belong to 
the filter % of neighbourhoods of a in X. Hence (§ 6, no. 4, Proposi- 
tion 7) there is an ultrafilter U, finer than %, which does not contain 
- (W) and therefore contains its complement A = X — fa (W) (86, 
no. 4, Proposition 5); since f(A)n W=@, f(U) does not converge 


to f(a). 


Corotiary 2. Let g be a mapping of a set Z into a topological space X, 
which has a limit a with respect to a filter § on Z; then tf themap f: X—>Y 
is continuous at a, the composition fog has f(a) as a limit point with respect 
to ®&. 


5. LIMITS RELATIVE TO A SUBSPACE 


Let X, Y be two topological spaces, let A be a subset of X, and let 
aeX be a point of the closure of A (but not necessarily in A). Let 
®& be the trace on A_ of the neighbourhood filter of a in X. If f is 
a mapping of A into Y, then instead of saying that ye Y is a limit 
of f with respect to § and writing y = limgf, we write 


y= lim f(x) 
cra, ZEA 
and we say that y is a limit of f at a, relative to the subspace A, or that 
J (x)_tends to y as x tends to a while remaining in A. We have then 
pe f(A). ; . . 
fA= Gf} where a is not an isolated point of X, then we write 

y= lim f(x) instead of y= lim f(x). 

“>a, xryxa z>a, TEA 

We make analogous definitions for cluster points. 


If f is the restriction to A of a mapping g: X-—Y, we say that 
g has a limit (resp. cluster point) y relative to A ata point aeA, 
if y is a limit (resp. cluster point) of f at a, relative to A. 

Let B bea subset of A and let ae X bea point of the closure of B; 
if y isalimit at a, relativeto A, ofa map f: A->Y, then y is also 
a limit of f at a, relative to B; the converse is not necessarily true. 
But if V is a neighbourhood in X of a point aeA and if f has a limit 
y at a, relative to Vn A, then y is still a limit of f at a, relative to A. 

Let a bea non-isolated point of X, so that a isin the closure of {a}. 
Then a mapping f{: X->Y is continuous at a if and only if we have 
f(a) = lim f(x); this follows immediately from the definitions. 

Z>a, ra 
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6. LIMITS IN PRODUCT SPACES AND QUOTIENT SPACES 


ProposiTion 10. Let X be a set, let (Y,)pex be a family of topological 
Spaces, and for each .el let f, be a mapping of X into Y,. Let X be given 
the coarsest topology © for which the f, are continuous. Then a necessary and 
sufficient condition for a filter & on X to converge to ae X is that for each 
vel the filter base f,(8) should converge to f(a) in Y,. 


The condition is necessary since the jf, are continuous (no. 4, Proposi- 
tion 9, Corollary 1). Conversely, suppose that the condition is satisfied, 
and let V be an open neighbourhood of a in X. By the definition of 
© (§ 2, no. 3, Proposition 4) there is a finite subset J of I, and for each 
te J an open subset U, of Y,, suchthat f,(2)eU, for 1e¢J and such 
that V_ contains the set 


1 
NFU). 
ves 
The hypothesis implies that 7 (U,) ef (no. 3, Proposition 7); since J 


is finite, it follows that 
M= NFU) 
te 


belongs to §, and McV. This completes the proof. 


Corotiary 1. A filter & on a product space X = Ix. converges to a 
él 
point x if and only if for each .eI1 the filter base pr,(®) converges to pr,(x). 


Corotiary 2. Let f = (fi) be a mapping of a set X into a product 
space Y =]|]y.. Then f has a limit y = (9,) with respect to a filter & 
on X if and only if for each .el f, has limit », with respect to §. 


Proposition 11. Left R_ be an open equivalence relation on a topological 
space X and let g be the canonical mapping X—- X/R. Then for each 
xe X and each filter base B' on X/R which converges to o(x), there is a 
filter base 8& on X which converges to x and is such that o(%8) is equivalent 
to B. 

If U is any neighbourhood of x in X, then 9(U) is a neighbourhood 
of e(x) in X/R (§ 5, no. 3, Proposition 5), hence there is a set M’ «8 
such that M’c9(U); if we put M=Un ¢(M’), then M’=o9(M). 
This shows that as M’ runs through %’ and U runs through the neigh- 
bourhood filter of x, the sets Un9'(M’) form a filter base 8 on X; 
clearly % converges to x and 9(%) is equivalent to 8’. 
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8. HAUSDORFF SPACES AND REGULAR SPACES 


1. HAUSDORFF SPACES 


Proposition 1. Let X be a topological space. Then the following statements 
are equivalent : 
(H) Any two distinct points of X have disjoint neighbourhoods. 


(H') The intersection of the closed neighbourhoods of any point of X 
consists of that point alone. 


(H") The diagonal of the product space X X X is a closed set. 

(Hi) For every set I, the diagonal of the product space Y = X® is closedin Y. 
(H'’) No filter on X has more than one limit point. 

(H’) Ifa filter ® on X converges to x, then x is the only cluster point of &. 


We shall prove the implications 


(H) —> (H') => (H") => (H") => (H) 
and (H) —> (HM) —» (Hi) —» (H). 


(H) => (H'): If «+4» there is an open neighbourhood U of «x 
and_an open neighbourhood V of y such that UnV=@; hence 
yeu. 

(H') => (H’): Let »4 x; then there is a closed neighbourhood V 
of x such that y¢V, and by hypothesis there exists Me such that 
McV; thu Mn§V=g@. But §V isa neighbourhood of »; hence 
y is not a cluster point of §. 

(H") — > (H'"): Clear, since every limit point of a filter is also a 
cluster point. 

(H'’) => (H): Suppose xy and that every neighbourhood V 
of x meets every neighbourhood W of y. Then the sets VnW form 
a base of a filter which has both x and y as limit points, which is 
contrary to hypothesis. 

(H) => (H"): Let (*) = (x,) be a point of X! which does not 
belong to the diagonal A. Then there are at least two indices ), p 
such that » Ax,. Let V) (resp. V,) be a neighbourhood of x, (resp. 
xp) in X, suchthat V,n V,= @; thentheset W = V), x Vy X Il X, 


raw 
(where X, = X if 1}, p) isa neighbourhood of x in X! (§ 4, no. 1) 
which does not meet A. Hence A is closed in X!. 

(Hitt) —s (H") : Obvious. 
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(H") => (H): If «Ay then (*, y)eX x X is not in the diagonal 
A, hence (§ 4, no. 1) there is a neighbourhood V of x and a neighbour- 
hood W of y in X such that (V xX W) nA = @, which means that 


VawWw=6. 


Derinition 1. A topological space satisfying the conditions of Proposition 1 
is called a Hausdorff or separated space; the topology of such a space is said to be 
a Hausdorff topology. 


Axiom (H) is Hausdorff’s axiom. 


Examples. Any discrete space is Hausdorff. The rational line Q_ is 
Hausdorff, for if x, y are two rational numbers such that x <_y then 
there is a rational number z such that x < z<_y, and the neighbour- 
hoods ]<-, z[ of x and ]z,->[ of y do not intersect. 

Aset X having at least two points and carrying the coarsest topology 
(§ 2, no. 2) is not a Hausdorff space. 


Let f: X-—->Y be a mapping of a set X into a Hausdorff space Y; 
then it follows immediately from Proposition 1 that f can have at most 
one limit with respect to a filter § on X, and thatif f has y asa limit 
with respect to §, then y is the only cluster point of f with respect to §. 


Proposition 2. Let f, g be two continuous mappings of a topological space X 
into a Hausdorff space Y; then the set of all xe X such that f (x) = g (x) 


is closed in X. 


For this set is the inverse image of the diagonal of Y x Y under the 
mapping x — (f(x), g(x)), which is continuous (§ 4, no. 1, Proposition 1). 
The result therefore follows from (H") and § 2, no. 1, Theorem 1. 


Corotiary 1 (Principle of extension of identities). Let f, g be two 
continuous mappings of a topological space X into a Hausdorff space Y. If 
SF (*) = g (*) at all points of a dense subset of X, then f= g. 

In other words, a continuous map of X into Y (Hausdorff) is uniquely 
determined by its values at all points of a dense subset of X. 


Corotuary 2. If f ts a continuous mapping of a topological space X into 
a Hausdorff space Y, then the graph of f ts closed in X x Y. 

For this graph is the set of all (x, y)eX x Y such that f(x) =, and 
the two mappings (x,y) >» and (x,y) >/ (x) are continuous. 


Proposition 3. Let (xj)rcicn be a finite family of distinct points of a Haus- 
dorff space X; then each x; has a neighbourhood V; in X such that the 
Vi (9 <is<n) are mutually disjoint. 


96 


SUBSPACES AND PRODUCTS OF HAUSDORFF SPACES § 8.2 


The proof is by induction on n: the case n = 2 is just the axiom (H). 
Let then W; (1 <i<n—1) be a neighbourhood of x; such that the 
W; are mutually disjoint. On the other hand, for 1 <i<n—v1 there 
is a neighbourhood T; of x; and a neighbourhood U; of x, which 
do not intersect. If we take V; to be W;nT; for 1<i<n—1 and 


n—1 


Vi or nN U; 
i=1 
the conditions of the proposition are satisfied. 
Corotiary. Every finite Hausdorff space is discrete. 
PROPOSITION 4. very finite subset of a Hausdorff space is closed. 
For every subset consisting of a single point is closed by reason of 
axiom (Hi), 


Proposition 5. Let X be a topological space and suppose that for each pair of 
distinct points x, y of X there is a continuous mapping f of X into a Haus- 
dorff space X' such that f(x) Af(y). Then X is Hausdorff. 

Let V’ and W' be disjoint neighbourhoods of f(x) and f(y) respective- 
ly in X’; then f(V’) and f(W’) are disjoint neighbourhoods of x 
and y respectively in X. 


CoroLiary. Every topology which ts finer than a Hausdorff topology is Hausdorff. 


2. SUBSPACES AND PRODUCTS OF HAUSDORFF SPACES 


A subspace A of a Hausdorff space X is Hausdorff, as we see by applying 
Proposition 5 of no. 1 to the canonical injection A—> X. Conversely, 
we have 


Proposition 6. If every point of a topological space X has a closed neigh- 
bourhood which is a Hausdorff subspace of X, then X is Hausdorff. 


Let xe X and let V be a closed neighbourhood of x in X such that 
the subspace V is Hausdorff. Then the closed neighbourhoods of x 
in V_ have x} as their intersection (axiom (H’)); but they are also 
closed neighbourhoods of x in X (§3, no. 1) and therefore X satisfies (H'). 


There exist non-Hausdorff spaces in which every point has a Hausdorff 
neighbourhood (Exercise 7). 


Proposition 7. Every product of Hausdorff spaces is Hausdorff. Conversely, 
if a product of non-empty spaces is Hausdorff, then each factor is a Hausdorff 
space. 
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Let X =|] X, be a product of topological spaces. Then if x, y are 


€ 
two distinct points of X, we have pr,«=4pr,y for some index 1, and 
Proposition 5 of no. 1 shows that X is Hausdorff if the X, are. Con- 
versely, if X is Hausdorff and the X, are non-empty, then each X, is 
homeomorphic to a subspace of X (§ 4, no. 2, Proposition 4) and is there- 
fore Hausdorff. 


Corotuary 1. Let X bea set, let (Y,),e, be a family of Hausdorff topolo- 
gical spaces, and for each vel let f, be a mapping of X into Y,. Let X 
carry the coarsest topology © for which the f, are continuous. Then a necessary 
and sufficient condition for X to be Hausdorff is that for each pair of distinct points 
x, y of X we have f(x) Af, (9) for some index vel. 


The condition is sufficient by reason of Proposition 5 of no. 1. Conversely, 
suppose X is Hausdorff; let Y =|] Y, and let f= (f)iex be the 


tél 
mapping x —>(jf,(x)). By Proposition 7 above Y is Hausdorff, and by 
Proposition 3 of § 4, no. 1, © is the inverse image under / of the topology 
of Y. If f(x) =f (») for two distinct points x, y of X it is clear 
that every open set (in the topology ©) which contains x also contains y, 
contrary to the hypothesis that X is Hausdorff. 


Gorotiary 2. Let (Xy, fag) be an inverse system of topological spaces. If 
the X, are Hausdorff, then ¥ = lim X, is Hausdorff and is a closed subspace 


of I] X.. 

The first assertion follows from the fact that X is a subspace of the Haus- 
dorff space Il X, (Proposition 7). To show that X is closed in the 
product space, let Fug (a <6) be the subset of Il X, consisting of 
points x for which prgx = fyg(prgx); the Fyg oF closed in Il X, 
(no. 1, Proposition 2), hence so is their intersection X. 7 


Evidently, any sum of Hausdorff spaces (§ 2, no. 4, Example 3) is a 
Hausdorff space. 


3. HAUSDORFF QUOTIENT SPACES 


Let us look for conditions under which a quotient space X/R_ is Hausdorff 
(in which case the equivalence relation R is said to be Hausdorff). In 
the first place, if X/R is Hausdorff, then the subsets of X/R_ consisting 
of a single point are closed (no. 1, Proposition 4) and hence each equivalence 
class mod R is closedin X. But this necessary condition is not sufficient. 
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The definition of open sets in X/R_ gives rise to the following necessary 
and sufficient condition: X/R ts Hausdorff if and only if any two distinct 
equivalence classes in X are contained in disjoint saturated open subsets of X. 
We shall give other more usable conditions. 


Proposition 8. A necessary condition for the quotient space X]R_ to be Hausdorff 
ws that the graph G of R is closedin X X X. Of the equivalence relation R 
ts open, this condition is also sufficient. 


Let 9: X->X/R be the canonical mapping; then C is the inverse 
image under 9 X 9: X X X->(X/R) x (X/R) of the diagonal A 
of (X/R) X (X/R). The first part of the proposition therefore follows 
from the continuity of » x ¢ [Axiom (H") and Theorem 1 of § 2, no. 1]. 
If R is open then (X/R) x (X/R) can be identified with the quotient 
space (X x X)/(R x R) (§5, no. 3, corollary to Proposition 8), and A 
is then identified with the canonical image in (X x X)/(R x R) of 
the set C, which is saturated with respect to R xR. Hence A is 
closed in X x X and therefore X is Hausdorff. 


If R_ is not open, there are examples where C is closed but R is not 
Hausdorff (Exercises 10 and 28). 


To show that X/R_ is Hausdorff we can also apply Proposition 5 of no. 1: 
M and N being two distinct equivalence classes of R_ it is sufficient 
that there should be a continuous mapping f of an open subset A of X, 
saturated with respect to R and containing M and N, into a Hausdorff 
space X’, such that 1) / is constant on each equivalence class mod R 
contained in A, 2) f takes distinct values on M and N. For since 
A/R, can be identified with an open subset of X/R_ (§ 3, no. 6, Proposition 
10, Corollary 1), we can apply Proposition 5 of no. 1 to the mapping g: 
A/R, +X’ induced by ff since g is continuous (§ 3, no. 4, Proposition 6). 


In particular: 


Proposition 9. If f is a continuous mapping of a topological space X into 
a Hausdorff space X', and R ts the equivalence relation f (x) = f(y), then 
the quotient space X/R is Hausdorff. 


Proposition 10. Jf X is a Hausdorff space, and if X has a continuous 
section s with respect to the equivalence relation R, then X/R is Hausdorff 
and s(X/R) is closed in X. 


For (§ 3, no. 5) X/R_ is homeomorphic to the subspace s(X/R) of X, 
which is Hausdorff. Furthermore s(X/R) is the set of all xe X such 
that s(¢(x)) =x, where 9: X->X/R is the canonical mapping; 
hence the second assertion follows from no. 1, Proposition 2. 
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4. REGULAR SPACES 


Proposition 11. The following properties of a topological space X are equiv- 
alent: 


(Og) The set of closed neighbourhoods of any point of X is a fundamental 
system of neighbourhoods of the point. 

(Of) Given any closed subset F of X and any point x@F there is a neigh- 
bourhood of x and a neighbourhood of F which do not intersect. 


(On1) => (Otn): If F is closed and x ¢F, then there is a closed neigh- 
bourhood V of x contained in the neighbourhood CF of x; V and 
CV are neighbourhoods of x and F respectively, and have no point in 
common. 

(Ojr1) => (Onx): If W is an open neighbourhood of xe X, then 
there is a neighbourhood U of x and a neighbourhood V of [W 
which are disjoint, and therefore Uc W. 


DEFINITION 2. A topological space is said to be regular if it is Hausdorff and 
Satisfies axiom (Oy); tts topology is then said to be regular. 


A discrete space is regular. * We shall see in § 9 that every locally compact 
space (in particular the real line R) is regular. , 


PRoposiTION 12. Every subspace of a regular space is regular. 


Let A bea subspace of a regular space X. Since X is Hausdorff, 
so is A (no. 2); on the other hand, every neighbourhood of a point 
xeA with respect to A is of the form VnA, where V isa neigh- 
bourhood of x in X. Since X is regular there is a neighbourhood W 
of x in X which is closed in X and contained in V; Wn A is then 
a neighbourhood of x in A, closed in A and contained in Vn A. 
Hence the result. Conversely: 


Proposition 13. If every point x of a topological space X has a closed neigh- 
bourhood which is a regular subspace of X, then X is regular. 


X is Hausdorff by Proposition 6 of no. 2. Let x be any point of X 
and let V bea closed regular neighbourhood of x. If U is any neigh- 
bourhood of x contained in V, then U isa neighbourhood of x rela- 
tive to V; hence by hypothesis there is a neighbourhood W of x in V 
which is closed in V and contained in U. But W isa neighbourhood 
of x in X since V is a neighbourhood of x in X, and W is closed 
in X since V is closed in X. 
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Remarks. 1) There are examples of non- Hausdorff spaces in which every 
point has a regular neighbourhood (Exercise 7). 


2) There are spaces which are Hausdorff but not regular (Exercise 20). 


3) A topology which is finer than a regular topology need not be regular 
(Exercise 20). 


5. EXTENSION BY CONTINUITY; DOUBLE LIMIT 


TuHeoreM 1. Let X_ be a topological space, A a dense subset of X, 
J: AY amapping of A into a regular space Y. A necessary and sufficient 
condition for f to extend to a continuous mapping f: X—->Y is that, for each 
xeX, f(y») tends to a limit in Y when y tends to x while remaining in A. 
The continuous extension Ff of f to X is then unique. 


The uniqueness of f follows from the principle of extension of identities 
(no. 1, Proposition 2, Corollary 1). It is clear that the condition is neces- 
sary, for if f is continuous on X, then for each xe X we have 


F (x)= lim f(y) = lim f(») 
yoru, yEA yr, YEA 
(§ 7, no. 5). Conversely, suppose that the condition is satisfied and define 
f (*)= lim f(y) 
you, YEA 


for each xe X; f (x) is a well-defined element of Y, since Y is 
Hausdorff. We have to show that f is continuous at each point xe X. 
Let then V’ be a closed neighbourhood of f (x) in Y; then by hypo- 
thesis there is an open neighbourhood V of x in X such that f(Vn A) c V’. 
Since V_ is a neighbourhood of each of its points, we have 
f(z)= lim f(») 
yor YEVNA 
for each ze V, and from this it follows that f (z)ef(Vn A) ¢V’, since 
V’ is closed. The result now follows from the fact that the closed 
neighbourhoods of f(x) form a fundamental system of neighbourhoods 
of f(x) in Y. 
The mapping f is said to be obtained by extending f by continuity to X. 
In the statement of Theorem 1 the hypothesis that Y is regular cannot 


be weakened without imposing additional restrictions on X, A or f 
(Exercise 19). 


Corotitary. Let &, be a filter on a set X,, and &, a filter on a set Xg; 
let &, X ®y be the product filter (§ 6, no. 7) on X =X, X Xqg, and let f 
be a mapping of X into a regular space Y. Suppose that 


a) limg, x SJ exists. 
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b) lim f (x, %2) = g (*1) exists for all x, @ X. 
Ze, Be 


Then lim g (x,) exists and is equal to limg, x &, f- 


Ty O 

Let X, = X,u fw} (resp. Xq = X_U {wat) be the topological! 
space associated with the filter &, (resp. %2) (§ 6, no. 5, Example). In the 
product space X! = Xj x X; let X” be the union of the subspaces 
X, X X;, and { (wy, 2) { . X is clearly a dense subspace of X", and 
the hypotheses imply that f(y, 72) tends to a limit when (1, Je) tend 
to any point (x, x2) of X" whilst remaining in X. The existence 
of the extension of f by continuity to X” then follows from Theorem 1. 
Since also (w,, w2) lies in the closure of X, X {we} relative to X", 
the result follows immediately (§ 7, no. 5). 


6. EQUIVALENCE RELATIONS ON A REGULAR SPACE 


Proposition 14. Let X be a regular space, R a closed equivalence relation 
on X. Then the graph CG of R in XX X is closed. 


Let (a,6) beapointof X x X intheclosure of C, andlet V (resp. W) 
be a closed neighbourhood of a (resp. a neighbourhood of 6) in X; 
then there is a point (x, y)~@CQn(V x W). Since xeV, y belongs to 
the saturation S of V_ with respect to R; hence each neighbourhood 
W of 4 meets S. By hypothesis S is closed, and therefore b<¢S. Now 
let B be the saturation of {b} with respect to R, then each closed 
neighbourhood V of a meets B; since by hypothesis B is closedand X 
is regular, it follows that ae@B and therefore that (a,6)¢C. This 
completes the proof. 


Corottary. On a regular space, every equivalence relation which is both open 
and closed is Hausdorff. 


This follows from Proposition 14 and Proposition 8 of no. 3. 


Proposirion 15. Let X be a regular space, F a closed subset of X, R_ the 
equivalence relation on X obtained by identifying all the points of F [in other 
words, the equivalence relation whose equivalence classes are F (if 
F #4 @) and the sets {x} where xeQF]. Then the quotient space X/R 
is Hausdorff. 

Let M and N_ be two distinct equivalence classes in X. If each of 
them consists of a single point in the complement of F, then there exist 
two disjoint open neighbourhoods of M and N in the Hausdorff subspace 
(F; these are neighbourhoods of M and N in X and are saturated 
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with respect to R. If M=F (sothat F#@) and N= b} where 
be¢F, then since X is regular there is an open neighbourhood of 4 and 
an open neighbourhood of F which do not intersect; these neighbourhoods 
are saturated with respect to R, and the proposition is proved. 


Note that the quotient space X/R_ is not necessarily regular (Chapter IX, 
§ 4, Exercise 14). 


g. COMPACT SPACES AND LOCALLY 
COMPACT SPACES 


1, QUASI-COMPACT SPACES AND COMPACT SPACES 


Derimition 1. A topological space X ts said to be quasi-compact if it satisfies 
the following axiom: 


(C) Every filter on X has at least one cluster point. 
A topological space is said to be compact if it is quasi-compact and Hausdorff. 


It follows immediately from this axiom that if f is a mapping of a set Z 
into a quasi-compact space X, and §% is any filter on Z, then f has 
at least one cluster point with respect to §. In particular, every sequence 
of points of a quasi-compact space has at least one cluster point; but 
this condition is not equivalent to (C) (Exercise 11). 


We give three axioms each of which is equivalent to axiom (CQ): 

(Q’) Every ultrafilier on X 1s convergent. 

(C’) => (C): If & is a filter on X then there is an ultrafilter finer 
than § (§ 6, no. 4, Theorem 1). Since this ultrafilter converges to a 
point x, x is a cluster point of §. 


(C) => (C’): For if an ultrafilter has a cluster point then it converges 
to this point (§ 7, no. 2, Corollary to Proposition 4). 


If f is a mapping of a set Z into a quasi-compact space X, and UW 
is an ultrafilter on Z, f has at least one limit point with respect to 1 (§ 6, 
no. 6, Proposition 10). 


(Q”") Every family of closed subsets of XX whose intersection is empty contains 
a finite subfamily whose intersection is empty. 


(C) = (C"): Let @ be a family of closed subsets of X with empty 
intersection. If every finite subfamily of G has a non-empty intersection, 
then @ generates a filter (§ 6, no. 2, Proposition 1) which has a cluster 
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point by hypothesis. This point belongs to all the sets of @ (since they 
are closed); so we have a contradiction. 


(C”) => (C): For if (C) is false then there is a filter § on X which has 
no cluster point; hence the closures of the sets of § form a family of 
closed subsets of X contradicting axiom (C’). 


(G”) (Axiom of Borel-Lebesgue) Every open covering of X contains a finite 
open covering of X. 


(C”) <=» (C’) by taking complements. 


If X is quasi-compact, then every locally finite covering R of X is 
finite. For each point of X has an open neighbourhood which meets 
only a finite number of sets of St, and by (C”) a finite number of these 
neighbourhoods covers X. 


Examples. 1) Every finite space is quasi-compact, and more generally 
every space in which there is only a finite number of open sets is quasi- 
compact. A finite space is compact if and only if it is discrete, for a finite 
Hausdorff space is discrete (§ 8, no.1, Corollary to Proposition 3). Conver- 
sely, every compact discrete space is finite, for in such a space the sets consisting 
of a single point are open; hence the space is finite by (C”). 


2) Let X be a set, and give X the topology in which the closed sets 
are X and all finite subsets of X [this set of subsets clearly satisfies 
axioms (Oj) and (Of,) of §1, no. 4]. The topological space so defined 
is quasi-compact. For if (F,.).e; is a family of closed subsets of X with 
empty intersection, then F, is finite forsome aeI. Let a, (1 < k <n) 
be the elements of F.; then by hypothesis for each index k there is an 
index 1,@1 such that 4,¢F,; the intersection of the F.. (1 < k <n) 
and F, is therefore empty, whence axiom (C”) is satisfied. If X 
is infinite it is not Hausdorff. 

Remark. Quasi-compact (non-Hausdorff) spaces are of use mainly in 
applications of topology to algebraic geometry and are seldom featured 
in other mathematical theories, where on the contrary compact spaces 
play an important role, 


THEOREM 1. Let § be a filter on a quasi-compact space X and let A be the 
set of cluster poinis of §. Then every neighbourhood of A belongs to &. 


Let V_ be a neighbourhood of A and suppose it possible that every 
set of § meets Cv. The intersections of the sets of & with Cv 
then form a base of a filter @ on X; X is quasi-compact, so that G 
has at least one cluster point », which does not belong to A, because the 
neighbourhood V of A_ does not meet some of the sets of @. But 
since @ is finer than &, y is also a cluster point of §, which is contrary 
to hypothesis. 
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Corouiary. For a filter on a compact space to converge it is necessary and suf= 
ficient that it has a single cluster point. 


Necessity by § 8, no. 1, Proposition 1; sufficiency by Theorem 1 above. 


2. REGULARITY OF A COMPACT SPACE 


Proposition 1. Let X be a compact space, x a point of X. In order that 
a filter base %& formed of closed neighbourhoods of x should be a fundamental 
system of neighbourhoods of x it is necessary and sufficient that the intersection of 
the sets of %8 consists of x alone. 


The condition is necessary since X is Hausdorff (§ 8, no. 1, Proposi- 
tion 1). It is sufficient, for it signifies that x is the only cluster point of 8; 
hence $ converges to x by the Corollary to Theorem 1 of no. 1. 


Corouiary. Every compact space is regular, 


For it follows from axiom (H!') (§ 8, no. 1, Proposition 1) that the filter 
base formed by all the closed neighbourhoods of an arbitrary point of the 
space satisfies the condition of Proposition 1. 


The following proposition amplifies the Corollary to Proposition 1: 


Proposition 2. Let X be a compact space and let A, B be two disjoint closed 
subsets of X. Then there exist two open sets U, V, such tht UnV=@ 
and AcU and BcV. 


Suppose the conclusion is false. If every neighbourhood U of A meets 
every neighbourhood V of B, then the sets Un V form a filter base 8 
on X, which therefore has a cluster point xe X. Now x mustliein A, 
since if y is any point of X not in A there is a neighbourhood of y 
and a neighbourhood of A which do not intersect, since X is regular, 
and thus y cannot be a cluster point of 8. Similarly x must lie in B 
and we have a contradiction. 


This proposition has important consequences which will be examined 
in Chapter IX, § 4. 

The non-Hausdorff quasi-compact space X of Example 2 of no. 1 
does not satisfy axiom (Oy;), nor a fortiori the property stated in Propo- 
sition 2, since any two non-empty open sets of this space always intersect. 


3. QUASI-COMPACTS SETS; COMPACT SETS; RELATIVELY COMPACT SETS 


Derinirion 2. A subset A of a topological space XX is said to be a quast- 
compact (resp. compact) set if the subspace A is quasi-compact (resp. compact). 
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A subset A of a topological space X is a quasi-compact set if and only 
if every covering of A by open sets of X contains a finite covering of A; 
this follows from axiom (C”). Ina Hausdorff space, the notions of quasi- 
compact and compact sets are the same, since every subspace is Hausdorff. 


Examples. 1) In a topological space X, every finite subset is quasi- 
compact; the empty set and every set consisting of one point are compact. 
2) Ina topological space X, let (x,),en be an infinite sequence of points 
which converges to a point a; then the set A consisting of the points 
x, (n@N) and a is quasi-compact. For if (U.) is a covering of A 
by open sets of X, then aeU, forsomeindex x. U, is a neighbourhood 
of a and therefore there is only a finite number of indices n, such that 
%,,4U,. For each index & let 1, be an index such that x,,¢U,,; 

then U, and the U,, form a finite open covering of A. 
Proposition 3. Every closed subset of a quasi-compact (resp. compact) space 
is quasi-compact (resp. compact). 


This is an immediate consequence of axiom (C”) if we remark that if A 
is closed in X_ then every set which is closed in A is closed in X. 


Proposition 4. Every compact subset of a Hausdorff space is closed. 


Let A bea compact subset of a Hausdorff space X, and let x be any 
point of A; we have to show that xeA. By hypothesis, every neigh- 
bourhood of x meets A, and therefore the neighbourhood filter @ of x 
in X induces a filter %, on A; A is compact whence %, has a 
cluster point ye A. Since the filter % is coarser than the filter on X 
generated by %, (considered as a filter base on X), y is also a cluster 
point of &; herice y =x, because 9% converges to x in X and X 
is Hausdorff (§ 8, no. 1, Proposition 1). 


Corouiary. In a compact space X a subset A is compact if and only if it 
ts closed in X. 


Proposition 5. The union of a finite family of quasi-compact subsets of a topolo- 
gical space is quasi-compact. 

It is sufficient to show that if A and B are two quasi-compact subsets 
of a topological space X, then AUB is quasi-compact. Let # be 
covering of AUB; then § is a covering of A and a covering of 
B; hence §t contains a finite covering §, of A and a finite 
covering 9, of B; 9, UR, is thus a finite covering of Au B contained 
in §. 


Derinirion 3. A subset A of a topological space X is said to be relatively 


quasi-compact (resp. relatively compact) in X if A is contained in a quasi- 
compact (resp. compact) subset of X. 
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To abbreviate, we say also that A is a “relatively quasi-compact set” 
(resp. “relatively compact set”) when there is no ambiguity about X. 
In a Hausdorff space the notions of relatively quasi-compact set and relati- 
vely compact set are the same. 


Proposition 6. Jf X is a Hausdorff space, a subset A of X ts relatively 
compact if and only if A is compact. 


If A is relatively compact, then A is compact by Proposition 4 and its 
corollary; the reverse implication is self-evident. 


Proposition 7. if A is a relatively quast-compact subset of a topological 
space X, then every filter base on A has a cluster point in X. 


For if AcK, where K_ is a quasi-compact subset of X, then every 
filter base on A has a cluster point in K. 


The converse of this proposition is not valid without restriction on X 
(Exercise 22). 


Remark. In a non-Hausdorff space, a compact set need not be closed, 
and its closure need not be quasi-compact (Exercise 5); the intersection of 
two compact sets need not be quasi-compact (Exercise 5); the union of 
two compact sets need not be compact (Exercise 5). 


4. IMAGE OF A COMPACT SPACE UNDER 
A CONTINUOUS MAPPING 


TuroreM 2. If f is a continuous mapping of a quasi-compact space X into 
a topological space X', then the set f (XX) ts quasi-compact. 

Let § be a covering of f(X) by open sets in X’; then F (R) is an 
open covering of X (§ 2, no. 1, Theorem 1); hence there is a finite subset 
© of R such that (Sf) is a covering of X; but then © is a covering 
of f(X) and the theorem is proved. 


Coroiiary 1. Let f be a continuous mapping of a topological space X into 
a Hausdorff space X'. Then the image under f of any quasi-compact (resp. 
relatively quasi-compact) setin X is a compact (resp. relatively compact) set in X', 


Coro.iary 2. Every continuous mapping f of a quasi-compact space X into 
a Hausdorff space X’ is closed. If also f is bijective, then f is a homeo- 
morphism. 


This follows immediately from Corollary 1 and Proposition 4 of no. 3. 
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In particular : 


Coro.iary 3. A Hausdorff topology which is coarser than the topology of a 
quast-compact space must coincide with the latter. 


Corouuary 4. Let X be a topological space and R a Hausdorff equivalence 
relation on X. 

a) Uf there is a quasi-compact set K in X which meets every equivalence class 
mod R, then X/R_ is compact and the canonical mapping of K/R_ onto X/R 
is a homeomorphism. 

b) Jf K also meets each equivalence class in only one point, then K is a continuous 
section of X with respect to the relation R (§ 3, no. 5). 


Let f be the restriction to K of the canonical mapping X —> X/R. 
Since X/R_ is Hausdorff it follows from Corollary 1 that X/R_ is compact 
and from Corollary 2 that f is closed; hence the bijection K/Ry > X/R 
associated with f is a homeomorphism (§ 5, no. 2, Proposition 3). This 
deals with a); b) follows immediately, since we now have K/Rx = K. 


5. PRODUCT OF COMPACT SPACES 


Tueorem 3 (Tychonoff). Every product of quasi-compact (resp. compact) 
Spaces is quast-compact (resp. compact). Conversely, if a product of non-empty 
Spaces is quasi-compact (resp. compact) then each of the factors is quasi-compact 
(resp. compact). 

In view of the characterization of Hausdorff product spaces given in 
§ 8, no. 2, Proposition 7 it is enough to prove the assertions for quasi- 
compact spaces. If X= Il X, is quasi-compact and non-empty, 

rel 

then X, = pr,(X) is quasi-compact by reason of Theorem 2 of no. 4. 
Conversely, suppose the X, are quasi-compact and let 0 be an ultra- 
filter on X; then for each .el, pr,(W) is an ultrafilter base on X, 
(§ 6, no. 6, Proposition 10) which therefore converges by reason of axiom 


(C’); hence U is convergent (§ 7, no. 6, Corollary 1 of Proposition 10) 
and therefore X is quasi-compact. 


Coro.iary. For a subset of a product of topological spaces to be relatively quasi- 
compact it ts necessary and sufficient that each of its projections should be relatively 
quasi-compact in the corresponding factor. 


Necessity follows from Theorem 2 of § 4. To prove sufficiency, let A 
be a subset of Il X, such that, for each index 1, pr,(A) is contained 
ina quasi-compact subset K, of X,; then A is contained in the quasi- 


compact subset |[ K, of TUX, 
i i 
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6. INVERSE LIMITS OF COMPACT SPACES 


Proposition 8. Let (X,, Sug) 5e an inverse system of compact spaces indexed 
by a directed set 1 such that f,, is the identity mapping for each wel. Let 
X = lim X, be the inverse limit and f,: X->X,, the canonical mapping 
(§ 4, no. 4). Then 


a) X is compact and for each ae1 we have 
a(S) = (2%). 
(1) fu(X) Life 8) 


b) If the X, are all non-empty then X is non-empty. 
X is a closed subspace of Il X, (§ 8, no. 2, Proposition 7, Corollary 2) 


a 

which is compact by Theorem 3 of no. 5 and Proposition 3 of no. 3. 
The other assertions are consequences of Set Theory, chap. III, § 7, no. 4, th. 1. 
We apply this theorem by taking ©, to be the set of closed subsets of X,. 
The conditions (i) and (ii) are just axioms (Oj) and (C”) respectively; 
condition (iii) is satisfied since {xa} is closed and f,g continuous (§ 2, 
no. 1, Theorem 1), and lastly condition (iv) is satisfied by reason of Corol- 
lary 2 of Theorem 2 of no. 4. 


Corotiary 1. Let (Xq; fag) be an inverse system of topological spaces indexed 
by a directed set, such that for each pair of indices a, 8 for which a <Q and 
foreach x,eXq, F ap(*a) is compact. Then equation (1) is valid and Ff al%a) 
is compact for each index a and each x,¢€X,. 


For each x,¢ ()fag(Xg) andeach B>a, let Lg denote fa6(z). If 
2a 


a<6<y, then we have fp,(L,)cLg and the set of all indices p>a 
is cofinal in the index set. It follows immediately that the Lg (8 >a) 
form an inverse system of topological spaces (with the restrictions of the 
Spy a8 mappings), whose inverse limit L is homeomorphic to F alXa)» 
Since by hypothesis the Lg are compact and not empty, the corollary 
follows from Proposition 8. 


Corotiary 2. Let (X,, fag) and (Xa, fag) be two inverse systems of topolo- 
gical spaces indexed by the same directed set 1, and let (ug) be an inverse system 


of mappings u,: Xy—>Xq. Lee X=lymX,, X’ = lim Xy, u = lim uy. 
Then: 


a) If «'=(xi)eX! is such that U,(xd) is compact and non-empty for each 
ael, then d(x’) is compact and non-empty. 
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b) Ifthe X, are compact, the Xq Hausdorff and the u, surjective and continuous, 
then u is surjective. 


Let L, denote @,(xj); then clearly the L, form an inverse system of 
topological spaces (with the restrictions of the f,g as maps) and “a (x! =L) 
is the inverse limit of the L,; assertion a) therefore follows from Propo- 
sition 8. Assertion b) is an immediate consequence, in view of Proposition 3 
of no. 3. 


7. LOCALLY COMPACT SPACES 


DEFINITION 4. A topological space X is said to be locally compact if it is Haus- 
dorff and if every point of X has a compact neighbourhood. 


Clearly a compact space is locally compact, but the converse is false; 
for example, every discrete space is locally compact, but not compact if 
infinite. 


* As we shall see in Chapter IV, § 2, the real line R_ is locally compact, 
but not compact. , 


Proposition 9. very locally compact space is regular. 


Let X bea locally compact space, then every point xe X has a compact 
neighbourhood V; since X is Hausdorff, V is closed (no. 3, Proposi- 
tion 4). On the other hand, V is a regular subspace of X (no. 2, 
Corollary to Proposition 1) and therefore X is regular (§ 8, no. 4, Proposi- 
tion 13). 


Corotuary. In a locally compact space every point has a fundamental system 
of compact neighbourhoods. 


For the intersection of a closed neighbourhood of x and a compact 
neighbourhood of x is a compact neighbourhood of x (no. 3, Proposi- 
tion 3). 


There exist non-Hausdorff topological spaces in which every point has a 
fundamental system of compact neighbourhoods (Exercise 5). 


The Corollary to Proposition 9 may be generalized as follows: 


Proposition 10. In a locally compact space X, every compact set K has a 
fundamental system of compact neighbourhoods. 


Let U_ be any neighbourhood of K. For each xe K_ there is a compact 
neighbourhood W (x) of x contained in U. The interiors of the sets 
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W («) form an open covering of K as x runs through K; hence there 
exist a finite number of points x;e@ K (1 <i <n) such that the interiors 
of the W(x;) cover K. The union V of the W/(x;) is therefore a 
compact neighbourhood of K contained in U (no. 3, Proposition 5). 


ProposiTion 11. Let X be a locally compact space and F a subset of X such 
that FnK is compact whenever K is a compact subset of X. Then F is 
closed in X. 


In view of Proposition 4 of no. 3, this follows from Proposition 3 a) 
of § 3, no. 1. 


Proposition 12. In a Hausdorff space XX, every locally compact subspace A 
zs locally closed. 


By hypothesis, for every xeA there is a neighbourhood V of x in X 
such that VnA is compact and therefore closed in V (no. 3, Proposi- 
tion 4). 


Proposition 13. very locally closed subspace of a locally compact space X 
is locally compact. 


Let A be a locally closed subspace of X; then for each xeA there 
is a neighbourhood U of x in X such that UnA is closed in U. 
Let VcU beacompact neighbourhood of x in X; Vn A= Vn (Un A) 
is closed in V _ and therefore compact (no. 3, Proposition 3). Since 
VonA is a neighbourhood of x in A, the result is proved (it is clear 
that A is Hausdorff). 

Theorem 1 (no. 1) and Corollary 2 of Theorem 2 (no. 4) do not extend 
to locally compact spaces which are not compact. 


For example, in an infinite discrete space X, the filter consisting 
of those sets which contain a given point xe X and have a finite comple- 
ment has x as its only cluster point but does not converge to x. Since 
any mapping f of X into a Hausdorff space X’ is continuous, the image 
under f of an arbitrary subset of X (which is closed in X, since X 
is discrete) will not in general be a closed subset of X’. 


The proposition corresponding to Theorem 3 of no. 5 is the following: 


Proposition 14. a) Let (X)rer be a family of locally compact spaces 
such that X, is compact for all but a finite number of indices. Then the product 
Space X= Il X, is locally compact. 

rs —3 § 
b) Conversely, f the product of a family (X,),eq of non-empty topological spaces 
is locally compact, then the factors X, are compact for all but a finite number of 
indices, and the factors which are not compact are locally compact. 
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a) Let x= (x,) be a point of X. For each index teI such that X, 
is locally compact but not compact, let V, be a compact neighbourhood 


of x, in X,, and for all other indices 1 put V,=X,. Then J] V, 


tél 
is a compact neighbourhood of x in X (no. 5, Theorem 3). Also X 
is Hausdorff by § 8, no. 2, Proposition 7, and is therefore locally compact. 


b) If x=|[[x, is locally compact and the X, non-empty, then 


tél 
each of the X, is homeomorphic to a closed subspace of X (§ 4, no. 2, 
Proposition 4 and § 4, no. 3, Corollary to Proposition 7), hence locally 
compact by Proposition 13. Let @ = (a,) bea point of X and let V 
be a compact neighbourhood of a; since we have pr, V = X, for all 
but a finite number of indices (§ 4, no. 1), it follows from no. 4, Corollary 1 
to Theorem 2, that the X, are compact except for a finite number of 
indices. 


8. EMBEDDING OF A LOCALLY COMPACT SPACE 
IN A COMPACT SPACE 


THeEorEM 4 (Alexandroff). Jf X is any locally compact space, there exists 
a compact space X' and a homeomorphism f of XK onto the complement of a 
point in X'. Furthermore, if Xj is another compact space such that there is a 
homeomorphism f, of X onto the complement of a point in Xj, then there is 
a unique homeomorphism g of X' onto X{ such that f, = g of. 


Let us begin by proving the second assertion of the theorem. Let 
J (X) = X'— fo} and Ji(X) = Xi — for}. 


If the homeomorphism g exists it must be unique, for by definition we 


have g(x’) = f{( ft (x')) if x’ w and therefore g(w) = w,. It remains 
to show that the bijection g: X’-—»X, thus defined is bicontinuous; 
since X’ and X, are interchangeable we need only show that the image 
under g of a neighbourhood of a point x’ eX’ is a neighbourhood of 
g(x’) in Xj. This is obvious from the definition of g if x’4u. If 
x’=w, let V’ be an open neighbourhood of w in X’;_ then 
X' — V' = K isclosedin X’ and therefore compact (no. 3, Proposition 3) 


and is contained in f(X); hence g(K) = fA( f (K)) is compact (no. 4, 
Theorem 2, Corollary 1). It follows that g(V’) = Xj — g(K) is an 
open neighbourhood of w, (no. 3, Proposition 4). Hence g is a homeo- 
morphism. 

To prove the first part of the theorem, let X’ be a set which is the 
sum of X and a set consisting of a single point w. We define a topology 
on X’ by taking the set © of open subsets of X’ to consist of all open 
subsets of X and all subsets of the form (X — K)u fwt, where K 
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is a compact subset of X. Since any intersection of compact subsets of 
X is compact (no. 3, Propositions 3 and 4) and since any closed subset 
of a compact set is compact (no. 3, Proposition 3), it follows that © satis- 
fies axiom (O,); and since any finite union of compact subsets of X is 
compact (no. 3, Proposition 5), © also satisfies (Oy). Every compact 
subset of X is closed in X (no. 3, Proposition 4) and therefore the topology 
induced on X by that of X’ is the original topology on X. Thus it 
remains to show that X’ is compact. In the first place, X' is Hausdorff. 
For if x, y are any two distinct points of X, they have disjoint open 
neighbourhoods V, W respectively in X, and V, W = are open in 
X’; on the other hand each xe@X has a compact neighbourhood K 
in X, which is also a neighbourhood of x in X’, while 


(X —K)u fw} 


is a neighbourhood of w in X’' and manifestly does not meet K. Finally, 
X’ is quast-compact. Let (U,),e, be an open covering of X’; then for 
at least one index peL we have U, = (X — K,)u fw} where Ky 
is a compact subset of X. Hence there is a finite subset H of L such 
that the sets U) (for }e H) cover K,; if J = Hu fut, then (U,),e3 
is a finite open covering of X’, and the proof is complete. 

Notice that if X is already compact, then w is an isolated point of 
the compact space X'; hence X’ is the sum (§ 2, no. 4, Example 3) 
of the space X and the space fut. 


When a compact space X’ has been constructed as above from a locally 
compact space X by adjoining an element w, it is often said that w 
is the ‘* point at infinity ’’ of X’, and that X’ is obtained from X by 
adjoining a point at infinity. X’ is also called the Alexandroff compactifica- 
tion or the one-point compactification of the locally compact space X. 


* Example. If we apply Alexandroff’s theorem to the real plane 
R?, we get a compact space homeomorphic to the sphere S, whose 
equation is x? + 42+ +*3=1 in R®. A homeomorphism of these 
two spaces may be described as follows: the point w (the point at infinity) 
adjoined to R? is mapped to (0, 0, 1)e@S,, and every point (x, x2) 
of R? is mapped to the point where the line joining the points (0, 1, 1) 
and (x:, X20) in R® meets S, again. This homeomorphism is 
known as stereographic projection. 


9. LOCALLY COMPACT o-COMPACT SPACES 


Derinition 5. A locally compact space X is said to be c-compact or countable 
at infinity if it is a countable union of compact subsets. 
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Examples. 1) A discrete space is o-compact if and only if it is countable. 
* 2) The real line R_ is locally compact and s-compact, since it is the 
union of the compact intervals [—n, + n] for néeN. , 

Remark, A Hausdorff space can be a countable union of compact 


subspaces without being locally compact. * An example is Hilbert space 
with the weak topology, as we shall show in a later volume. 


Proposition 15. Jf X is a locally compact a-compact space, there is a sequence 
(U,) of relatively compact open subsets of X which cover X, such that U,c Uns, 
Sor each n. 


Let X be the union of a sequence (K,) of compact sets. Let U, be 
a relatively compact open neighbourhood of K, (no. 7, Proposition 10) 
and define U, inductively for n>1 to be a relatively compact open 
neighbourhood of U,_,¢K, (no. 3, Proposition 5; no. 7, Proposition 10). 
The sequence (U,) clearly has the required properties. 


Coro.ciary 1. With the notation of Proposition 15, every compact subset K 
of X is contained in some U,. 


For K_ can be covered by a finite number of the U,, by axiom (C”). 


Coro.tiary 2. Let X be a locally compact space and let X' be the compact 
Space obtained by adjoining a point at infinity w to X (no. 8). Then X is 
a-compact tf and only if the point w has a countable fundamental system of neigh- 
bourhoods in X’. 


If X is o-compact we can construct a sequence of subsets U, of X as 
in Proposition 15, and the neighbourhoods X’— U, of w in X’ forma 
fundamental system of neighbourhoods of w by reason of Corollary 1. 
The converse follows from the fact that the complements of open neighbour- 
hoods of w are compact subsets of X. 

Clearly every closed subspace of a locally compact s-compact space 
is locally compact and o-compact. Likewise any finite product of locally 
compact o-compact spaces is locally compact and o-compact. 


Notice, however, that an open subspace of a compact space need not be 
o-compact, as Alexandroff’s theorem (no. 8, Theorem 4) shows. 


10. PARACOMPACT SPACES 


Derinition 6. A topological space is said to be paracompact if it is Hausdorff 
and satisfies the following axiom: 


(PC) Every open covering St of X has a locally finite open refinement QR’. 
(Set Theory, Chapter IT, § 4, no. 6, Definition 5). 
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Every compact space is clearly paracompact. Every discrete space X_ is 
paracompact, for the open covering formed by all sets consisting of a 


single point of X_ is locally finite and is finer than every open covering 
of X. 


Proposirion 16. Every closed subspace F of a paracompact space X is para- 
compact. 


Certainly F is Hausdorff. On the other hand, if (V,) is an open cover- 
ing in the subspace F, then each V, is of the form V, = U,nF, where 
U, is open in X. Consider the open covering § of X formed by OF 
and the U,; since X is paracompact, § has a locally finite refinement 
§t’, and the intersections with F of the sets belonging to St’ form a 
locally finite open covering of F which is finer than the given 
covering (Vj). 


On the other hand an open subspace of a compact space need not be 
paracompact (Exercise 11). 


Proposition 17. The product of a paracompact space and a compact space 
is paracompact. 


Let X bea paracompact space, Y a compact space, §t an open covering 
of X x Y. For each (x, y)e@X x Y there is an open neighbourhood 
V(x, y) of x in X and an open neighbourhood W(x, y) of » in Y 
such that V(x, y) x W(x, y) is contained in some set belonging to . 
For each xe X, the sets W(x, y) as y runs through Y form an open 
covering of Y; hence there exist a finite number of points 


HEY (1 <i <n(x)) 
such that the W(x, 9;) cover Y. Let U(x) denote 


n(x) 


N)vix, 9); 

i=1 
then each of the open sets U(x) x W(x, y;) is contained in a set of %. Now 
let (T,),eq bea locally finite open covering of X which refines the cover- 
ing (U(x))zex. For each tel, let x, be a point of X_ such that 
T,c U(x,), and let us denote by S,, the sets W(x, »,) corresponding 
to this point x, (1 <k <n(x,)). Clearly the sets 


T,xS,, (el, 1<¢ k <n(x,) for each .el) 


form an open covering of X x Y which refines §t, and the proof will be 
complete if we show that this covering is locally finite. Let (x, y) be any 
point of X x Y; there is a neighbourhood Q of x which meets only 
a finite number ne sets T,, and therefore the a aaa Q x Y 
of (x, y) meets only a finite number of sets T, x S,,, 
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On the other hand the product of two paracompact spaces need not be 
paracompact (see Chapter IX, § 5, Exercise 16). 


Proposition 18. The sum (§ 2, no. 4, Example 3) of a family (X,),e1 
of paracompact spaces is paracompact. 


Let X be the sum of the X,, and let (V )ye, be an open covering of X. 
The covering formed by the open sets X,n Y) is finer than (V)). For 
each rel, let (U,, «)pem, bea locally finite open refinement of the covering 
(V1 X,)ye,; then the open covering of X formed by the 


Uy. (cel, peM, for each eT) 


is locally finite and refines the original covering (V,). 


THEOREM 5. A locally compact space X is paracompact if and only if X is 
the sum of a family of locally compact o-compact spaces. 


Suppose X is paracompact, and for each xe X let V, be a relatively 
compact open neighbourhood of x in X. Then by hypothesis there 
exists a locally finite open covering (U(a))ze, of X which refines the 
covering (V,)zex- The U(a) are therefore relatively compact. Every 
compact subset K of X meets only a finite number of the sets U(a), 
for the non-empty sets U(a)nK_ form a locally finite open covering 
of the compact space X; hence they must be finite in number (no. 1). 
Now let R_ be the following relation between two points x, y of X: 
“there exists a finite sequence (a;);<j<, Of indices in A such that 
*x@U(a,), ye U(a,) and U(a;) meets U(aj4,) for 1<ign—1”. 
It is immediately verified that R is an equivalence relation, and that each 
equivalence class mod R is an open subset of X [since the U(a) are 
open sets]. X is therefore the sum of the locally compact subspaces 
(no. 7, Proposition 13) formed by the equivalence classes mod R, and 
it remains to show that each of these subspaces is the union of a countable 
subfamily of the family (U(a)). 

Let x be any point of X, and define a sequence (C,) of relatively 
compact open subsets of X by induction on n as follows; C, is the 
union of the sets U(a) which contain x, and for each n>1, C, is 
the union of the sets U(a) which meet C,_,. It is immediately verified 
by induction on n that each of the C, is relatively compact and is 
the union of a finite number of sets U(a). Furthermore, the equivalence 
class of x with respect to R_ is the union of the C,: for if (a;):<cicn is 
a sequence of indices such that xe U(a,) and U(a;) meets U(a;4, 
for 1 <i<¢n—H1, then one sees by induction on i that U(a;)cQ; 
for 1 <i<¢n. It follows that the equivalence classes mod R are c-com- 
pact, and this completes the proof of the first part of the theorem. 
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To prove the converse, we may assume (by Proposition 18) that X 
is o-compact. Let 9t = (G,),e, be any open covering of X, and let 
(U,) be a sequence of relatively compact open sets in X which have the 
properties stated in Proposition 15 of no. 9. Let K, denote the compact 
set U, — U,_,(U,=@ if n<o). The open set U,,,— U,-, is a 
neighbourhood of K, by construction; hence for each xeK, there is a 
neighbourhood W, of x contained in one of the sets G, and contained 
also in Unty— Un-2. Since K, is compact, a finite number of the 
sets W, cover K,; let H,;(1 <i<,) be these sets. Then the 
family ®’ ofsets Hj (n > 1,1 <<, for each zn) is an open covering 
of X which refines §t, and hence to complete the proof we have to show 
that §' is locally finite. Let z be any point of X, n the smallest integer 
such that ze U,; then since z¢U,_,, there is a neighbourhood T of z 
which is contained in U, and does not meet U,_.. It follows that T 
meets only those sets H,,; for which n—2<¢m<¢n+1, ie. T meets 
only a finite number of sets of ’. 


In the course of the proof we have also established the following result: 


Corotitary. Let X be a locally compact paracompact space. Then every 
open covering KR of X has a locally finite open refinement KR’ formed of relatively 
compact sets. If X is c-compact then SR’ can be taken to be countable. 


10. PROPER MAPPINGS 


In this section we denote by 1x the identity mapping of a set X onto ttself. 


1. PROPER MAPPINGS 


If f: X—Y and f': X'-Y’ are two continuous closed mappings, 
the product f x f': X x X’—>Y x Y’ is not necessarily a closed map, 
even if f is of the form 1x. 


Example. Every constant mapping into a Hausdorff space is closed. 
But it f is the constant mapping Q-—>o0, then f/x tg is the mapping 
(x, vy) > (0, ) of Q* into Q?, so it is the second projection and is not 
clos 4 no. 2, Remark 1). 


Derinition 1. Let f be a mapping of a topological space X into a topological 


space Y. f is said to be proper if f is continuous and if the mapping f X 12: 
Xx Z—Y x Z is closed, for every topological space Z. 
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We shall give other characterizations of proper mappings in no. 2 and 3. 


If in Definition 1 we take the space Z to consist of a single point, 
we see that: 


Proposition 1. Every proper mapping is closed. 


Proposition 2. Let f: X-—->Y be a continuous injection. Then the 
following three statements are equivalent : 

a) f is proper. 

b) f is closed. 

c) f is a homeomorphism of X onto a closed subset of Y. 


We have just seen that a) implies b). Since the equivalence relation 
S (*) =f (x') is the equality relation, the quotient space of X with 
respect to this relation can be identified with X; hence b) implies c) 
by reason of § 5, no. 2, Proposition 3. Finally, if c) is satisfied then f x tz 
is a homeomorphism of X x Z onto a closed subspace of Y x Z and 
is therefore a closed mapping; hence c) implies a). 


Proposirion 3. Let f: X-—»>Y be a continuous mapping. If T is any 
subset of Y, let fy denote the mapping Ff (T) —+>T which agrees with f 
on f(T). 

a) If f is proper, so is fy. 

b) Let (T))rey be @ family of subsets of Y whose interiors cover Y, 07 
which is a locally finite closed covering of Y; then tf each of the mappings fr) 
is proper, so is f. 


Let Z be a topological space. If T is any subset of Y, we have 


Sr X tg = (Ff X ta) rxz3 


if f is proper, then {Xz is closed, hence so is (f X tz)nxz [§ 5, no. 1, 
Proposition 2 a)], whence a) is proved. If now (T(t)),e: satisfies one of 
the two conditions stated in b), then the covering (T(t) * Z),e of 
Y x Z has the same property; ifthe fj.) are proper then the mappings 


(f x tz) Tx 


are closed, whence / X 1, is closed [§ 5, no. 1, Proposition 2 b)]. This 
completes the proof. 


Proposition 4. Let I be a finite set and for each ieI let f,: X;—>Y; 
be a continuous mapping. Let X = I[x, Y= lly. and let f: XY 


iel iel 
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be the product mapping (x;) > (fi(x;)). Then: 
a) If each of the f, is proper, then f is proper. 
b) If f is proper and if the X; are non-empty, then each of the f; is proper. 
(We shall see in no. 2, Theorem 1, Corollary 3, that this proposition 
extends to infinite products.) 

By induction it is enough to consider the case where I = {1, at. 


a) Suppose that f;, f, are proper, and let Z be a topological space; 
Si X fe X tz is the composition of ty, X fy X tz and 


A X tx, > 4 tz 


these two mappings are closed by hypothesis, hence so is fA xX fe X tz 
[§ 5, no. 1, Proposition 1 a)], whence f, x f2 is proper. 

b) Now suppose / is proper. Let F be a closed subset of KX, x Z 
and let G be the image of F in Y, x Z under the mapping fy x 1. 
Then the image of X, x F in Y, x Y, X Z under ff x fo X tz is 
Si(&,) x G. By hypothesis, this is closed in Y, x Y, x Z; if X,#@, 
then jf; (X,) is not empty, which implies that G is closed in Y, x Z 
(§ 4, no. 3, Corollary to Proposition 7); hence /, is proper. Similarly f, 
is proper if X,A@. 


Proposition 5. Let f: X->X’ and g: X’->X" be two continuous 
mappings. 

a) If f and g are proper, then gof ts proper. 

b) If gof is proper and f is surjective, then g is proper. 

c) If gof is proper and g is injective, then f is proper. 

d) If gof is proper and X' is Hausdorff, then f is proper. 

Let Z be a topological space. We have 


(gof) X tz = (g X y) o (f X 1z)3 


if f and g are proper, then f X tz and g xX tz are closed; hence [§5, 
no. I, Proposition 1a)] (go f) x tz is closed; this proves a). The 
proof of b) [resp. c)] runs along the same lines, using part b) [resp. c)] 
of Proposition 1 of § 5, no. 1, and remarking that if f is surjective (resp. 
if g is injective) then f xX iz, is surjective (resp. g X tz is injective). 
Finally, to prove d), consider the commutative diagram 


x Sx x x’ 


(1) fy Y (Gof) Xt: 
Xp X x X! 
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where 9(x) = (x,f(x)) and y(x!) = (g(s"),*"). The mapping ¢ (resp. 9) 
is a homeomorphism of X (resp. X’) onto the graph of f (resp. the 
reflection of the graph of g) (§ 4, no. 1, Proposition 1, Corollary 2). 
Further, since X’ is Hausdorff, the graph 9(X) of f isclosedin X x X’ 
(§ 8, no. 1, Proposition 2, Corollary 2). Hence (Proposition 2) 9 is 
proper; on the other hand Proposition 4 shows that (go f) X tx: is proper. 
By a) above and the commutativity of the diagram (1), ) of is proper; 
but 4 is injective and therefore f is proper by c) above. 


Remark. If X’ is not Hausdorff it can happen that gof is proper and 
J not; for example, take X and X” to consist of one point and X’ 
to consist of two points, with the coarsest topology. 


Corottary 1. If f: X-—->Y is a proper mapping, then the restriction of f 
to a closed subset F of X is a proper mapping of F into Y. 


For this restriction is the composition foj, where j: F—-X is the 
canonical injection, which is proper by Proposition 2. 


Corouiary 2. Let f: X—+Y be a proper mapping, where X is Hausdorff. 
Then the subspace f(X) of Y is Hausdorff. 


By reason of Proposition 5c) we need only consider the case where 
JS (X) = Y. Then the diagonal of Y x Y is the image under f x f 
of the diagonal of X, which is closed (§ 8, no. 1, Proposition 1); f x ff 
is proper (Proposition 4); hence the diagonal of Y x Y is closed (Pro- 
position 1) and therefore Y is Hausdorff (§ 8, no. 1, Proposition 1). 


CoroLiary 3. Let I be a finite set and for each iel, let f;: XY; 
be a proper mapping. If X is Hausdorff, then the mapping x —> (fi(x)) of 


X into il Y; ts proper. 
tél 


This mapping is the composition of the product mapping (x;) — (/{(4;)) 
of X! into ll Y; and the diagonal mapping of X into X!; since the 


latter is proper (by Proposition 2 and § 8, no. 1, Proposition 1) the conclu- 
sion follows from Proposition 4 and Proposition 5 a). 


Corotiary 4. Let X and Y be two topological spaces, f: K—->Y a 
continuous mapping, R_ the equivalence relation f(x) =f(y) on X, and 


x4 xR 4 F(X) 4+Y 


the canonical decomposition of f. Then for f to be proper it is necessary and 
Sufficient that p is proper, h a homeomorphism and f(X) a closed subset of Y. 
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The conditions are sufficient by virtue of Proposition 5 a) and Proposi- 
tion 2. Conversely, if £ is proper, then / is closed; hence f (X) is closed 
in Y and f is a homeomorphism (§ 5, no. 2, Proposition 3); also ho p 
is proper by Proposition 5 c); hence p = kh o (ho #) is proper by Proposi- 
tion 5 a). 


2. CHARACTERIZATION OF PROPER MAPPINGS 
BY COMPACTNESS PROPERTIES 


In this subsection we shall denote by P a space consisting of a single 
point, with its unique topology. 


Lemma tr. Let X be a topological space such that the constant mapping X +P 
is proper. Then X is quasi-compact. 
(We shall see a little later on (Theorem 1, Corollary 1) that this property 
characterizes quasi-compact spaces.) 


We may restrict ourselves to the case where X is not empty. Let § 
be a filter on X, and X’ = Xu fw} the topological space associated 
with ¥ (§ 6, no. 5, Example). Let A be the subset of X x X’ consist- 
ing of all (x, x) where xe X, and let F = A be the closure of A in 
X x X’. In view of the hypothesis on X, the image of F under the 
projection X x X’—X’ is closed in X’; this image contains X and 
therefore contains w, which lies in the closure of X; in other words, there 
is a point xe X such that (x, w)eF. By the definition of the topology 
of X x X’, this means that, for each neighbourhood V of « in X and 
each Me, we have (Vx M)nA#¥@, ic. VnM+#Q, so that x 
is a cluster point of the filter §, and therefore X is quasi-compact. 

Q.E.D. 


TuHeorem 1. Let f: X-—>Y be a continuous mapping. Then the following 
Jour statements are equivalent: 


a) f ts proper. = 
b) f «ts closed and f (9) is quasi-compact for each ye Y. 


c) If & tsa filter on X and if yeY is a cluster point of f (®) then there 
is a cluster point x of & such that f (x) =». 


d) If U és an ultrafilter on X andif ye Y is a limit point of the ultrafilter 
base f (WU), then there is a limit point x of WU such that f (x) =». 


a) => b): If / is proper then / is closed (no. 1, Proposition 1) and for 
each ye Y the mapping fi, : F ( y) > { y} is proper [no. 1, Proposi- 
tion ga)]. By Lemma 1, this implies that F ( y) is quasi-compact. 
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b) => c): Suppose § and y satisfy the hypotheses of c). Let % 
be the filter base on X formed by the closures of the sets of ¥. Since / is 
closed, we have f (M) =f (M) foreach Me®% (§5, no. 4, Proposition 9). 
This shows that the sets Mn f(y) are non-empty for all Me§, 
and hence form a filter base on F ( y) whose elements are closed subsets 
of f(»). Since f(y) is quasi-compact, there is a point xe f (4) 
which belongs to all the sets M as M runs through §. Hence f(x) =» 
and x is a cluster point of §. 


c) => d): Trivial. 

d) => a): We show first that if d) is satisfied, then f is a closed mapping. 
Let A be a non-empty closed subset of X and let § be the filter of 
subsets of X which contain A. Then A is the set of cluster points 
of . Let B be the set of cluster points of the filter base f (¥) on Y; 
B is closed and clearly contains f(A); we shall show that B = f(A). 
Let yeB and let & be the neighbourhood filter of » in Y; then by 
hypothesis every set of @ = ft (%) meets every set of §; hence 
is a filter base on X and there is an ultrafilter 11 on X which is finer 
than both ¥ and the filter whose base is ¥% (§ 6, no. 2, Proposition 1, 
Corollary 1 and no. 4, Theorem 1). The ultrafilter whose base is / (11) 
is finer than % and therefore converges to y. By virtue of d) there 
is a point «eX such that f(x) =y and W converges to x; since 
U is finer than §, x is a cluster point of ¥; hence xe A. This shows 
that B= f(A) and therefore that f is closed. 


To complete the proof we have to show that f x tz is closed for 
every topological space Z. From what has been proved it is enough 
to show that if f satisfies condition d), then so does f x1,. This is a 
consequence of the following general lemma: 


Lemma 2. Jf (fier ts a family of continuous mappings f,: X,—>Y, each 
of which satisfies condition d) of Theorem 1, then the product mapping 


Fi (%) > (A) 
also satisfies d). 
Let U be an ultrafilter on X = Il X,, and let y = (»,) be a point of 
Y= Il Y, such that /f (1) converges to y. This means that each of 


t 
the ultrafilter bases pr,(f(W)) =f, (pr,(Wt)) converges to », (§ 7, no. 6, 
Proposition 10, Corollary 1). By virtue of condition d), for each tel 
there exists x,e@X, such that f((*,) =», and pr,(1l) converges to x,; 
but then MN converges to x = (x,) (loc. cit.) and we have f(x) =». 
This completes the proof of Lemma 2 and hence of Theorem 1. 
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Corottary 1. A topological space X is quasi-compact if and only if the 
mapping X—>P is proper. 


Apply a) <=>b) to X—P. 


Coro.iary 2. Every continuous mapping f of a quasi-compact space X into 
a Hausdorff space Y is proper. 


The composition XLY—>P is proper by Corollary 1; hence f is prop- 
er by no. 1, Proposition 5d). Alternatively we may apply the criterion 
b) of Theorem 1, using § 9, no. 4, Theorem 2, Corollary 2. 


Corotiary 3. If (f,) is a family of proper mappings, then the product map- 
ping (x) > (Si(m)) ts proper. 


In view of Theorem 1, this is just Lemma 2 above. 


If we apply this corollary to the family of mappings X.—P and 
use Corollary 1, we have Tychonoff’s theorem (§ 9, no 5, Theorem 3). 


Corotiary 4. Let XK be a Hausdorff space, and let f,: X—>Y, bea 
family of proper mappings. Then the mapping f: x —>(f,(x)) of X into 
IL. is proper. 

t 


The proof is the same as in the case of a finite family (no. 1, Proposition 5, 
Corollary 3), using Corollary 3 above and the fact that the diagonal of 
X! is closed (§ 8, no. 1, Proposition 1). 


Corouuary 5. If X is any quasi-compact space and Y is any topological 
Space, then the projection prz: XX Y—>Y 1s proper. 


For we may identify Y with P x Y and pr, with the product of X — P 
and ty, both of which are proper mappings. 


Example. Let X be aset, and let f: X-—»X’ be a mapping of X 
onto a topological space X’; topologize X with the inverse image under 
f of the topology of X’. Then f is proper, for f is closed (§ 5, no. 1, 
Example 3) and the inverse image of a point of X’ is asubspaceof X 
whose topology is the coarsest topology and is therefore quasi-compact. 


Remark. When Y is Hausdorff, condition d) of Theorem 1 is equivalent 
to the following : 


d') If W is an ultrafilter on X such that f(W) is a convergent filter base, 
then WW ts convergent. 


For if 11 converges to x and f(U) converges to y, then the uni- 
queness of the limit in Y and the continuity of f show that we must 
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have y = f(x). Likewise, Y being Hausdorff, condition c) of Theorem 1 
is equivalent to: 

c') If & isa filter on X such that f (®) has a cluster point, then & has a 
cluster point. 

For c) => c’) => d’) => d) => 0c). 


On the other hand, if Y is not Hausdorff, then d’) no longer implies d) ; 
for example, take X to consist of one point and Y to consist of two 
points, with the coarsest topology. 


Proposition 6. Let f: X-»>Y be a proper mapping, and let K be a quasi- 
compact subset of Y. Then 7 (K) is quasi-compact. 

By Proposition 3 of no. 1, the mapping /; : 7 (K) —K is proper. Since 
K -P is a proper mapping (Theorem 1, Corollary 1) it follows from 
no. 1, Proposition 5 a) that the composition 7 (K) AK =P is proper, 
whence 7 (K) is quasi-compact by Theorem 1, Corollary 1. 


3. PROPER MAPPINGS INTO LOCALLY COMPACT SPACES 


Proposition 7. Let f be a continuous mapping of a Hausdorff space X into 
a locally compact space Y. Then f is proper if and only if the inverse image 
under f of every compact subset of Y is compact. Further, if f is proper then X 
ts locally compact. 

If f is proper and K_ is a compact subset of Y, then 7 (K) is compact 
by Proposition 6 of no. 2. Conversely, if this condition is satisfied, let 
(U,) be a covering of Y by relatively compact open sets. Then the sets 
F (Uy) are compact in X and their interiors cover X; since X_ is 
Hausdorff this shows that X is locally compact. Furthermore, each of 
the mappings /f@,: F (.U) -> U, is proper (no. 2, Theorem 1, Corollary 2) 
and therefore f is proper by Proposition 3 b) of no. 1. 


Corotiary. Let X, X' be two locally compact spaces, and let Y (resp. Y') 
be the compact space obtained by adjoining a point at infinity w (resp. w’) to 
X (resp. X’) (§ 9, no. 8). Then a continuous mapping f: X—+>X' is 
proper if and only if its extension f : Y —>Y', such that f (w) =w’, is contin- 
uous. 

By Proposition 7, £ is proper if and only if, for each compact subset K’ 
of X’, f (x! —K) =X — 7 (K’) is the complement of a compact 
subset of X; by the definition of the neighbourhoods of w (resp. w’) 
in Y (resp. Y’) this is so if and only if # is continuous at w. 
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4. QUOTIENT SPACES OF COMPACT SPACES AND 
LOCALLY COMPACT SPACES 


Proposition 8. Let X be a compact space, R an equivalence relation on X, 
C the graph of R in X x X, f the canonical mapping X > X/R. Then 
the following conditions are equivalent : 

a) C is closed in X x X. 


b) Ris closed. 


c) f ws proper. 
d) X/R is Hausdorff. 


Furthermore, if these conditions are satisfied then X[R_ is compact. 


R isclosedifand onlyif f is closed; hence b) implies c) by reason of Theo- 
rem Ib) ofno.2. That c) implies d) is a particular case of no. 1, Proposition 
5, Corollary 2. d) implies a) for any topological space X (§ 8, no. 3, 
Proposition 8). It remains to show that a) implies b). If F is a closed 
subset of X its saturation (with respect to R) is pr,(Gn(F x X)); 
by hypothesis, Cn(F x X) is a closed subset of the compact 
space X X X, and is therefore compact (§ 9, no. 3, Proposition 3); the 
result now follows from the continuity of pr, (§ 9, no. 4, Theorem 2, 
Corollary 2). 

Finally it is clear that if X/R is Hausdorff then it is compact (§ 9, 
no. 4, Theorem 2). 


Proposition 9. Let X be a locally compact space, R an equivalence relation 
on X, © the graph of R in X x X, f the canonical mapping X —> X/R; 
let X' be the compact space obtained by adjoining a point at infinity w to X, 
and let R' be the equivalence relation on X' whose graphis C'’ = Cu { (w, ) } H 
Then the following conditions are equivalent : 

a) f is proper. 

b) The saturation of each compact subset of X with respect to R is compact. 
c) R' is closed. 

d) The restriction of pr, to C is proper. 

e) R_ is closed and the equivalence classes with respect to Rare compact. 
Furthermore, if these conditions are satisfied, X{R_ is locally compact. 

a) => b): Since X/R =f(X) and f is proper, X/R_ is Hausdorff 


(no. 1, Proposition 5, Corollary 2); hence the image under f of every 
compact subset K of X is compact (§ 9, no. 4, Theorem 2, Corollary 1). 


The saturation of K with respect to R_ is F( J(K)) and is therefore 
compact by no. 2, Proposition 6. 
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b) => c): If F’ is closed in X’ and does not contain w, then F’ 
is a compact subset of X; hence its saturation with respect to R’, which 
is the same as its saturation with respect to R, is compact and a fortiori 
closed in X’. If weF’ and if F=F/nX = FY — fu ts then the 
saturation of F’ with respect to R’ is the union of fw and the satu- 
ration H of F with respect to R; hence it is enough to show that 
H is closedin X (i.e. that R is a closed relation). For this, it is enough 
to show that if K is any compact subset of X then Hn K_ is compact 
(§ 9, no. 7, Proposition 11). Now the saturation L of K with respect 
to R_ is compact by hypothesis, and Hn L is the saturation of Fn L, 
which is also compact; @ fortiori Hn K = (Hn L)nK is compact. 


c) => d): Since X’ is regular (§ 9, no. 2, Corollary to Proposition 1), 
C’ isclosedin X' xX X’ (§8, no. 6, Proposition 14) and therefore compact. 
It follows that C’ is the one-point compactification of C (§ g, no. 8, 
Theorem 4). Since the restriction to CQ’ of prg: X’ x X'—>X’ is 
continuous at w, the result follows from no. 3, Corollary to Proposition 7. 


d) => e): If F is any closed subset of X, then Cn (F x X) isclosed 
in C, whence the saturation of F with respect to R, which is equal to 
pr,(Gn(F xX X)), is closed in X (no. 1, Proposition 1). Also the 
equivalence class of xe X mod R _ is homeomorphic to the inverse 
image of {x} under the restriction of pr, to CG and is therefore compact 
[no. 2, Theorem 1 b)]. 

e) => a): jf R._ is closed, then by definition f is closed, and for each 
ze X/R, Fs (z) is an equivalence class mod R_ and is therefore compact; 
hence f is proper by Theorem 1 b) of no. 2. 

Finally we have to prove that X/R_ is locally compact. X’‘/R’ is 
compact by c) and Proposition 8; the relation R_ is that induced on X 
by R’; X isopenin X’ and is saturated with respect to R’; hence X/R 
is homeomorphic to the image /’(X) of X under the canonical mapping 
f': X'—>X‘/R’ (§ 3, no. 6, Proposition 10, Corollary 1). Now f‘(X) 
is open in X‘/R', and hence is a locally compact subspace of X'/R’. 

Q.E.D. 


Corotitary. Let X be a Hausdorff space, Y a topological space, f: X —>Y 
a proper mapping. Then for X to be compact (resp. locally compact) it is neces- 
sary and sufficient that f (X) is compact (resp. locally compact), and it is suffi- 
cient that Y is compact (resp. locally compact). 


If X is compact (resp. locally compact) the fact that f£(X) is compact 
(resp. locally compact) is a consequence of no. 1, Proposition 5, Corollary 4 
and of Propositions 8 and g (the case where X_ is compact is also 
a consequence of no. 1, Proposition 5, Corollary 2 and § 9, no. 4, Theorem 2). 
Conversely, if Z = f(X) is compact (resp. locally compact) then since 
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Sz: X-—>/f(X) is proper [no. 1, Proposition 3 a)] it follows that X is 
compact (resp. locally compact) by reason of Proposition 6 of no. 2 and 
Proposition 7 of no. 3. Finally, if Y is compact (resp. locally compact) 
then so is f(X) which is closed in Y (no. 1, Proposition 1 and § 9, no. 7, 
Proposition 13). 


Remark. If X is locally compact but not compact, then a closed equiva- 
lence relation R on X_ need not be Hausdorff (Chapter TX, § 4, Exercise 14); 
and even if R is Hausdorff, X/R need not be locally compact (Exer- 
cise 17). However, we have the following criterion : 


Proposition 10. Let X_ be a locally compact space, R an open Hausdorff 
equivalence relation on X, and let f: X-—>»X/R_ be the canonical mapping. 

Then X/R is sgt compact, and if K' is any oon subset of X{R_ there 
is a compact subset K of X such that f(K) = 

The first assertion is a consequence of the facts that each xe X has a 
compact neighbourhood V and that f(V) is a compact neighbourhood 
of f(x) (§ 5, no. 3, Proposition 5 and § 9, no. 4, Theorem 2, Corollary 1). 

F or each ye K’ let V(») be a compact neighbourhood of some point of 
ft (y) in X, so that f(V(y)) is a compact neighbourhood of y. There 
are a finite number of points »;e@K’ such that the f(V(y;)) cover K’. 


Let K, be the compact set U V(9i) in X; we have K’cf(K,); 


hence ae K,n of (K’) is oeapaet (because it is closed in K,) and 


S(K) = 


CONNECTEDNESS 


1. CONNECTED SPACES AND CONNECTED SETS 


Derinition 1. A topological space X is said to be connected if it is not the 
union of two disjoint non-empty open sets. 


An equivalent definition is obtained by replacing the words “open sets” 
by ‘‘closed sets”. XX is connected if and only if the only subsets of X 
which are hoth open and closed are the empty set and the whole space X. 

If X is connected and if A, B are two non-empty open (resp. closed) 
subsets such that AuB =X, then AnB+¥<@. 


Examples. * 1) We shall see in Chapter IV, § 2, no. 5 that the real line 


is connected, and that the rational line is not. , 
2) A discrete space which has more than one point is not connected. 
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Observe that if (U,),e is a partition of a topological space X consisting 
of open sets [necessarily non-empty, from the definition of a partition (Set 
Theory, R, § 4, no. 4)] then each of the U, is both open and closed in X, 
for the complement of U, is the union of the U, for which x Av. The 
open subsets of X are the subsets A such that An U, is open in U, 
for each tel, so that X can be identified with the sum of the U, 
(§ 2, no. 4, Example 3) and is not connected if I has more than one 
element. 


DermniTion 2. A subset A of a topological space X is said to be a connected 
set if the subspace A of X is connected. 


For A to be a connected subset of X it is necessary and sufficient that, 

for each covering of A by two open (or closed) subsets B, C of X 

such that AnB and AnC are non-empty, we have AnBnC#¥@. 
Examples. In any topological space, the empty set and every set consist- 
ing of a single point are connected. In a Hausdorff space X, every 
finite set consisting of more than one point is not connected, and more 
generally every subset of X which has more than one point and which 
has at least one isolated point is not connected. 


If a dense subset A is connected, then the whole space X_ is connected; 
otherwise there would exist two non-empty disjoint open subsets M, N 
of X such that MuN = X, and Mn A, NnA would be two disjoint 
non-empty open subsets of A whose union is A. Hence we have 


Proposition 1. If A is a connected set, then every set B such that AcCBcA 
zs connected. 


Proposition 2. The union of a family of connected sets whose intersection is 
non-empty is connected. 


Let (A,),e, be a family of connected subsets of X, all of which contain 
the same point x; we have to show that 


A=UA, 


is connected. If not, there are two open sets B and C such that Bn A 
and CnA are non-empty, and AcBuC and AnBnC=@. x 
belongs to one of the sets B, C, say x eB; on the other hand one of the 
sets A,, say A,, meets C; we have therefore A, c BuC, A,n BnC =@ 
and Bn A, and CnA, are non-empty. Hence A, is not connected, 
which is a contradiction. 


Corotuary. Let (Aj)nzq be an infinite sequence of connected sets such that 
ao 


Ann A,#~A@ for all n>o. Then the union U A, is connected. 


n=0 
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n 


By induction on n we see immediately that the set B, = U A; is connect- 
i=o 
ed for all n, by Proposition 2. The sets B, have a non-empty intersec- 


tion; hence their union, equal to U A, is connected by Proposition 2. 
n=0 

Proposition 3. Let A be a subset of a topological space X. If B is a con- 

nected subset of X which meets both A and QA, then B meets the frontier 

of A. 

For otherwise the intersections of B with the interior and exterior of A 


would be two open subsets of B which form a partition of B, and B 
would not be connected. 


Coro.iary. In a connected space X, every non-empty set other than X itself 
has at least one frontier point. 


2. IMAGE OF A CONNECTED SET UNDER A CONTINUOUS MAPPING 


Proposition 4. Let A be a connected subset of a topological space X, and 
let f be a continuous mapping of X into a topological space X'. Then f (A) 
is connected. 


Suppose f(A) isnot connected. Then there exist two sets M’, N’ which 
are open in : f (A) and which form a partition of f(A); hence An F (M’) 
and An /f(N’) are open in A and form a partition of A;_ this 
contradicts the hypothesis that A is connected. 


The inverse image of a connected set under a continuous mapping need 
not be connected; consider for example a mapping of a discrete space 
into a space consisting of one point. 


From Proposition 4 we derive another characterization of non-connected 
spaces : 


Proposition 5. For a topological space X to be not connected it ts necessary 
and sufficient that there exists a surjective continuous mapping of X onto a discrete 
Space containing more than one point. 


The condition is sufficient by Proposition 4. Conversely, if X is not 
connected, there exist two non-empty disjoint open subsets A, B whose 
union is X, and the mapping f of X onto a discrete space of two ele- 
ments {a, b i, defined by f{ (A) = fa} and /(B) = {b}, is continuous. 
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3. QUOTIENT SPACES OF A CONNECTED SPACE 


Proposition 6. Every quotient space of a connected space is connected. 
This is an immediate consequence of Proposition 4 of no. 2. 


Proposition 7. Let X be a topological space and R an equivalence relation 
on X. If the quotient space X/R is connected, and if each equivalence class 
mod R_ is connected, then X is connected, 


Suppose X is not connected. Then there is a partition of X into two 
open sets A, B. The sets A, B are saturated with respect to R; for 
if xe A then the equivalence class M of x cannot meet B, otherwise 
the sets An M, BnM _ would form a partition of M_ into two sets open 
in M, which is impossible since M is connected. The canonical images 
of A and B are therefore open sets in X/R and form a partition of 
X/R; this contradicts the assumption that X/R_ is connected. 


4. PRODUCT OF CONNECTED SPACES 


Proposition 8. Every product of connected spaces is connected. Conversely, 
if a product of non-empty spaces is connected, then each of the factors is connected. 


Let X = If X, be a product of topological spaces. Ifthe X, are non- 
el 
empty, we have X, = pr,X for each .eI; hence if X is connected 


so are the X, (no. 2, Proposition 4). Conversely, suppose that each 
of the X, is connected and X isnot. By Proposition 5 of no. 2, there 
exists a continuous surjective mapping {: X-—>X’, where X’ is a 
discrete space which contains more than one point. Let a= (a,) be 
any point of X, and x any index; the partial mapping f, : X, > X’, 
defined by f,(x) =f((y,.)) where », =x and »,=a, if tx, is 
continuous on X,; since X, is connected, f, must be constant on X,. 
It follows immediately by induction that f(x) =/(a) for all points 
x = (x,) such that x, =a, for all but a finite number of indices ve I. 
But these points x form a dense subset of X (§ 4, no. 3, Proposition 8). 
Hence f is continuous on X and constant on a dense subset of X, 
and therefore constant on X (§ 8, no. 1, Proposition 2, Corollary 1). 
But this contradicts the definition of f. 


5. COMPONENTS 


Given a point x of a topological space X, the union of the connected 
subsets of X which contain x is connected (no. 1, Proposition 2); it 
is therefore the largest connected subset of X which contains x. 


Derinition 3. The component (or connected component) of a point of a topological 
Space X is the largest connected subset of X which contains this point. The 
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components of a subset A of X are the components of the points of A, relative 
to the subspace A of X. 


If a space is connected, the component of each point is the whole space. 
If a space X is such that for each pair (x, y) of points of X there is a 
connected set containing x and y, then X _ is connected. 


A space X is said to be totally disconnected if the component of each 
point of X consists of the point alone. A subset A of X is a totally 
disconnected set if the subspace A of X is totally disconnected. 


A discrete space is totally disconnected, but one should beware of confusing 
these two notions; for example, we shall see in Chapter IV, § 2, no. 5, 
that the rational line, which is not a discrete space, is totally disconnected. 


A set which is both open and closed contains the component of each of its 
points, whence the component of a point is contained in the intersection of the 
sets which are both open and closed and which contain this point. However, the 
component of a point is not necessarily equal to this intersection (cf. 
Exercise 9 and Chapter IT, § 4, no. 4, Proposition 6). 


PROPOSITION 9. The component of any point in a topological space X is a closed 
set. The relation “y belongs to the component of x’? is an equivalence relation 
Rjx, y{ on X, and the equivalence classes are the components of X. The 
quotient space X/R_ is totally disconnected. 


The first part of the proposition is an immediate consequence of Definition 3 
and the fact that the closure of a connected set is connected (no. 1, Proposi- 
tion 1). Since the union of connected sets which have a point in common 
is connected (no. 1, Proposition 2), the relation R_ is transitive, hence is an 
equivalence relation (since it is obviously reflexive and symmetric) and 
the equivalence class of x with respect to R is the component of x. It 
remains to show that X/R_ is totally disconnected. Let f: X— X/R 
be the canonical mapping, and let F be a closed set in X/R_ containing 
. . . . . —-1 . . 
at least two distinct points; the inverse image f{(F) of F is closed in X, 
saturated with respect to R, and contains at least two distinct compo- 
nents of X and hence is not connected. Hence there exist two non-empty 
% —1 
closed sets B,C in X such that BnC=@ and BUuC=/(F). The 


component of any point x of T(E )} in F(F ) is the same as the compo- 
nent of x in X (by the definition of R) and therefore B and C, 
which are both open and closed in 7 (F), are saturated with respect to R. 
Hence /(B) and f(C) are closed in X/R, and {(B) uf(C) =F and 
J (B) nf (C) = @; this shows that F is not connected and consequently that 
X/R_ is totally disconnected. 
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Proposition 10. In a product space X = I[x. the component of x = (x,) 
es 
in X 1s the product of the components of x, in the factors X,. 


This product set is connected (no. 4, Proposition 8). Conversely, if A 
is a connected subset of X which contains x, then pr,(A) is a connected 
set (no. 2, Proposition 4) which contains x; since Ac [T pr.(A), it 


U 
follows that A is contained in the product of the components of the x,. 


6. LOCALLY CONNECTED SPACES 


Derinition 4. A topological space X is said to be locally connected if each 
point of X has a fundamental system of connected neighbourhoods. 


* We shall see in Chapter IV, § 2, no. 5, that the real line is a locally 
connected. space. » 

The existence, at each point x of a space X, of one connected neigh- 
bourhood of x by no means implies that X is locally connected. In 
particular, X can be connected but not locally connected (Exercises 2 and 13). 
Conversely, a space can be locally connected but not connected (e.g. a 
discrete space which contains more than one point). 


PROPOSITION 11. A necessary and sufficient condition for a space X to be locally 
connected is that every component of an open set in X is openin X. 


The condition is sufficient, since the component of x relative to an open 
neighbourhood of x is then a neighbourhood of x in X. 

Conversely, let A be an open subset of a locally connected space X, 
let B be a component of A, and let xeB. Let V_ be aconnected 
neighbourhood of x contained in A; by the definition of components, 
V is contained in B; hence B is openin X (§ 1, no. 2, Proposition 1). 

The components of a locally connected space X_ therefore form 
a partition of X into opensets, and hence X is the sum (§ 2, no. 4, Example 
3) of its components. 


Corotiary. Let U be an open subset of a locally connected space X, and let V 
be a component of U. Then the frontier of V (relative to X) is contained in 
the frontier of U. 


For V_ is open and closed in U, hence a frontier point of V (relative 
to X) cannot belong to U, for it would also be a frontier point of V 
relative to U, and there is none. 


Proposition 12. Every quotient space of a locally connected space is locally 
connected. 


Let X be a locally connected space, R an equivalence relation on X, 
@: X-—»X/R the canonical mapping. Let A be an open subset of 
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X/R and C acomponent of A. Then 4(C) is a union of components 
of “g(A); for if xe @(C) and if K is the component of x in '(A) 
then 9(K) is connected (no. 2, Proposition 4), is contained in A, and 
contains 9(x); hence g(K)cC by the definition of C, and therefore 
Ke ¢@(C). Since X is locally connected and “q(A) is open in X, 
it follows from Proposition 11 that “9'(C) is open in X; consequently C 
is open in X/R and hence, by Proposition 11 again, X/R_ is locally 
connected. 


Proposition 13. a) Let (X,)eq be a family of locally connected spaces 
such that X, is connected for all but a finite number of indices 1e1. Then the 
product space X= Il X, is locally connected. 

tel 
b) Conversely, if the product of a family (X,) of non-empty topological spaces 
is locally connected, then each X, is locally connected, and X, is connected for 
all but a finite number of indices. 


a) Let J be the finite subset of I such that X, is not connected if and 
only if ,eJ. Let 
u=[]v, 


rer 


be an elementary set containing a point x = (x,) of X and let K be 
the finite subset of I such that U, 4X, if and only if weK. Let V, 
be X, for .@JuK, and let V, be a connected neighbourhood of x, 
contained in U, for .eJuK; then 


v=|lv. 


tél 


is connected (by Proposition 8 of no. 4) and is a neighbourhood of x 
contained in U. Hence X_ is locally connected. 


b) Let a = (a,) beapointof X andlet V beaconnected neighbourhood 
of a in X. Since we have pr, V = X, except for a finite number of 
indices (§ 4, no. 1) it follows from no. 2, Proposition 4 that the X, are 
connected, for all but a finite number of indices. On the other hand, 
foreach xeI, each a,eX, andeachneighbourhood V,, of a, in X,; 
there is a point x of X such that pr,x = a,, and 


V=V, x [1X 


is a neighbourhood of x in X; V_ therefore contains a connected neigh- 
bourhood W of x, whose projection pr,W is a connected neighbour- 
hood of a, contained in V,, (no. 2, Proposition 4 and § 4, no. 2, Propo- 
sition 5). Hence each X, is locally connected. 
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7. APPLICATION : THE POINCARE-VOLTERRA THEOREM 


TueoreM 1. Let X be a topological space satisfying axiom (Oy) (but 
not necessarily Hausdorff), and suppose X is connected and locally connected. 
Let Y be a topological space whose topology has a countable base, and let p: 
X—> Y be a continuous mapping such that, for each ye Y, ?( y) ts a discrete 
subspace of XK. Finally let B be a set of subsets of X whose interiors cover X 
and such that: 

(i) The restriction of p to each Ve 1s a closed mapping of V into Y. 
(ii) Every Ve has a countable subset which is dense in V. 

Then the space X is the union of a countable family of open sets each of which is 
contained in a set of B. 

Let % be a countable base of the topology of Y. We shall say that a 
pair (W, U) is distinguished if (i) Ue and (ii) W_ isa component 
of 2 (U) contained in a set of QB. 


Lemma 1. If x is any point of X, there is a distinguished pair (W, U) such 
that xeW. 


The inverse image iy (p(x)) is discrete and therefore there is a neigh- 
bourhood of x in X all of whose points x’ other than x have an image 
p(x’) # p(x); since X satisfies (Og), there is a closed neighbourhood 

of x with this property, and we may assume also that V is contained 
in a set of %. Let F be the frontier of V in X. By condition (i) 
of the theorem, £(F) is closed in Y; and since (F) does not contain 
p(x), there isa set Ue which contains p(x) and does not meet p(F). 


Let W be the component of x in > (U) ; then it is enough to show that 
WcA. If this were not so, then W would meet F (no. 1, Proposition 3) 
and therefore ~(F) would meet U, contrary to the definition of U. 


Lemma 2. If (W, U) is a distinguished pair then the set of all distinguished 
pairs (W’, U') such that W' meets W_ is countable. 


Since § is countable it is enough to show that, given U’e«%, the set 
of distinguished pairs (W’, U’) such that W’ meets W is countable. 
Now these sets W’ are open, since X is locally connected (no. 6, Proposi- 
tion 11) and mutually disjoint since they are components of b(U); 
hence the sets W'n W are open and mutually disjoint. But W contains 
a countable subset whichis dense in W; hence the set of W’ such that 
W'nW is not empty is also countable. 


114 


APPLICATION : THE POINCARE-VOLTERRA THEOREM § 11.7 


To prove Theorem 1, consider the following relation R_ between 
two points x, x’ of X: “There exists a finite sequence of distin- 
guished pairs (W,, U,) (1 <i <2) such that xe W, and x’ e W,, and 
that W,;n Wi,, # @ for<1 ign—1.” 

Lemma 1 states that R is reflexive, and it is readily verified that 
R_ is symmetric and transitive, so that R_ is an equivalence relation; 
also, since the W; are open, every equivalence class mod R isopenin X. 
But X is connected; hence there can be only one equivalence class, i.e. 
any two points of KX are congruent mod R. We shall deduce from 
this that X is the union of a countable family of first elements of distinguished 
pairs, and this will prove Theorem 1. For this, let x be any point of X, 
and define by induction on n a sequence (C,) of open subsets of X 
as follows: by Lemma 1 there is a distinguished pair (W,, U,) such that 
xeW,, and we take C, = W,; if n>1 then C, is to be the union of 
all first elements W of distinguished pairs (W, U) such that W meets 
C,_,. By induction on n one shows immediately, by virtue of Lemma 2, 
that C,, is a countable union of first elements of distinguished pairs. Finally, 
every x'e@X belongs to some C,; for there is a finite sequence 


(W;, UVi)i<icm 


of distinguished pairs such that xe Wi, x'@W), and Wn Wi4i,4@ 
for 1<i<m—1, and by induction on 7 we see that W,cC;,, 
for all i, so that x’eC,,,. 

Q.E.D. 


Corotuary 1. Let Y bea regular space whose topology has a countable base (*). 
Let X be a connected and locally connected space, and let p: K—>Y bea 
continuous mapping with the following property: for each xe X there 1s a closed 
neighbourhood V of x in X such that the restriction of p to V is a homeo- 
morphism of V_ onto a closed subspace of Y. Then X is regular and the topo- 
logy of X has a countable base. 


First, the hypotheses imply that X is regular (§ 8, no. 4, Proposition 13). 
Let us show that the conditions of Theorem 1 are satisfied if we take B 
to be the set of all closed subsets V of X such that the restriction of » 
to V is a homeomorphism of V onto a closed subspace of Y. By 
hypothesis, the interiors of the sets of % cover Y and, by virtue of the 
assumption on Y, each Ve % has a countable base and therefore contains 
a countable dense subset (§ 1, no. 6, Proposition 6). Furthermore, if 


x = p( y), there is a neighbourhood Ve% of x in X such that V con- 


(*) * It can be shown that these conditions imply that the topology of Y is 
metrizable (Chapter IX, § 4, Exercise 22). y 
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tains no point of P( y) other than x, and hence ry (y) is a discrete 
space. We may therefore apply Theorem 1, which shows that X is the 
union of a countable family (T,),29 of open sets, such that each subspace 
T, has a countable base (Unn)m>o- Then the U,,, (m2 0, n 2 0) form 
a base of the topology of X (§ 3, no. 1, Remark). 


Coro.tuary 2. Let X be locally compact, connected and locally connected, 
and suppose each point of X has a neighbourhood which has a countable base. 
Let Y be a Hausdorff space whose topology has a countable base, and let p: 
X—+ Y be a continuous mapping such that, for each ye Y, P( y) ts a discrete 
subspace of X. Then the topology of X has a countable base. 

For each xe X, let V, be a compact neighbourhood of x in X which 
has a countable base. It follows from § 9, no. 4, Theorem 2, Corollary 2, 


that the set & of the V,, satisfies the conditions of Theorem 1, and we 
complete the proof as in Corollary 1. 


Notice that, in this corollary, it can happen that the restriction of p to 
an arbitrarily small neighbourhood V of a point of X is not a homeo- 
morphism of V onto p(V). 


Coro.iary 3 (Poincaré-Volterra Theorem). Let Y be a locally compact, 
locally connected space whose topology has a countable base. Let X be a connected 
Hausdorff space, and let p: K-»Y be a continuous mapping which has the 
Sollowing property : for each x eX there is an open neighbourhood U of x in X 
such that the restriction of p to U is a homeomorphism of U onto an open 
subspace of Y. Then X is locally compact and locally connected, and the topo- 
logy of X has a countable base. 

Clearly X is locally connected. Also each xe X has an open neigh- 
bourhood U in X such that the restriction of to U maps U_ homeo- 
morphically onto an open subspace ~(U) of Y. Since p(U) isa locally 
compact subspace of Y (§ 9, no. 7, Proposition 13), there is a compact 
neighbourhood W of f(x) contained in p(U), whence Un 7 (W) 
is a compact neighbourhood of x contained in U; thus X_ is locally 
compact, since by hypothesis X is Hausdorff. Un ? (W), being compact, 
is closed in X (§ 9, no. 3, Proposition 4) and the conditions of Corollary 1 
are therefore satisfied; hence the topology of X has a countable base. 


EXERCISES 


§1 


1) Find all possible topologies on a set of two elements or three elements. 
2) a) Let X be an ordered set. Show that the set of intervals 


[x >| (resp.] <-, x]) 


is a base of a topology on X; this topology is called the right (resp. left) 
topology of X. In the right topology, any intersection of open sets is 
an open set, and the closure of { x} is the interval ]<, x]. 

b) A topological space is said to be a Kolmogoroff space if it satisfies the fol- 
lowing condition : given any two distinct points x, x’ of X, there is a 
neighbourhood of one of these points which does not contain the other. 
Show that an ordered set with the right topology is a Kolmogoroff space. 


c) Let X be a Kolmogoroff space in which every intersection of open 
sets is an open set. Show that xe { x! } is an order relation between x 
and x’ in X, and that if this relation is written as x<.x' then the given 
topology on X_ is identical with the right topology determined by this 
ordering. 


d) Deduce from ¢) that if X is a Kolmogoroff space then every finite 
non-empty subset of X_ has at least one isolated point. Hence, if X has 
no isolated point, every non-empty open subset of X_ is infinite. 


3) If A is any subset of a topological space X, let a(A) denote A 
and @(A) denote A. Then AcB implies a(A) ca(B) and (A) c Q(B). 


a) Show that if A is open then Aca(A), and that if A is closed then 
B(A) cA. 
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6) Deduce from a) that if A is any subset of X, then a(a(A)) = (A) 
and (8(A)) = B(A). 

c) Give an example of a set A *(on the real line), such that the seven 
sets A, A, A, a(A), @(A), @(A), a(A) are all distinct and satisfy no 
relations of inclusion except the following: Ac Ac A, Ac a(A) < @(A) cA, 
Aca(A)<@(A)cA, «(A)ca(A), @(A) <@(A). 

d) Show that if U, V are two open sets such that Un V = @, then 
also a(U)na(V) =@ [use 5)]. 

4) 2) Give an example * on the real line , of two open sets A, B such that 
the four sets AnB, Bn A, AnB and AnB are all distinct. 


6) * Give an example of two intervals A, B on the real line, such that 
AnB is not contained in AnB., 


5) If A is any subset of a topological space X, the frontier of A_ is 
denoted by Fr(A). 

a) Show that Fr(A) ¢Fr(A), Fr(A) ¢Fr(A), and give an example * on 
the real line , where these three sets are distinct. 

b) Let A, B be two subsets of X; show that 


Fr(A u B) ¢ Fr(A) u Fr(B) 
and give an example * on the real line , where these sets are distinct. 
If AnB=@, show that Fr(AuB) = Fr(A) u Fr(B). 
c) If A and B are open in X, show that 
(An Fr(B)) u (Bn Fr(A)) c Fr(An B) 
¢ (An Fr(B)) u (Bn Fr(A)) u (Fr(A) n Fr(B)) 


and give an example * on the real line , where these three sets are 
distinct. 


6) Show that a subset A of a topological space X meets each dense 
subset of X if and only if the interior of A is not empty. 


7) Consider the following four properties of a given topological space X : 
(D,) The topology of X has a countable base. 


(D,,) X% has a countable dense subset. 


(Dy) Every subset of X, all of whose points are isolated, is coun- 
table. 


(Dyy) Every set of mutually disjoint non-empty open subsets of X is 
countable. 
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Show that (D,) implies (Dy) and (Dyy;), and that each of (Dy) 
and (Dy) imply (Dyy) (*). 
8) If a subset A of a topological space X has no isolated points, then 
the same is true of its closure A in X. 


g) Let X bea set and let M —> M bea mapping of $(X) onto itself 
such that:1) @== ©; 2) forevery McX wehave Mc M; 3) for every 


McX we have M=M; 4) forall McX and NcX we have 


MuN=MuN. 


Show that there is a unique topology on X such that M_ is the closure 
of M_ with respect to this topology, for all Mc X (define the topology 
by means of its closed sets). 


§2 


1) Let f be a mapping of a topological space X into a topological 
space X’. Prove that the following statements are equivalent : 


a) f is continuous on X. 
< 2 —1 
b) For every subset A’ of X’, 7 (A‘) < (f (A‘))°. 


c) For every subset A’ of X’, 7 (A) cf (A). 


Show by an example that, if { is continuous, the sets Ff (A’) and 7 (B’) 
can be distinct. 


2) Let X, X’ be two ordered sets, each topologized with the right 
topology (§ 1, Exercise 2). Show that a mapping f: X— X’ is conti- 
nuous if and only if it is order-preserving. 


3) Let X, X’ be two topological spaces, f a bijection of X onto X’: 
then a necessary and sufficient condition for f to be a homeomorphism 


(*) For an example of a space which satisfies (D,,) but neither (D,,) nor 
(Diy), see § 8, Exercise 65). For an example of a space satisfying (D,,) and 
(Dy, but not (D,), see Chapter TX, § 5, Exercise 16. For examples of spaces 
where one of the two conditions (D,,), (Dj,;;) is satisfied but not the other, see 
§ 9, Exercise 23. 

*In a metrizable space, (D,) and (D,,) are equivalent: Proposition 12 
of Chapter IX, § 2, no. 8 shows that (D,) and (D,,) are equivalent; on the 
other hand, if (D,,) is satisfied, then for each integer n> there is a maximal 
countable family %, = (B,,)mz0 Of mutually disjoint balls of radius 1/n; 
whose union is dense. The countable set of centres of the B,,, is then dense. , 
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of X onto X’ is that the topology of X’ is the finest for which / is 
continuous. 


4) On an ordered set X, the least upper bound of the left topology and 
the right topology (§ 1, Exercise 2) is the discrete topology; if X is a direct- 
ed set (on the right or the left), the greatest lower bound of these two 
topologies is the coarsest topology on X. 


5) On an ordered set X let G(X) (resp. G(X), G_(X)) denote 
the topology generated by the set of all open intervals (resp. the set of 
right half-open intervals, the set of left half-open intervals), bounded 
or not. 


a) Show that if X is linearly ordered, then the open (resp. right half-open, 
left half-open) intervals form a base of Go(X) (resp. 64(X), ©_(X)); 
and that the closed intervals are closed sets in each of these three topologies. 


6) On a linearly ordered set X, show that the topology ©6,(X) is finer 
than the right topology (§ 1, Exercise 2), that the topology G_(X) is 
finer than the left topology, and that the topology Go (X) is the intersection 
of 6,(X) and 6_(X). 

c) Let X bea linearly ordered set. Show that a necessary and sufficient 
condition for ©6)(X) to have a countable base is that there should be is 
a countable subset D of X such that, for each xe@X and each 
interval Ja, b[ containing x, there exist a¢D and @e¢D_ such that 


aga<x<0<b 


[cf. Chapter IV, § 2, Exercise 11 c)]. 


d) Show that if X is well-ordered (Set Theory, Chapter ITI, § 2) then 
the topology 64(X) is the discrete topology, and the topologies 6 (X) 
and ©_(X) are identical. 


{1 6) A topology on a set X is said to be quasi-maximal if it is maximal 
in the set of topologies in which X_ has no isolated points. 


a) Show that the following properties of a topology © on X are equi- 
valent: a) © is quasi-maximal; @) if X carries the topology 6, then 
X has no isolated point and every subset of X which has no isolated points 
is open. 

b) Let X be a Kolmogoroff space (§ 1, Exercise 2) in which every non- 
empty open set is infinite. Show that there exists a quasi-maximal 
topology on X which is finer than the given topology (show that the 
set of topologies on X in which all the non-empty open sets are infinite 
is inductive, and use Exercise 2 d) of § 1). 


§ 7) If X isanyset, let $o(X) denote the set of non-empty subsets of X. 
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a) Let X bea non-empty topological space. Let Gg (resp. Gg) denote 
the coarsest topology on 8)(X) such that for every non-empty open 
(resp. closed) subset A of X, S89(A) is open (resp. closed) in 9,(X). 
Show that in general these two topologies are not comparable, and that 
the mapping x — {x} is a homeomorphism of X onto a subspace 
of $o(X) if this latter set carries either of the topologies Gg, Go. 

6) Let D be a dense subset of X. Show that the set @(D) of finite 
non-empty subsets of D is dense in 8,(X) for either of the topologies 
Ga, Ge. 

c) If $4(X) is ordered by inclusion, show that the topology 6g is coarser 
than the left topology on $)(X) (§ 1, Exercise 2); that Ae $)(X) 
is isolated in the topology 6g if and only if A= xt, where x is an 
isolated point of X; and that Ae $,(X) is isolated in the topology Ga 
if and only if X is a finite discrete space and A = X. 


d) Prove that if $8)(X) carries the topology Gg (resp. Gg) and 
Bo(X) x Po(X) 


carries the topology which is the product of 6g (resp. Gp) with itself, then 
the mapping (M, N) ~MuN of $,(X) x $o(X) into 8(X)_ is 
continuous. 

e) Show that if 8)(X) carries the topology ©, then the mapping M>M 
is continuous. 


J) Let X, Y be two topological spaces, f: X-— Y a continuous map. 
Show that if both $,(X) and $,(Y) carry the topology Gg, and ifboth 
carry the topology 6», then the mapping M->f(M) of 8,(X) into 
$Bo(Y) is continuous. 


g) Let X, Z_ be two topological spaces. Show that a mapping 
f: Z—+$o(X) is continuous when $(X) carries the topology Gog (resp. 
@) if and only if the set of all ze Z such that f(z) nAA@ is closed 
(resp. open) in Z for each closed (resp. open) subset A of X. 


§ 8) Let X bea set, and ¢ a cardinal number which is either infinite 
or equal tor. The set of subsets of X consisting of X andthose Mc X 
such that card(M) <¢ is the set of closed subsets of X for a topology ©,; 
©, is the coarsest topology on X and 6, is the discrete topology if 
¢> card (X). Every permutation of X is an automorphism of the 
topological space obtained by giving X a topology ©. 

Show that conversely any topology G on X, which has the property 
that every permutation of X is continuous with respect to 6, is neces- 
sarily one of the topologies ©,. [Let ¢ be the smallest cardinal such that 
card (F) <¢ for each closed subset F 4 X in the topology ©; observe 
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that when X is infinite and ¢ > card (X), © is necessarily the discrete 
topology. ] 

g) a) With the hypotheses of Proposition 4 of no. 3, show that the coarsest 
topology on X for which the f, are continuous is also the finest topology 6 
on X which has the following property : every mapping g ofa topological 
space Z into X such that the f,og are continuous is continuous 
(with respect to ©). 

b) With the hypotheses of Proposition 6 of no. 4, show that the finest 
topology on X for which the f, are continuous is also the coarsest topolo- 
gy © on X which has the following property : every mapping g of X 
into a topological space Z such that the go f, are continuous is conti- 
nuous (with respect to 6). 


10. On a set X, let QM be a directed set of topologies without isolated 
points. Show that the least upper bound of $M in the set of all topologies 
on X is a topology without isolated points. 


§ 11. A topological space is said to be solvable if it is the disjoint union 
of two dense subsets. 

a) Ifa topological space X is solvable, show that X has no isolated points 
and that every open subspace of X is solvable. Show also conversely 
that if X is a topological space and &% is a set of non-empty solvable 
open subspaces of X such that every non-empty open subset of X con- 
tains a set belonging to %, then X is solvable (consider a maximal set of 
mutually disjoint open sets belonging to %). 

6) If a Kolmogoroff space X_ is solvable, then every non-empty open 
subset of X is infinite [use Exercise 2d) of § 1]. 

c) Let X be a topological space such that 1) the smallest cardinal » 
of a non-empty open subset of X is infinite, and 2) there is a base & 
of the topology of X such that card (8) <». Show that X is solvable. 
(Use transfinite induction to construct two disjoint dense subsets of X). 
By the method of Set Theory, Chapter III, § 6, Exercise 24 a). In partic- 
ular, the rational line is solvable. 

d) A topological space X which has no isolated points is said to be 
isodyne if card (U) = card (X) for every non-empty open subset of X. 
Show that in a space X with no isolated points, every non-empty open 
set in X contains a non-empty open subspace which is isodyne. Deduce 
that if every isodyne open subspace of X is soluble, then X is soluble. 


$3 


1) Let A, B_ be two subsets of a topological space X such that A>B. 
Show that: 


a) The interior of B with respect to X is contained in the interior of B 
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with respect to the subspace A of X. Give an example where these 
two sets are distinct. 


6) The frontier of B with respect to A is contained in the intersection of 
A with the frontier of B with respect to X. Give an example where 
these two sets are distinct. 


2) Let A and B be any two subsets of a topological space X. 


a) Show that the intersection of A and the interior of B with respect 
to X is contained in the interior of Bn A with respect to A. Give an 
example where these two sets are distinct. 


6) Show that the intersection of A and the closure of B with respect 


to X contains the closure of Bn A withrespect to A. Give an example 
where the two sets are distinct. 


3) A subspace A of a topological space X is discrete if and only if 
every point of A_ is isolated. 


4) Let Y, Z_ be two subspaces of a topological space X such that 
X=YuZ and such that AnB=BnA=Q@, where A=Yn(z 
and B= ZnQy. 

a) Show that if M is any subset of X then the closure of M in X is 
the union of the closure of Mn Y in Y and theclosureof Mn Z in Z. 
Deduce that if Mn Y is closed (resp. open) in Y and Mn Z is closed 
(resp. open) in Z, then M_ is closed (resp. open) in X. 

b) Let f be a mapping of X into a topological space X'. Show that 
if f|Y and f|Z are continuous then so is /f. 


5) Let Y, Z be two subspaces of a topological space X such that 
X= YuZ. Show that if a subset M of YnZ is open (resp. closed) 
in both Y and Z, then M is open (resp. closed) in X. 


6) Let A be a locally closed subspace of a topological space X. Show 
that the set of open subsets U of X such that AcU and A is closed 
in U has a greatest element, namely the complement in X of the frontier 


of A with respect to A. 


7) Show by examples that the union of two locally closed subsets and the 
complement of a locally closed subset need not be locally closed. 


8) Let A be a subset of an ordered set X. Show that the topology 
induced on A by the right (resp. left) topology of X (§ 1, Exercise 2) 
is the right (resp. left) topology of A with respect to the ordering of A 
induced by that of X. 


g) Let A be a subset of a linearly ordered set X. 
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a) Show that the topology induced on A by thetopology 6_(X) [resp. 
©1.(X), Go(X)] (§ 2, Exercise 5) is finer than the topology 6_(A) [resp. 
(A), G,(A)], the ordering of A being that induced by the ordering 
of X. If A is an interval of X, then 6_(A) [resp. ©,(A), Go(A)] is 
the topology induced on A by ©_(X) [resp. ©,(X), 6 (X)]. 

b) Take X to be the product Q x Z, ordered by the lexicographic 
ordering (Set Theory, Chapter ITI, § 2, no. 6) and take A to be the subset 
Q x fo}. Show that the topology ©_(A) [resp. ©,(A), Go(A)] is 
strictly coarser than the topology induced on A by G_(X) [resp. 64(X), 
Go(X)]. 


10) Let A bea non-empty subspace of a non-empty topological space X. 
Show that the topology induced on $8,(A) by the topology Gg (resp. Gg) 
on $o(X) (§ 2, Exercise 7) is the topology Gg (resp. Gp) on $Po(A). 


11) Let X be a topological space, © the topology of X, A a dense 
subspace of X. Show that the set of topologies on X which are finer 
than ©, in which A is dense in X, and which induce the same topology 
as © on A, has at least one maximal element; such a maximal element 
is called an A-maximal topology. Show that a topology 6) on X is 
A-maximal if and only if every subset M of X, such that AnM is 
dense in M (with respect to Gp) and openin A, is open in the topology 
©», and that the subspace §A is then discrete in the topology induced 
by © , and is closed in X. Show also that if G, is A-maximal and if 
the topology induced by Gg on A is quasi-maximal (§ 2, Exercise 6) 
then ©, is quasi-maximal. 


* 12) Let X be the subspace [o, 1] of the real line R, and let S be 
the equivalence relation on X whose equivalence classes are $0, 1} 
and the sets x} for o<x<1. Show that X has no continuous 
section with respect to S. , 


13) Let X be a topological space, and R and S two equivalence 
relations on X such that R implies S. Show that if there is a contin- 
uous section of X with respect to R and a continuous section of 
X/R_ with respect to S/R, then there is a continuous section of X with 
respect to S. 


14) Let X bea topological space which is the sum of two subspaces X, 
and X,, andlet X/R_ be the space obtained by pasting together X, and 
X, along a subspace A, of X, and a subspace A, of X, by means 
of a homeomorphism hk of A, onto A,. Show that the canonical 
images of X, and X, in X/R are homeomorphic to X, and X, 
respectively. 


* 15) Consider the following three subspaces of R: X, = ]J—1, 1[, 
X, =J]J—2,—1[, X,=]1,2[. Let X be their union; X is then the 
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sum of these three subspaces. Let A, (resp. Ag) be the set of irrational 
numbers contained in X, (resp. X,); let B, (resp. B,) be the set of 
rational numbers contained in ]— 1, o[ (resp. X,); and let CQ, (resp. C,) 
be the set of rational numbers contained in Jo, 1[ (resp. X,). Let X/R 
be the space obtained by pasting together the X; (i) along A, and A, 
by means of the homeomorphism x->«x + 3; (ii) along B, and B, 
by means of the homeomorphism x —>x—1; (iii) along C, and CO, 
by means of the homeomorphism x—x-+ 1. Show that the canonical 
image of X, in X/R is not homeomorphic to X,. If Y = X,u B,u Gy 
is the saturation of X, with respect to R, show that the quotient space 
Y/Ry is not homeomorphic to the canonical image of Y in X/R. , 


16) Let X be a non-empty topological space and R_ an equivalence 
relation on X. Show that if X/R_ is regarded as a subset of ,(X), 
then the quotient topology on X/R_ is coarser than the topologies induced 
on X/R by the topologies Gg and Gm on $y(X) (§ 2, Exercise 7). 


34 


1) Let X, Y be two topological spaces, A a subset of X and B a 
subset of Y. Show that Fr(A x B) = (Fr(A) x B)u (A x Fr(B)). 


2) Let X, Y be two topological spaces, A a closed subset of X x Y. 
If Q(x) is the set of all neighbourhoods of a point xe X, show that 


1) ACV) = A(z). 
VERB) 
Give an example of an open subset B of a product X x Y such that 


[\ BV) 
eee Vexi(z) 
is different from B,,. 


3) Let (X,),e be an infinite family of topological spaces such that 
each X, contains (at least) two distinct points 4@, 5, such that there 
is a neighbourhood of 6, which does not contain 4a,. 

a) For each index xeI, let c, be the point of the product space 


x=[[X, 


kL 
for which pr,c, = 6, and pr,c,—=a, whenever 14%. Show that eve 
- P KOR x . Pp wx . t ry 
point of the set C of points c, is isolated. 


6) Deduce from a) that the topology of X has a countable base if and 
only if I is countable and the topology of each X, has a countable base 
(use Exercise 7 of § 1). 
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c) Show that if the index set I is not countable then the point 5 = (d,) 
of X has no countable fundamental system of neighbourhoods. 


§ 4) Let K_ be the discrete space consisting of the two numbers 0,1; 
let A be an infinite set, and let X be the product space KA. Let 
v=Illv. 

Gea 
be an elementary set in X; if A is the number of indices « such that 
Va#K, put p(V) = 27. 
a) Show that if U,, ..., U, are pairwise disjoint elementary sets, then 


» p(U;) <1. 
k=1 


[Write each U, in the form W,, x K®, where B (independent of k) is 
the complement of a finite subset of A, and W,, is a finite set; count 
up the number of points in W,]. 

6) Deduce from a) that X satisfies the condition (D,y) of Exercise 7 
of § 1. [If there were an uncountable family (U,) of pairwise disjoint 
elementary sets, there would exist an integer p > 0 such that »(U,) > 1/p 
for an infinite number of indices 4]. 

c) Show that if A is uncountable, then X does not satisfy the condition 
(Dy) of Exercise 7 of § 1 (cf. Exercise 3). 


§| 5) Let K_ be the discrete space consisting of the two numbers 0, 1; 
let A be an infinite set and let X denote the product space K*“, 
a) Let J be any finite subset of A; suppose J has p elements. For 
each subset H of J, let Sy be the set of subsets L of A such that 
LoajJ =H; the My form a partition @; of (A) into 2? subsets. 
Let F, be the subset of X consisting of those points (x,),c¢,4 such that 
*,, = %y whenever L and M_ belong to the same set of the partition 
&;. F, is a finite set, with 2?” elements. If F is the union of the F, 
as J runs through all finite subsets of A, show that F is equipotent 
to A. 

b) Show that F isdensein X. Taking A =N, deduce that X satis- 
fies condition (Dy) of § 1, Exercise 7, but does not satisfy condition (Dy) 
(Exercise 4). 

6) Let X, Y, Z be three topological spaces, A an open subset of 
X x Y and B an open subset of Y x Z. Show that Bo A is an open 
subset of X x Z. 


7) Let X be the sum of a family (X,) of topological spaces, Y the 
sum of a family (Y,) of topological spaces. Show that the product 
space X X Y is the sum of the X, X Yy. 
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8) Let (G,),¢, be a family of graphs of equivalence relations (Set Theory, 
Chapter II, § 6, no. 1) on a topological space X, and let R, be the 
relation (x, y)<¢G,; then 

G=f)G, 


tel 


is the graph of an equivalence relation R on X. Show that there is 
a canonical continuous injection of the quotient space X/R_ into the 


product space Il CXIR,). 
tél 


g) Let (X,),e1 be an infinite family of topological spaces. Study the 
topology on the product set 


X =[[X, generated by subsets of the form [|] U,, 
ter ter 


where U, is an open subset of X, for each tel and the set of 
indices « for which U,# X, has cardinal less than ¢, where ¢ is a 
given infinite cardinal. Consider what becomes of the propositions of 
§ 4 for this topology. 


10) a) Let (X,, f4g) be an inverse system of topological spaces, and let X 
be the inverse limit. Let f, be the canonical mapping X — X,. For 
each a, let Y, be a subspace of X, containing f,(X), such that the 
Y, form an inverse system of subspaces of the X,. Show that lim Y, 
can be canonically identified with X. 


b) Let (Xa; fag) be another inverse system of topological spaces with 
the same directed index set. For each a, let u,: X,— Xj be a contin- 
uous mapping such that the u«, form an inverse system of mappings. 
The u,(X,) form an inverse system of subspaces of the Xj; show that 
if u=lim u, and if the f, are surjective, then u(X) is dense in the 
space lim u,(X,). Does this result still hold good if the f, are no longer 
assumed to be surjective? (Cf. Set Theory, Chapter III, § 1, Exercise 32.) 


§5 


1) a) Show that an equivalence relation R on a topological space X 
is open if and only if, for each subset A of X, the saturation of the 
interior of A is contained in the interior of the saturation of A. Give 
an example where R_ is open and these two sets can be distinct. 


6) Show that an equivalence relation R on a topological space X_ is 
closed if and only if, for each subset A of X, the saturation of the closure 
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of A contains the closure of the saturation of A. Give an example 
where R_ is closed and these two sets can be distinct. 


* 2) Show that the equivalence relation S: x= y (mod 1) on R is 
not closed. If A =: [0,1] show that the duced relation S, on A is 
closed but not open. , 


3) Let [. bea finite group of homeomorphisms of a topological space X, 
and let R_ be the equivalence relation: ‘there exists «eI such that 
y = a(x)”. Show that the relation R_ is both open and closed. 


* 4) Let [T° be the group of homeomorphisms of the quotient space T 
of R consisting of the identity and the homeomorphism induced on T 
by the homeomorphism x > 1/2 -+ x of R_ onto itself. Let S be the 
equivalence relation “there exists ge[’ such that y= a(x)” on T; 
S is both open and closed (Exercise 3). Show that T has no continuous 
section with respect to 8, although both T and T/S are compact, 
connected and locally connected. Let A be the canonical image in T 
of the interval [0,1/2] of R. Show that A is locally closed in T but 
that the quotient space A/S, is not homeomorphic to the canonical 
image of A in T/S. , 


5) Let X be a topological space and let R, S_ be two equivalence 
relations on X such that R implies S. 

a) Show that if S is open (resp. closed) then S/R is an open (resp. 
closed) equivalence relation on X/R; show also that the converse is 
not necessarily true. Show that S can be open (resp. closed) but not R. 
b) Suppose that R_ is open (resp. closed). Show that S/R is open 
(resp. closed) if and only if S is open (resp. closed). 


6) Let S be the equivalence relation on the rational line Q which 
is obtained by identifying all the points of Z. Show that S_ is closed, 
and that if U is the relation of equality on Q, then the canonical bijec- 
tion of (Q x Q)/(U x S) onto Q x (QJS) is not a homeomorphism. 


7) Let X and Y be two non-empty topological spaces and f: X—>Y 
a surjective map. Show that f is closed if and only if the mapping 
y > ( ra Jy) of Y into $9(X) is continuous when (XX) carries the 
topology Gq (resp. Gp) (§ 2, Exercise 7). 

Deduce that the topology induced on a quotient set X/R of a non- 
empty topological space X_ by the ope sey: Gq (resp. 6) coincides 


with the quotient of the topology of X by R ifand only if R_ is closed 
(resp. open) (cf. § 3, Exercise 16). 
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§ 6 
1) Find all possible filters on a finite set. 


2) If the intersection of all the sets of a filter § on an infinite set X is 
empty, show that § is finer than the filter of complements of finite 
subsets of X. 


3) The intersection of two filters § and G ona set X is the set of 
all MUN, where Me and Ne@G. 


4) Let X be an infinite set. Show that the filter of complements of 
finite subsets of X is the intersection of the elementary filters associated 
with infinite sequences in X all of whose terms are distinct. 


5) Let § and © be two filters on a set X. Show that if § and G 
have a least upper bound in the set of all filters on X, then this least 
upper bound is the set of all MnN, where Me and Ne@G. 


6) Ifto each filter on a set X we make correspond the associated topology 
(no. 5) on the set X’ = Xu fu, then we have the following propo- 
sitions : 

a) If a topology © on X’ is finer than the topology associated with a 
filter § on X, then @ is either the discrete topology or the topology 
associated with a filter finer than ¥. Converse? 

5) The greatest lower bound of the topologies associated with the filters of 
aset ® of filters on X_ is the topology assocated with the intersection of 
the filters belonging to ©®. 

c) Let © be a set of subsets of X, and let G’ be the set of subsets of 
X’ of the form Mu fw! where Me@. Let denote Gu P(X). 
If @ generates a filter §, show that § is a subbase of the topology 
on X’ associated with §. What topology does § generate if @ is 
not a filter subbase? 

d) & is an ultrafilter on X if and only if the associated topology on X’ 
is X-maximal (§ 3, Exercise 11). 


7) In a topological space X, the intersection of the neighbourhood 
filters of all the points of a non-empty subset A of X is the neighbourhood 
filter of A in X. 


8) a) Let ® bea set of topologies on a set X. Show that the neighbour- 
hood filter of a point x @X with respect to the intersection of the topolo- 
gies of ® is coarser than the intersection of the neighbourhood filters of x 
with respect to the topologies belonging to ®. 

b) Let ©, denote the topology ©,(Q?) (§ 2, Exercise 7) where the set 
Q? is linearly ordered by the lexicographic ordering (Set Theory, 
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Chapter IIT, § 2, no. 6). Let 6, denote the topology on Q? obtained by 
transporting ©, by means of the symmetry (, 4) > (n, &). Show that 
if G is the intersection of the topologies ©,, G,, then the neighbourhood 
filter of a point of Q? with respect to © is strictly coarser than the inter- 
section of the neighbourhood filters of the point with respect to 6, and ©,. 


§ 9) a) Show that every ultrafilter which is finer than the intersection 
of a finite number of filters is finer than at least one of them (use Proposition 5 
of no. 4). 


6) Give an example of an ultrafilter which is finer than the intersection 
of an infinite family of ultrafilters, but which is not equal to any of the 
ultrafilters of this family (consider the family of ultrafilters on an infinite 
set X each of which has a base consisting of a single point). 


10) Show that the intersection of all the sets of an ultrafilter contains 
at most one point; if one point, then the ultrafilter consists of all the sets 
containing this point (use Proposition 5 of no. 4). 


11) Show thatifasubset A ofaset X does not belong to an ultrafilter 1 
on X, then the trace of 1 on A is the set $B(A). 


12) On an infinite set, show that an elementary filter associated with 
a sequence all of whose terms are distinct is not an ultrafilter. 


13) Let f be a mapping of a set X intoaset X'. Then / is injective 
if and only if, for every filter base @ on X, (f i (%)) is a filter base 
equivalent to 9%. 


14) Show that if f is a mapping of a set X onto a set X’, then the 
image f (8%) of every filter § on X isa filter on X’. 


15) Let n->f(n) be a mapping of N onto N such that fF (m) is 
Jinite for each me N. If (x,) is any sequence in aset X, put yy, = Xn. 
Show that the elementary filters associated with the sequences (x,) and 
(yn) are the same. 


Deduce that if (a,) and (b,) are two sequences of elements of a 
set X such that the filter associated with (6,) is finer than the filter 
associated with (a,), then the filter associated with (b,) is the same 
as the filter associated with some subsequence of (a,). 


§ 16) Let © be a countable linearly ordered set of elementary filters 
on a set X. Show that there is an elementary filter which is finer than 
all the filters of @ (show that the union of the filters of @ has a countable 
base). 


17) Let X be a lattice (Set Theory, Chapter III, § 1, no. 13). A non- 
empty subset F of X is called a prefilter if it satisfies the following condi- 
tions: (i) whenever xeF and »>x, then yeF; (ii) whenever xeF 
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and yeF, then inf (x, »)eF; (iii) FAX. Thus the prefilters 
on the set of subsets of a set Y, ordered by inclusion, are precisely the 
filterson Y. A prefilter F is said to be prime if the relation sup(x, y ) ¢ F 
implies that either xe F or yeF, A prefilter with respect to the ordering 
opposite to that of X is called a coprefilter on X. 

a) The set of upper bounds of a subset A of X which does not consist 
only of the least element of X is a prefilter. Give examples of prefilters 
which are not sets of upper bounds. 

6) Show that if F is a prime prefilter, then §F is a prime coprefilter, 
c) Show that if X has a least element o, then every prefilter is contained 
in a maximal prefilter (use Zorn’s lemma, noting that o belongs to 
no prefilter). 

d) Find all prefilters on a linearly ordered set X, and show that they 
are all prime. Hence give examples of prime prefilters which are not 
maximal. 

e) Let X be an ordered set of 5 elements, denoted by 0,1, a, 6, 6, 
the order relations being 0<a<1, 0<b<1, 0<c<1. Show that 
X is a lattice and that the prefilters other than {1} are maximal but 
not prime. 


J) Let X be a lattice having a least element o. Show that if Fc X 
is a prefilter and a@ is an element of X which does not belong to F, 
then there is a prefilter containing F and a if and only if inf (a, x) #0 
for all xeF; the smallest prefilter containing F and a is then the set 
of all ye X such that y 2 inf (a, x) for at least one element x of F. 


Q 18) Let X be a distributive lattice (Set Theory, Chapter III, § 1, Exer- 
cise 16) which has a least element o. 

a) If a is an trreducible element of X (Set Theory, Chapter ITI, § 4, 
Exercise 7), show that the set of all upper bounds of a is a prime prefilter. 
Give an example of a prime prefilter which is not a set of upper bounds 
of an irreducible element of X [cf. Exercise 17 d)]. 

b) Show that every maximal prefilter on X is prime [use Exercise 17 f)]. 
Give examples of prime non-maximal prefilters on a distributive lattice 
[Exercise 17 d)]. 

c) Show that every prefilter F is the intersection of the prime prefilters 
which contain F [if a¢F, show that a maximal element U in the set 
of prefilters which contain F but not a is prime, by using Exercise 17 f)]. 


d) Let Q be the set of prime prefilters on X. To each xe X let corres- 
pond the subset A, of Q consisting of prime prefilters F such that 
xeF. Show that the mapping «+A, of X into $(Q) is injective 
and order-preserving, that Ajoya,y)= A, Ay and that 


Aiceteey) = A, U Ay. 
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19) Let X be a lattice which has a least element. Show that if every 
prefilter on X is the intersection of the prime prefilters which contain it, 
then X is distributive (if the mapping x —> A, is defined as in Exercise 
18 d), this mapping still has the properties stated there). 


§ 20) A lattice X is said to be a Boolean algebra if it is distributive, has a 
least element o, and a greatest element 1 and if, for each xe X, there 
is an element x’@X such that inf («, x’) =o and sup (x, x’) =1; 
such an element is said to be a complement of x in X. 


a) Let «>A, be the injection of a Boolean algebra X_ into the set 
of subsets of the set Q of prime prefilters on X, defined in Exercise 18 d). 


Show that if x is a complement of x in X, then A,’ =A, in Q; 
deduce that an element x has only one complement x’, that the comple- 
ment of x’ is x, and that the complement of inf (x, 7) is sup (x’, »’); 
give direct proofs of these statements. The ideals of the Boolean ring 
A corresponding to X, other than A, are the coprefilters on X. 


b) Show that, in a Boolean algebra X, every prime prefilter is maximal 
(remark that, for each xe X, every prime prefilter must contain either 
x or its complement), 


c) Conversely, let X be a distributive lattice which has a least element o 
and a greatest element 1, and is such that every prime prefilter on X is 
maximal. Show that X is a Boolean algebra. (For an element x eX, 
consider the coprefilter C (Exercise 17) consisting of those ye X such 
that inf (x, y) = 0; if « has no complement, there is a maximal copre- 
filter M containing x and C; remark that the complement U of M 
in X isa prime prefilter [Exercise 17 5) and 18 4)] and use Exercise 17 f)). 
d) Show that if X is a topological space then the set % of subsets of X 
which are both open and closed is a Boolean algebra if ordered by inclusion. 
If we take X to be the topological space associated with the Fréchet 
filter (no. 5), show that the Boolean algebra & thus obtained is countably 
infinite and therefore cannot be isomorphic to the ordered set S8(A) 
of all subsets of a set A. 


$7 


1) Let ©,, ©, be two topologies on the same set X. Show that ©, 
is finer than ©, if and only if every filter on X which is convergent 
in the topology ©, converges to the same point in the topology 6,. 


2) Let UW be an ultrafilter on N which is finer than the Fréchet filter, 
and let X = Nu fw} be the space associated with W (§ 6, no. 5). 
Show that a sequence (x,) which has an infinite number of distinct 
terms is never convergent in X. 
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3) Let X, X’ be two topological spaces and f{: X-—X’ a mapping 
which is continuous at a point xy¢X. Show that if % is any filter base 
on X which has x» as a cluster point, then f(x) is a cluster point of 


the filter base f(%) on X’. 


4) a) Let X, Y be two topological spaces, § a filter on X having 
a cluster point a, and © a filteron Y having acluster point 56. Show 
that (a, 6) is a cluster point of the product filter § xX ©. 


6) In the product space Q?, give an example of a sequence (%,; 9n) 
which has no cluster points although each of the sequences (*,), (¥n) 
has a cluster point in Q. 


5) Let X, Y be two topological spaces, G the graph in X xX Y ofa 
mapping f: X->Y. Show that for each xe X the set of cluster points 
of f at x isthe section G(x) of G (the closure of G in X x Y) at x. 


6) Let (X,),<; be an uncountable family of discrete spaces, each of which 
has at least two points. On the product set consider the topology 


x=[1x,, 


tel 


which is generated by all products Il M,, where M,c X, for all tel 


tél 
and M, = X, for all but a countable number of indices (cf. § 4, Exercise 9). 
Show that every countable intersection of open sets is open in X, and 
deduce that no point of x can have a countable fundamental system of 
neighbourhoods. 


7) Asubset A ofa topological space X is said to be primitive if it is the 
set of limit points of an ultrafilter on X. Let Y, denote the set of ultra- 
filters on X whose set of limit points is A. 


a) If A is a primitive subset of X, show that every open subset of X 
which meets A_ belongs to all the ultrafilters We Y,. 

b) Let A, B_ be two distinct primitive subsets of X. Show that there 
is an ultrafilter We Y,, an ultrafilter BeVY, and a subset M of X 
such that Mel and (M eX. 

c) Let f: X-—>Y be a continuous mapping. Show that the image 


under f of any primitive subset of X is contained in a primitive subset 
of Y. 


d) If «eX and {x j is closed in X, show that {x} is a primitive 
subset of X. 
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§8 


1) a) Let X_ be a topological space. Show that the following three 
statements are equivalent: 


(Q) If x, » are any two distinct points of X, there is a neighbourhood 
of « which does not contain . 


(Q’) Every subset of X which consists of a single point is closed in X. 


(Q") For every xe X the intersection of the neighbourhoods of x consists 
of the point x alone. 


A space X is said to be accessible if it satisfies these conditions. 


b) An ordered set X with the right topology (with respect to which X isa 
Kolmogoroff space [§ 1, Exercise 2)] is accessible if and only if no two 
distinct elements of X are comparable, and then the right topology 
on X is the discrete topology. 


2) a) If a topology on a set X has a finite subbase, and if X is acces- 
sible with respect to this topology, then X is finite and the topology 
is discrete. 


6) If, in an accessible space X, every intersection of open sets is open, 
then X is discrete (cf. § 7, Exercise 6). 


3) a) Let X be an accessible space, A a subset of X, and x a point 
of A which does not belong to A. Show that every neighbourhood 
of x contains an infinite number of points of A. 


6) Let X be an accessible space and let A be a subset of X. Show 
that the set of points xe A such that every neighbourhood of x contains 
a point of A other than x is closed in X. 

c) Let X be an accessible space. Show that the intersection of all 
neighbourhoods of any subset A of X is equal to A. 


4) Show that every subspace of a Kolmogoroff space (resp. accessible 
space) is a Kolmogoroff space (resp. accessible space); and that a topology 
which is finer than a topology of a Kolmogoroff space (resp. accessible 
space) is the topology of a Kolmogoroff space (resp. accessible space). 


€ 5) a) Let X be an infinite set. Show that all the topologies 6, 
on X (§ 2, Exercise 8) such that 1 <¢< card (X) are topologies of 
an accessible space but are not Hausdorff. 

6) Show that the intersection of all the Hausdorff topologies on X_ is 
the non-Hausdorff topology G,aaqyy; Which is also the coarsest topology 
of an accessible space on X. (Use Exercise 8 of § 2, and remark that there 
exist Hausdorff topologies on X in which there are countably infinite 
subsets of X which are not closed). 


134 


EXERCISES 


6) a) Let X bea Hausdorff space and D a dense subset of X. Show 


that card (X) < 2%""” (observe that every point of X is the limit of 
a filter base on D). Show that this upper bound for card (X) cannot 
be improved (§ 4, Exercise 5 6)) and deduce that on an infinite set A 
the set of ultrafilters and the set of filters are each equipotent to B({8(A)). 


b) Let K_ be the discrete space consisting of the two numbers o and 1. 


Let A be an infinite set. Deduce from a) that if card (A) > 2", 
then the product space KA satisfies the condition (Dyy) of Exercise 7 
of § 1, but satisfies neither (Dy) nor (Dyy). (§ 4, Exercise 4). 


* 7) Let X be the interval [—1, 1] in R. Consider the following 
equivalence relation S on X: if «At 1, the equivalence class of x 
consists of x and — x; the equivalence class of 1 (resp. — 1) consists 
of 1 (resp. — 1) alone. Show that S is open and that the quotient 
space X/S is accessible but not Hausdorff. Show also that every point 
of X/S has a neighbourhood in X/S which is a regular subspace. , 


8) a) Let X be a Hausdorff (resp. regular) space which is the sum of 
a family (X,) of subspaces, and let X/R_ be the quotient space obtained 
by pasting together the X, along closed subsets A,, by means of 
homeomorphisms h,, (§ 3, no. 4); suppose also that for each index 1 
there is only a finite number of indices x such that A,,4@. Under 
these conditions, show that X/R is Hausdorff (resp. regular). 


* 5) Show that the space X/S of Exercise 7 can be obtained by pasting 
together two regular subspaces along two open sets. 


9) Let [T be a finite group of homeomorphisms of a Hausdorff (resp. 
regular) space X, and let R_ be the equivalence relation ‘there exists 
cel’ such that y =a(x)” between x and y in X. Show that the 
quotient space X/R is Hausdorff (resp. regular). 


* 10) Let X be the subspace of R which is the complement of the set 
of points 1/n, where n is a rational integer other than 0,1 or — 1. 
Let S_ be the equivalence relation on X whose equivalence classes are (i) 
the set { ° } 3; (ii) the set of all non-zero integers; (iii) all sets of the form 
{x, t/x} where xeX and o<|x|<1. 

a) Show that the relation S on X is neither open nor closed. 

b) Show that the graph of S is closed in X x X, but that the quotient 
space X/S is not Hausdorff. , 


§|* 11) Let X be a topological space. Let Z denote the product 
space R*, and for each xe X let Z, be the subset of Z consisting of 
all ue R* such that u(x)eQ and u(y) ¢Q forall ye X otherthan «x. 
Let Y be the subspace of the product X x Z which is the union of the 
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sets {x x Z, as «x runs through X. Show that Y is Hausdorff 
and that X is homeomorphic to a quotient space of Y. , 


12) Let X be a topological space which has at least two points. 


a) Show that the topologies Gq and Gm on $o(X) (§ 2, Exercise 7) 
are not topologies of an accessible space. 


b) Let Gg denote the least upper bound of the topologies Gg and Gq. 
Show that the set §(X) of non-empty closed subsets of X, with the 
topology induced by Gg, is a Kolmogoroff space, and that if X is acces- 
sible, so is §(X). 

c) Supposing that X is accessible, show that the space §(X) (with the 
topology induced by G@) is Hausdorff if and only if X is regular. 


§ 13) Let X be a set and let I’ be a group of permutations of X. 
a) Let § be a set of subsets of X. Let © be the set of all topologies 
on X in which all the sets of § are closed and every uel is a homeo- 
morphism. Show that the set G has a least element O(I, §). If X 
is infinite, show that there exist sets § of subsets of X such that ©(I, §) 
is accessible but not discrete (§ 2, Exercise 8). 

b) Let J([‘) be the set of subsets A of X which have the following 
property: foreach x@A there isa mapping feI’ such that f(x) Ax 
which leaves fixed every element of A. Show that every Hausdorff 
topology on X, in which every mapping ueI is a homeomorphism 
of X onto itself, is finer than 6,([) = G(T, J(T)). 

Show that the topology 6,;([) is Hausdorff if and only if the group [ 
satisfies the following condition: given any two distinct elements x, y 
of X there is a finite number of elements u,¢@I such that, if F(u,) 
is the set of elements of X which are invariant under u,, the F(u,) 
cover X and none of the F(u,) contains both x and »y. 


c) Let © denote the topology of the rational line Q (*resp. the real 
line R,) and let [’ be the group of all homeomorphisms of Q (* resp. 
R,,) onto itself. Show that the topology 6;([') is the same as Gp. 

d) Let X be the subspace of the rational line consisting of 0 and the 
points 1/n, where n is an integer 21, and let [’ be the group of 
homeomorphisms of X. Show that the topology 6,(I‘) is not Hausdorff, 
and that the group of homeomorphisms of X with respect to this topology 
is T. 

e) Let X be a topological space such that for each pair of distinct points 
x, y of X there exists a homeomorphism u of X onto itself such that 
u(x) =x and u(y) ~y (*for example, the spaces R",). Let G be 
the group of homeomorphisms of X onto itself, and for each xe X 
let S, be the subgroup of G which leaves x fixed. Show that S, 
is equal to its normalizer in G and that the intersection of all the subgroups 
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S, consists of the identity element alone; in particular, the centre of G 
consists of the identity element alone. 


14) Show that the axiom (Oy) is equivalent to each of the following 
axioms : 


(Om) If F is any closed subset of X then the intersection of all the 
closed neighbourhoods of F is equal to F. 
(Ot) If § is any filter on X which converges to a point a, then 


the filter § on X which has the closures of the sets of § as a base also 
converges to a. 


15) a) Show that every Kolmogoroff space which satisfies axiom (Oy;) 
is Hausdorff (and hence regular). 


b) Construct a non-Hausdorff topology on a set of three elements which 
satisfies axiom (Oj). 


16) Let (X,) be an infinite family of topological spaces, and give the 
product set X = I[x, one of the topologies defined in Exercise 9 of 


t 
§ 4. Show that if the X, are Kolmogoroff (resp. accessible, Hausdorff, 
regular) spaces then so is X. 


17) Show that the topologies ©)(X), ©,(X) and ©_(X) (§ 2, Exercise 5) 
on a linearly ordered set X are regular. 


18) Let X,, X, be two sets, let §; bea filter on X; (i = 1, 2), and let 
J be a mapping of X, x X, into a regular space Y such that, for each 


*x,@X, there exists am S (*p %2) = 2(%). 
Vei§e 


Show that a point ae Y isacluster point of g with respect to the filter 
®, if and only if, given any neighbourhood V of a in Y and any set 
A, < §,, there exists x,@A, and A,e%, such that /f ( {x1} x A,) cV. 
{ 19) Let X be a Hausdorff space which is not regular (cf. Exercise 20), 
and let @ bea point of X such that there is a neighbourhood U of a 
which does not contain any closed neighbourhood of « Let § be 
the neighbourhood filter of a, and let Y = fu fw} be the topological 
space associated with the section filter of §. Let Z be the set Y x X 
with the following topology: for any point (», z) 4 (w, 4), the neigh- 
bourhoods of (y, z) are the same as for the product topology, and the 
neighbourhoods of (w, a) are the sets containing sets of the form 


({w} x V)u((Y— f{w}) x X), 


where V is a neighbourhood of a in X. Let A be the subset of Z 
which is the union of the sets {V}{ x V where Ve§. Let f be the 
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mapping (V, x) -—>« of A into X. Show that f has a limit relative 
to A at each point of A, but that there is no continuous mapping of A 
into X which extends /. 


§} 20) a) An open subset U of a topological space X is said to be 
regular if U = a(u) (§ 1, Exercise 3); equivalently, U is regular if U 
is the interior of a closed set. X_ is said to be semi-regular (and its topology 6 
is said to be semi-regular) if the regular open subsets of X form a base of 6. 
Show that if © satisfies axiom (Oy;) then G is semi-regular. 


b) Prove that the intersection of two regular open sets is a regular open 
set. Deduce that the regular open sets with respect to 6 form a base of 
a topology 6* on X, which is coarser than © and semi-regular; 6* 
is said to be the semi-regular topology associated with 6. Show that for 
each subset U of X which is open in 6, the closure of U with respect 
to ©* is the same as its closure in ©, and that if X is accessible for 6 
the isolated points of X with respect to 6* are the same as the isolated 
points of X with respect to 6. Show that 6* is Hausdorff if and only 
if © is [use Exercise 3d) of § 1], and finally that if Y is a regular 
space then the continuous mappings of X into Y are the same in both 
topologies © and 6*. 


c) Let X be a semi-regular space and let 6, be its topology. Show 
that a topology © on X is such that 6* = G, if and only if there is a 
set MQ of dense subsets of X (in the topology 6,) such that every finite 
intersection of sets of IM belongs to PM, and such that the topology 6 
is generated by the union of 9 and the set of subsets of X which are 
open in the topology Gy. [Consider the dense open subsets (in the topology 
©) and notice that every open set in © is the intersection of a dense open 
set (in the topology ©) and an open set (in the topology G,).] Hence 
construct examples of non-regular Hausdorff topologies which are finer 
than a regular topology (*and even finer than a topology of a compact 
metrizable space, ). 


21) Let X be a Hausdorff space with no isolated points, and let ©, 
be the topology of X. Let Mt denote the set of complements of countable 


subsets A of X such that A has only a finite number of non-isolated 
points. Show that if © is the topology on X generated by the union 
of QM and the set of subsets which are open in © , then 6* =, (Exer- 
cise 20) and that every sequence which converges with respect to © has 
only a finite number of distinct terms (which implies that, with respect 
to 6, no point of X has a countable fundamental system of neighbour- 
hoods, although X_ itself may be countable and therefore every point 
of X is then the intersection of a countable family of neighbourhoods 
of this point). 
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§| 22) a) With the notation of Exercise 20 c), show that the set E(G,) 
of topologies 6 such that 6*=G, is inductive with respect to the 
relation “6 is coarser than G’”. If Gy is a semi-regular topology on X, 
a maximal element of E(G@) is called a submaximal topology, and the 
set X with such a topology is called a submaximal space. Thus every 
topology of E(G,) is coarser than some submaximal topology. 


b) A topology © on X is submaximal if and only if every subset of X 
which is dense in the topology © is openin 6. Anon-empty submaximal 
space is therefore not solvable (§ 2, Exercise 2). 


c) Show that every subspace of a submaximal space is locally closed and 
submaximal (consider first the open subspaces and the closed subspaces). 


d) Show that the space associated with a filter which is finer than the 
filter of complements of finite subsets of an infinite set is a submaximal 
space. 


e) If M is a subset of a submaximal space X, show that the subspace 
M — M = Fr(M) is discrete. 


Jf) Conversely, let X be a topological space which has a dense open 
subset U such that U is submaximal and the topology of X is U-maxi- 
mal (§ 3, Exercise 11). Then X is submaximal. 


23) Let X be a topological space and let A be a dense subset of X 
such that the topology of X is A-maximal (§ 3, Exercise 11). Let f 
be a continuous mapping of A into a topological space Y, such that at 
every point of X — A the set of cluster points of f relative to A is not 
empty (*this will be the case, for example, if X is not empty and Y is 
quasi-compact,). Show that f can be extended by continuity to the 
whole of X. 


24) In the interval Jo,1[ of the rational line, let A be the set of rational 
numbers of the form k/2", and B the set of rational numbers of the 
form k/3" (kK an integer). Let X be the space obtained by giving 
Jo,1[ the topology generated by the open intervals ]e,8[ contained in 
X, andthe sets A and B. Showthat X is Hausdorff and semi-regular 
(Exercise 20) but not regular. 


§ 25a) Onaset X, the set of regular topologies and the set of regular 
topologies with no isolated points are inductive sets with respect to the 
relation “© is coarser than ©”. 


6) A topology © ona set X is said to be ultraregular if it is maximal 
in the set of topologies on X which are regular and have no isolated 
points; hence given any regular topology on X_ with no isolated points, 
there is a finer ultraregular topology. A space is said to be ultraregular 
if its topology is ultraregular. Show that a regular topology © with no 
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isolated points is ultraregular if and only if, whenever A and B are 
complementary subsets of X which have no isolated points, then A and 
B are open sets. In particular, an ultraregular space is not solvable 
(§ 2, Exercise 11). (To prove that the condition is sufficient, observe that 
if ©’ is a regular topology with no isolated points and is finer than 6, 
and if U is a non-empty open set_with respect to 6’ and U is its 
closure in the topology 6’, then U and X—U have no isolated 
points with respect to the topology 6’). 

c) In an ultraregular space, the closure of every set which has no isolated 
points is open, and the interior of a dense set is dense; the intersection of 
two dense sets is therefore dense. Deduce that if ©, is an ultraregular 
topology, then amongst all the topologies 6 such that 6* = 6, (Exer- 
cise 20) there is one (necessarily submaximal) which is finer than all the 
others. 


* 26) Let (0,) be a sequence of irrational numbers which is dense in 
the interval I = [0,1] of R. Let I, be the quotient space of I 
obtained by identifying all the points 0, 6, ..., ,, and let 9, be the 
canonical mapping I->I,. Let X_ be the set of rational numbers 
contained in I; then the restriction of 9, to X isa bijection of X onto 
o,(X). Let 6, be the inverse image under this bijection of the topology 
induced on 9,(X) by the topology of I,. Show that the greatest lower 
bound of the decreasing sequence (6,) of Hausdorff topologies on X_ is 
not a Hausdorff topology., 


§ 27) Let X be a topological space. Show that there exists a Kolmo- 
goroff (resp. accessible, Hausdorff, regular) space Y and a continuous 
mapping ¢: X-»Y which has the following universal property: for 
every continuous mapping f: X—>Z of X into a Kolmogoroff (resp. 
accessible, Hausdorff, regular) space Z, there is a unique continuous 
mapping g: Y->Z such that f=gog (Set Theory, Chapter IV, 
- § 3, no. 1). Prove that: 

a) For Kolmogoroff spaces, we may take Y to be the quotient space 
of X by the equivalence relation {x} = { yt. 


b) For accessible spaces, we may take Y to be the quotient space of X 
by the following equivalence relation R: the graph of R is the inter- 
section of all graphs G of equivalences on X such that G(x) is closed 
in x for each xe X; the graph of R_ then contains the graph of the 
relation {x} {>} #@ between x and y. 


¢) For Hausdorff spaces and regular spaces, show that conditions (CU,) 
to (CUyy) of Set Theory, Chapter IV, § 3, no. 2, are satisfied, by using 
in particular Exercise 6 a). Give examples in which X is not regular 
and the mapping ¢: X-»>Y of X into the corresponding universal 
regular space is bijective [cf. Exercise 20 b)]. 
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d) If X is a topological space which satisfies axiom (Oy), show that 
the universal Kolmogoroff space corresponding to X is canonically 
homeomorphic to the universal regular space corresponding to X. 


28) Let X be a Hausdorff space which is not regular, let F be a closed 
subset of X and let a¢F bea point of X such that every neighbourhood 
of @ meets every neighbourhood of F. Let R_ be the equivalence 
relation on X_ obtained by identifying all the points of F. Show that 
R_ is closed and that the graph of R_ is closed in X x X, but that R 
is not Hausdorff. 


§ 29) a) Let R_ be a Hausdorff equivalence relation on a non-empty 
topological space X, and let §(X) be the space of non-empty closed 
subsets of X, with the topology induced by G@ (Exercise 12). Show that 
every Ae §(X) which lies in the closure of X/R [considered as a subset 
of §(X)] is contained in some equivalence class of R (use reductio ad 
absurdum). 


b) Suppose in addition that X is regular and R is open. Show that 
X/R_ is then a closed subset of §(X) with respect to the topology 6g 
(use Proposition 11 of § 7, no. 6). 


§9 


1) Let X be a topological space, G a subbase of the topology of X 
(§ 2, no. 3). Show that X is quasi-compact if every open covering of 
X formed by sets belonging to © contains a finite covering of X. 
(Observe that if an ultrafilter 1 on X were not convergent, then every 
xeX would belong to a set of G not belonging to 11; and use the 
corollary to Proposition 5 of § 6). 


2) Show that a well-ordered set X with the topology 6_(X) (§ 2, Exercise 5) 
is locally compact, and is compact if and only if X has a greatest element. 
Deduce that every set can be topologized in such a way that it becomes 
a compact space. 


3) a) Let X be a Hausdorff space, and let A, B be two disjoint 
compact subsets of X. Show that there is a neighbourhood of A anda 
neighbourhood of B which have no common point. 

b) Let X be a regular space and A a compact subset of X, and let 
B be a closed subset of X which does not meet A. Show that there is 
a neighbourhood of A and a neighbourhood of B which have no com- 
mon point. 


4) Show that in the space X defined in Exercise 6 of § 7, which is regular 
(§ 8, Exercise 16), every compact subset is finite. 
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5) *a) Show that the non-Hausdorff accessible space Y = X/S_ defined 
in Exercise 7 of § 8 is such that every point of Y has a compact neigh- 
bourhood; that the images a, @ of 1 and —1 in Y have compact 
neighbourhoods which are not closed; that the intersection of a compact 
neighbourhood of « and a compact neighbourhood of @ is not quasi- 
compact, and that the union of these two neighbourhoods is not 
compact. , 


b) Let X be the sum of N and an infinite set A. For each xeX 
let G(x) be the filter base defined as follows : if xe N, then G(x) con- 
sists of the single set {x} ; if xe A and if S,, denotes the set whose 
elements are x and the integers >n, then G(x) consists of the sets 
Sz,, Where n runs through N. Show that there is a topology on X 
for which G(x) is a fundamental system of neighbourhoods of x for 
every xe X, and that X is accessible but not Hausdorff in this topology. 
Show also that X is not quasi-compact, but that X has dense compact 
subsets. 


c) Show that two topologies on a set X, with respect to each of which 
X is accessible and quasi-compact, can be distinct but comparable [cf. § 8, 
Exercises 7 and 5 4)]. 


6) Let X, Y be two topological spaces, and let A (resp. B) be a 
quasi-compact subset of X (resp. Y). Show that if U is any neigh- 
bourhood of A x B in X xX Y then there is a neighbourhood V of A 
in X and a neighbourhood W of B in Y such that V x WcU. 


7) 2) Give an example of an inverse system (Xj, fag) of quasi-compact 
spaces whose inverse limit is empty (observe that in the space of Example 2 
of no. 1, every subspace is quasi-compact). 


b) Let p be a prime number. Let Z, denote the set Z of rational 
integers, topologized with the inverse image of the discrete topology under 
the canonical mapping of Z onto Z/p"Z. If m<n, let fir, denote 
the identity mapping Z,—> Z,, which is continuous. Show that the 
spaces Z, are quasi-compact, but that the inverse limit of the inverse 
system (Z,, finn) is not quasi-compact (*). 


8) Let X be a topological space and let (G,y)ge, be a family of graphs 
of equivalence relations on X, whose index set A is directed; let R, 
be the relation (%,y)¢G, and let 9, be the canonical mapping 
X—> X/R,. Suppose that the relation Rg implies R, if «<6 and 
let ggg be the canonical mapping X/Rg +> X/R,; then (X/Rq, og) is 
an inverse system of topological spaces. Let Y= lim X/R,. 


(*) This example (unpublished) is due to D. Zelinsky. 
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a) Let g: X->Y be the continuous mapping lim 9,. Show that 
g(x) is dense in Y and that, for each xeX, ¢(g(x)) is the class of x 
with respect to the equivalence relation whose graph is {]} G,. 


a 
b) Suppose that all the R, are closed equivalence relations, and that for 
each x e X and each neighbourhood V of x there isan index a such 
that the class of x with respect to R, is containedin V. Show that 
under these conditions g is an open mapping of X onto g(X). 


c) Show that if the classes mod R, are closed and quasi-compact for 
each aeA, then g is surjective. 


g) Let X be an accessible space and §& a set of quasi-compact closed 
subsets of X, which contains all finite subsets of X and is such that 
the union of any two subsets of & belongs to &. Let X’ be a set 
which is the sum of X and a set { wo} consisting of a single point. Show 
that there exists a quasi-compact accessible topology on X’ which induces 
the given topology on X, and which is such that the complements in X’ 
of the sets of form a fundamental system of open neighbourhoods of w. 
Give examples of distinct topologies on X’ corresponding to distinct 
sets §. 


10) Let X be a paracompact space. Show that if every open subspace 
of X is paracompact, then every subspace of X is paracompact. Deduce 
that every subspace of a locally compact space whose topology has a 
countable base, is paracompact [cf. Chapter IX, § 4, Exercise 20 a)]. 


§ 11) Let X, be an uncountable well-ordered set which has a greatest 
element; let a be the smallest element of X) and 6 the smallest of the 
elements xe X, such that the interval [a, x[ is uncountable. Let X 
denote the interval [a, 5[ with the topology G_(X). 


a) X is locally compact but not compact (Exercise 2) and every sequence 
in X has a cluster point (observe that every countable subset of X is 
bounded above). 


b) Let f be a mapping of X into itself such that f(*) <x for all 
sufficiently large x. Show that there exists an element ce X with the 
property that for each xe X there exists y>x* such that f(y) <e. 
[Use reductio ad absurdum, by constructing a sequence (z,) of points 
of X such that z,4, is the smallest of the elements z’e@X such that 
S (*) 22, whenever x 2 2’]. 


c) Deduce from 6) that X is not paracompact. 


12) Let X be a topological space, §(X) the set of non-empty closed 
subsets of X, &(X) the set of non-empty quasi-compact subsets of X; 
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endow each of these sets with the topology induced by the topology Gg on 
Bo(X) (§ 2, Exercise 7). 

a) Show that if 8c%(X) is quasi-compact with respect to Gg and 
if X is regular, then the union of the sets Me % is closed in X. 

+) Show that if @c8&(X) is quasi-compact with respect to Gg then 
the union of the sets Me is quasi-compact. 


§/ 13) With the notation of Exercise 13, endow &(X) and &(X) 
with the topology induced by the topology Gg on $o(X) (§ 8, Exercise 12). 
a) Show that if X is quasi-compact, then so is ¥(X). (For each open 
set U in X, let c(U) [resp. m(U)] be the set of all closed subsets M 
of X such that McU (resp. MnU#@); the c(U) and m(U) 
form a subbase of Gg. Then use Exercise 1). 

b) Suppose that X is accessible, and let X’ be the image of X under 
the mapping * —> {x} of X into §(X). Let § be a subspace of 
&(X) which contains X'. Show that if § is quasi-compact then so 
is X. [If (U,) is an open covering of X, remark that if %, denotes 
the set of all Me @§(X) such that Mn U,4@, then {Bu is an open 
covering of §&(X)]. 

c) Show that if X is locally compact, then &(X) is open in ¥(X) 
(use Proposition 10 of § 7). 

d) Suppose that X is accessible. Show that &(X) is Hausdorff (resp. 
regular, compact, locally compact) if and only if X is. [For the first 
two assertions, use Exercise 12 of § 8 and Exercise 3 of § g; for the last 
two assertions, use a4) and 6) and Exercise 12]. 


§] 14) A topological space X is said to be a Lindeléf space if every open 
covering of X contains a countable covering of X. Every space with 
a countable base is a Lindel6éf space, and so is every quasi-compact space. 


a) Every closed subspace of a Lindeléf space is a Lindel6f space. For 
every subspace of a Lindeléf space to be a Lindeléf space it is necessary 
and sufficient that every open subspace is Lindelédf (cf. Exercise 15). 

6) If f is any continuous mapping of a Lindeléf space X into a 
topological space X’, then the subspace f(X) of X’ is Lindeldf. 

c) Every countable union of Lindeléf subspaces of a topological space 
is Lindeléf. In particular every countable space is Lindeléf. 


d) A Lindeléf space X is quasi-compact if every sequence in X has a 
cluster point [show that axiom (Q”) is then verified]. 


§ 15) a) Let X be a topological space in which every open subspace 
is Lindeléf. Show that X satisfies condition (Dy,) of § 1, Exercise 7, 
and that if X is regular then every closed subset of X is a countable 
intersection of open sets [cf. Exercise 23 c)]. 
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b) Let X be a topological space in which every open subspace is para- 
compact. Show that every open subspace of X is Lindeldf if and only 
if X satisfies condition (Dyy) of § 1, Exercise 7. 

c) Let X be a compact space. Show that every open subspace of X 
is Lindel6f if and only if (i) X satisfies condition (Dy) of § 1, Exercise 7, 
and (ii) every closed subset of X is a countable intersection of open sets 
(use 6) and Theorem 5 of no. 10). 


§[ 16) Let X be a topological space and A a subset of X. A point 
aeX is said to be a condensation point of A if every neighbourhood of a 
contains an uncountable infinity of points of A. 

a) The set of condensation points of a subset A of X is closed. Give 
an example in which X_ has only one condensation point (cf. no. 8, 
Theorem 4). 


b) Suppose X is an accessible space in which every open subspace is 
Lindel6f (Exercise 15). Show that for every subset A of X, the set B 


of condensation points of A is perfect, and that AnQB is countable. 


§] 17) In a topological space X, a point a is said to be totally adherent 
to a subset A of X if for each neighbourhood U of a we have 
card (A) = card (AnU). Show that X is quasi-compact if and only if 
for each infinite subset A of X there is a point of X which is totally 
adherent to A. (If X is not quasi-compact, show that there is an 
initial ordinal w, (Set Theory, Chapter III, § 6, Exercise 10) and an open 
covering (U,) of X, where & runs through the set of ordinals <wz,, 
such that for each index E<w, the complement A; in X of the union 
of the U,, with indices 4<€ has a cardinal equal to &,; deduce that 
it is possible to define a family (xg) (E<w,) of points of X by transfinite 
induction such that x,¢ A; for each & and xg4x, whenever < » §). 


§ 18) A Hausdorff space X is said to be absolutely closed if it has the fol- 
lowing property: for every homeomorphism f of X onto a subspace 
of a Hausdorff space X’, f (X) is closed in X’. Every compact space 
is absolutely closed. 

a) Show that the following conditions are equivalent: 

(AF) The space X is absolutely closed. 

(AF’) Every filter base on X which consists of open sets has at least 
one cluster point. 

(AF’) Every family of closed subsets of X whose intersection is empty 


contains a finite subfamily such that the interiors of the subsets in this 
subfamily have an empty intersection. 


(AF”) Every open covering of X contains a finite subfamily whose 
closures cover 
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b) Let X be a Hausdorff space and U a dense open subset of X. Sup- 
pose that every filter base on U which consists of open sets has at least 
one cluster point in X. Show that under these conditions X is abso- 
lutely closed. In particular, if A is an open subset of an absolutely 


closed space X, then A_ is absolutely closed. 


c) Let X be an absolutely closed space and let f be a continuous map- 
ping of X into a Hausdorff space X’. Show that f(X) is an abso- 
lutely closed subspace of X’. 


d) Show that the product of two absolutely closed spaces is absolutely 
closed (argue as in Proposition 17 of no. 10). 


§ 19) A Hausdorff space X is said to be minimal if its topology © is 
such that every topology on X which is Hausdorff and coarser than 

necessarily coincides with ©; then © must be semi-regular (§ 8, Exer- 
cise 20). Show that a Hausdorff space X is minimal if and only if every 
filter base on X, which consists of open sets and has at most one cluster 
point, is convergent. It comes to the same thing to say that X is abso- 
lutely closed (Exercise 18) and that every filter base on X, which 
consists of open sets and has a single cluster point, converges to this point. 


20) A topological space X is said to be completely Hausdorff (and the 
topology of X is said to be completely Hausdorff) if each pair of distinct 
points of X has disjoint closed neighbourhoods. 


a) Every regular space is completely Hausdorff. Every subspace of 
a completely Hausdorff space is completely Hausdorff. Every product 
of completely Hausdorff spaces is completely Hausdorff. Every topology 
which is finer than a completely Hausdorff topology is completely Hausdorff. 


b) Every minimal completely Hausdorff space X (Exercise 19) is compact. 
(By reductio ad absurdum: consider an ultrafilter 1 on X and the filter 
base formed by the open sets which belong to 1). 


*c) Let 6 be an irrational] number >0o0. For every point (x, y) = Q? 
and every «>o let B,(x, y) be the set consisting of (x, y) and the 
points (z, 0) @Q® such that |z— («+ 69)|<a or |z—(x—Oy)|< «a. 
Let (x, y) be the set of B,(x, y) where a runs through the set of real 
numbers >o. Show that there is a Hausdorff topology 6 on Q? 
such that, for each (x, y), %(x, y) is a fundamental system of neighbour- 
hoods of (x,y) for 6. Show that, given any two points a, 6 of Q?, 
every closed neighbourhood of a meets every closed neighbourhood of 6 
in the topology ©6., 


§ 21) a) Let X be a Hausdorff space and let © be the topology of X. 
Show that X is absolutely closed (Exercise 18) if and only if the semi- 
regular topology 6* associated with © (§ 8, Exercise 20) is the topology 
of a minimal space (Exercise 19). 
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b) If © is completely Hausdorff (Exercise 20), then so is 6, (use Exer- 
cise 20 of § 8). Deduce that an absolutely closed regular space is compact. 


§| 22) a) Let X be a Hausdorff space and let A be a dense subset 
of X. Show that if every filter on A has at least one cluster point 
in X, then X is absolutely closed [verify axiom (AF’) of Exercise 18]. 


b) Let X g be a compact space which has a non-open dense subset A, 
and let ©, be the topology of Xp». Let © be the topology on X, 
generated by A and the subsets of Xg which are open in G5, so that 
©* = ©, (§ 8, Exercise 20). If X denotes the non-compact absolutely 
closed space obtained by endowing the set Xj, with the topology 6 
(Exercise 21) show that every filter on A has a cluster point in X. 


§ 23) a) Let X be a countable absolutely closed space. Show that the 
set of isolated points of X is dense in X. [Use reductio ad absurdum, 
by arranging the points of X in a sequence, and constructing by induction 
a countable open covering (U,) of X such that no finite union of the 


U, covers Xj. 


*b) Give an example of a completely Hausdorff absolutely closed topolog- 
ical space which is not a Lindeléf space [in the product [o, 1] x [o, 1]; 
consider the complements of the sets A x }o{, where A runs through 
the set of all subsets of [0,1], and apply the general method of § 8, Exer- 
cise 20¢)]. This space satisfies condition (Dy) of § 1, Exercise 1, 
but does not satisfy condition (Dy). 


c) Let X be a compact space with no isolated points, let Qt be the 
set of complements of countable subsets of X, [so that the sets of MR are 
dense in Xo, cf. a)]. Let © be the topology generated by the open 
sets of X, and the sets of M. Show that the space X obtained by 
giving X, the topology © is absolutely closed and completely Hausdorff 
and is a Lindeléf space which does not satisfy condition (Dy) of § 1, 
Exercise 7; show also that no point of X has a countable fundamental 
system of neighbourhoods and that nosequence in X, all of whose terms 
are distinct, has a cluster point. If every open subspace of X, is Lindeléf 
[cf. Exercise 16 c)], show that the same is true of X and hence in particular 
that X satisfies (Dy) [Exercise 16a)]. This is the case when 
X, = [0,1]. Show however that in this case there are countable closed 
subsets of X which are not countable intersections of open sets of X 
(cf. Chapter IX, § 5, no. 3). » 


§| 24) a) Let X be a Hausdorff space, and let I’ be the set of filters 
on X which have a base consisting of open sets and which have no cluster 
point in X. Show that the set [' is inductive if it is not empty (i.e., 
if X is not absolutely closed). 
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b) Let Q be the set of maximal filters in [, and let X' be the set which 
is the sum of KX and Q. For each xe X let G(x) denote the set of 
neighbourhoods of x in X, and for each weQ let B(w) denote the 
set of subsets of X’ of the form fw} uM, where M_ belongs to the 
filter w. Then there is a topology on X' in which %(x') is a fundamen- 
tal system of neighbourhoods of x’ for each x’ eX’. Show that, with 
this topology, X’' is absolutely closed and has the following universal 
property : given any open continuous mapping f: X-»Y of X into 
an absolutely closed space Y, there is a unique continuous mapping 
g: X'-—Y which extends f (consider the images under f of the 
filters which belong to Q, and observe that in an absolutely closed space, 
a filter which is maximal in the set of filters which have a base consisting 
of open sets must be convergent). In particular, the topology of X’ 
is X-maximal (§ 3, Exercise 11). Deduce that there are absolutely closed 
spaces whose topology is quasi-maximal (§ 2, Exercise 6). 


§ 25) a) Let X be an accessible space, and let © be the set of filters 
on X which have a base consisting of closed sets. Show that the set ® 
is inductive, and let X” be the set of maximal filters in ©. 
b) For each open subset U of X, let U* be the set of filters § e X” 
such that Ue. If U, V are two open subsets of X, then 


(UnV)*=U*nV* and (UuV)*=U*u Ve 


(remark that if ¥eX” is such that Ue, then X=UeR). Show 
that the sets U* form a base of a topology on X” and that in this topo- 
logy X” is quasi-compact [verify axiom (C”), using the remark above] 
and accessible [if §, @ are two distinct elements of X”, show that there 
exist two disjoint closed subsets A and B in X such that Ae and 
Be Gj. 

c) For each xe X let (x) be the ultrafilter on X which has the single 
set {x } as a base. Show that g is a homeomorphism of X onto a 
dense subset of X” and that if X is quasi-compact (and accessible), 
then 9(X) =X”. 

d) Show that for each continuous mapping f{ of X into a compact 
space Y there is a unique continuous mapping g: X" -»Y such that 
SH Eo. 

e) Let X be the universal Hausdorff space associated with X"” (§ 8, 
Exercise 27); show that the canonical mapping 4: X” > X is surjective 
and that X is compact. Thus every continuous mapping of X into a 
compact space Y can be written uniquely in the form f= hoo 9, 
where 4: X-—>Y is continuous. 
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26) If X is a discrete space, show that the spaces X” and X defined 
in Exercise 25 are identical, and that if © is the topology of the space X’ 
defined in Exercise 24, then X” can be identified with the space X’ 
carrying the semi-regular topology ©* associated with © (§ 8, 
Exercise 20). Furthermore, the set X” can be canonically identified 
with the set of ultrafilters on X. The compact space X” is called the 
ultrafilter space of X. 


§ 27) Show that in a compact space X every isodyne [§ 2, Exercise 11 d)] 
infinite open subspace is solvable. [Using Proposition 1 of no. 2, show 
that there isa base $ ofthe topology of U such that card (8) = card (U); 
then use Exercise 11 ¢) of § 2.] Deduce that every locally compact space 
with no isolated points is solvable [use Exercise 11 d) of § 2]; consequently 
such a space is not submaximal. 


28) a) Let K_ be the discrete space fo, I ye If X is any compact 
space, let F be the set of mappings f of K into the set §(X) of closed 
subsets of X such that X = f(0) uf(1). Consider the compact space 
Y = KF; show that for each y = (repr in Y, the intersection of the 
closed sets f(y) of X consists of at most one point. The set Z of 
y@Y for which this intersection is not empty is a closed subset of Y. 
If 9(y) is the unique point common to the f(y,) for ye Z, show that 9 
is a continuous surjection of Z onto X. 


b) Give an example of a compact space X such that there is no surjective 
continuous mapping of a compact space of the form K4 onto X [use 
Exercise 4 6) of § 4 and Exercise 26 of § 9]. 


§ 29) A topological space X is said to be locally quasi-compact if each 
point of X has a fundamental system of quasi-compact neighbourhoods. 
a) Show that in a locally quasi-compact space, every quasi-compact 
subset has a fundamental system of quasi-compact neighbourhoods. 

b) Show that every locally closed subspace of a locally quasi-compact 
space is locally quasi-compact. 

*c) On the closed Euclidean disc B: ||s|| <1 in the real plane R?, 
let Gy be the topology induced by that of R?, and let © be the (finer) 
topology defined as follows : the neighbourhood filter of a point x # (1,0) 
of B isthesame for © asfor 6,, but for the point (1,0) a fundamental 
system of neighbourhoods in the topology © is formed by the sets 


{(1,0)} u (D n By); 
where D is any open disc centred at (1,0) and Bg is the open disc ||x|| <1. 


Let Y be the set B with the topology ©, and let R_ be the equivalence 
relation on Y whose equivalence classes are the set S of all x (1,0) 
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in B such that ||x|| = 1 and the subsets of Y which consist of a single 
point of B—S. Show that the quotient space X = Y/R is quasi- 
compact but not locally quasi-compact. , 


§ 10 


1) a) Give an example of continuous mappings f: X—>Y, g: Y>Z 
such that go f is proper, f is not surjective and g is not proper. 

b) Give an example of two proper mappings f: X—Y and g: X>Z 
where X, Y, Z are quasi-compact, such that x« — (f(x), g(x)) is not 
a proper mapping of X into Y x Z. 


2) Let f: X->Y bea proper mapping and let A bea subspace of X. 


Show that if A = F ( f(A)) nA then the restriction f|A is a proper 
mapping of A into f(A). Is this condition necessary? 


§ 3) Let (X., fag) be an inverse system of quasi-compact Kolmogoroff 
spaces such that the fag are proper mappings. Show that if the X, are 
non-empty then lim X, is not empty (show that in a quasi-compact 
Kolmogoroff space, every non-empty closed subset contains a closed subset 
consisting of a single point). 

4) Give an example of a continuous mapping f: X-»>Y (where X 
and Y are Hausdorff spaces) such that the inverse image 7 (K) of 


every compact subset K of Y is compact, but which is not proper 
(cf. § 9, Exercise 4). 


§/ 5) Let f: X—Y bea proper mapping. 
a) Show that if X is regular then f{(X) is a regular subspace of Y. 


b) Show that if f(X) is a Lindeléf subspace of Y (§ 9, Exercise 14), 
then X is Lindeléf (use Proposition 10 of § 5, no. 4). 


§] 6) Let X be a space which is the sum of subspaces X, (eI), and 
let f be a continuous mapping of X into a topological space Y. For 
each tel, let f,: X,-»Y be the restriction of f to X,. Show that 
J is proper if and only ifeach of the f, is proper and the family (f(X,)),¢; 
is locally finite [use Theorem 1 d)]. 


§| 7) Let f: X-—X’ be a proper mapping and let R (resp. R’) be 
an equivalence relation on X (resp. X’) with which f is compatible. 
Let f: X/R-—>X’/R’ be the mapping of the quotient spaces induced 
by f: Suppose that (i) the image under f of every saturated set with 
respect to R is saturated with respect to R', and (ii) R' isopen. Show 
that in these conditions f is proper [use Theorem 1 c)]. 
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8) Show that under the hypotheses of Example 3 of § 5, no. 2, the canoni- 
cal mapping X-—> X/R_ is proper. 


§ 9) a) Let X, Y be two topological spaces and f: X + Y a surjective 
-1 
closed (but not necessarily continuous) mapping. Show that if / (») 
-1 

is quasi-compact for each ye Y, then /(K) is quasi-compact for each 
quasi-compact subset K of Y (either prove the result directly or else 
use Exercise 7 of § 5 and Exercise 12 of § 9). 

b) Suppose in addition that X is regular. Show that if ¥. (y) is closed 

—1 
in X foreach ye Y, then /(K) isclosedin X for each quasi-compact 


subset K of Y (same methods). If also Y is locally compact then f 
is continuous. 


10) Let X, Y be two topological spaces. A correspondence (G, X, Y) 
between X and Y (Set Theory, Chapter II, § 3, no. 1) is said to be 
proper if the restriction of the projection pr, to the graph G is a proper 
mapping G-Y., 

a) Let f: X->Y be a mapping. Show that /f is continuous if and 

—i 

only if the correspondence f between Y and X is proper, and that 
f isa proper mapping if and only if the correspondences ft (between Y 
and X) and f (between X and Y) are proper. Hence construct 
an example of a non-continuous mapping / such that the correspondence 
J is proper. 

b) If (G, X, Y) is a proper correspondence, show that G(A) is a closed 
subset of Y whenever A is a closed subset of X. 


G 11) Let (G, X, Y) be a proper correspondence (Exercise 10). 
a) Show that if @ is a filter base on X which consists of closed sets, then 


N G™ = G( nN M). 
MeS MeS 


~—1 
b) For each ye Y and each neighbourhood V of G(¥y) in X, show 


that there is a neighbourhood W of y in Y_ such that G(w) cV 
(“continuity of the roots as functions of the parameters’’) (use Exercise 6 


of § 9). 


@ 12) a) Accorrespondence (G, X, Y) is proper if and only if, for every 
topological space Z and every correspondence (E, Z, X) whose graph E 
is closed in Z x X, the graph GoE is closed in Z x Y. First to 
show that the condition is necessary, remark that Go E is the image of 
(E x Y)n(Z xX G) under y xX pre: ZxXG+>Zx Y. To show 
sufficiency, let 8, be the diagonal mapping Y-»Y x Y; show that, 
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for each subset F of (Z x Y) xX X, the inverse image of GoF 
under the mapping 
xX by: ZxXxYoZxYxyY 


is the image, under the mapping (y, z) — (zy), of the set 


prg(F n (G x Z)), 


where F is the image of F under the mapping (z, y, x) > (x, 9, 2). 
b) Deduce from a) that the composition of two proper correspondences 
is a proper correspondence. 

c) Let (G, X, Y) bea proper correspondence. Show that if X is Hausdorff 
then G is closed in X x Y. 


§ 13) Let X bea locally compact space and Y any topological space. 
a) Show that the following four statements are equivalent : 
a) (G, X, Y) is a proper correspondence between X and Y. 
8) For each Hausdorff space X’ which contains X_ as a subspace, 
G is closed in X’ x Y. 
y) G is closed in X x Y, and for each ye Y there is a neighbour- 
hood V of »y in Y and a compact subset K of X such that 
(X — K)xV_ does not meet G. 
8) There is a compact space X’, containing X as a subspace, such 
that G is closed in X’ x Y. 
[To prove that a) =+ 8) use Exercise 12 a) and c). To show that 
8) == «), use Proposition 2 of no. 1 and Corollary 5 of Theorem 
I of no. 2.] 
b) Show that if (G, X, Y) is proper, then: 
t) For every compact subset L of Y, G(L) is a compact set. 


Show also that if Y is locally compact and if G is closed in X x Y 
and satisfies ¢), then (G, X, Y) is proper. [Use the equivalence of 
a) and y).] This last assertion is no longer valid when Y is Hausdorff 
but not locally compact (Exercise 4). 


14) Let Y be a locally compact space, X a topological space. Show 
that a mapping f: X-—> Y is continuous if and only if, for each compact 
space Y’ which contains Y as a subspace, the graph of / is closed in 
Xx x Y’. [Use Exercises 13 and 10 a)]. 


15) Let X be a Hausdorff space, A a closed subset of X, f a proper 
mapping of X — A into a locally compact space Y, Y’ the one-point 
compactification of Y, and w the point at infinity in Y’. Let g be 
the mapping of X into Y’ which coincides with f on X—A and 
maps each point of A to w. Show that g is continuous. 
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§ 16) Let X be a locally compact space, R an equivalence relation 
on X, C the graph of R in X x X. Show that C is closed in 
X x X if and only if, for each compact subset K of X, the saturation 
of K with respect to R is closed in X. (To prove necessity, use Corol- 
lary 5 of Theorem 1 of no. 2). 


*17) On the locally compact space R, let S_ be the equivalence relation 
obtained by identifying all the points of Z. Show that S is closed and 
R/S Hausdorff but not locally compact., 


*18) Let X be the locally compact subspace [o, + o[ of R. Let S 
be the equivalence relation on X whose equivalence classes are the 
sets { x, 1/x} for o< x <1 and the set {o{. Show that S is open, 
that the graph of S is closed in X x X and that X/S is compact, 
but that S is not closed., 


§ 19) Let X be a locally compact c-compact space, R an equivalence 
relation on X whose graph is closed in XK x X. Show that X/R is 
Hausdorff. [Let (U,) be a covering of X by relatively compact open 
sets such that U,cU,,,. Let A, B be two disjoint closed sets which 
are saturated with respect to R. Define recursively two increasing 
sequences (V,), (W,) of closed sets saturated with respect to R, such 
that V,nW,=@ and suchthat V,nU, (resp. W,n U,) is a neigh- 
bourhood of AnU, (resp. Bn U,) in the compact subspace U,. Use 
Proposition 8 of no. 3 and Exercise 16, as well as Proposition 2 of § 9, 
no. 2]. (*) 


§ 20) a) Let X be a non-empty compact space and R_ a Hausdorff 
equivalence relationon X. Showthat X/R is closed in the space o(X) 
with the topology Gg (§ 8, Exercise 12) if and only if the relation R_ is 
open. [Use Exercise 13 of § 9 and Exercise 16 of § 3 to show that if X/R 
is closed in $,(X) in the topology Gg, then the quotient topology on 
X/R_ coincides with that induced by 6g, and then apply Exercise 7 of 
§ 5. Conversely, if R is open, use Exercise 29 of § 8 to show that X/R 
is closed with respect to Gg]. 


*5) Let X be the locally compact subspace of the real plane R? consist- 
ing of the points (1/n,y). where n is an integer >o and —I< y<1, 
and the points (0, y) where either —-1<y<0O or O<y€I_ or 
y=2. Let p be the restriction of pr; to X, and R_ the equivalence 
relation associated with ». Show that R is neither open nor closed, 
but that X/R is compact and closed in ‘8 (X) in the topology Gg. » 


(*) If the locally compact space X is not o-compact, it can happen that the 
equivalence relation R on X is closed [and a fortiori has a closed graph (§ 8, 
no. 6, Proposition 14)] but that X/R is not Hausdorff [cf. Chapter IX, § 4, Exer- 
cises 96) and 14]. 
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§ 21) (*) a) Let X be an accessible space which is locally quasi-compact 
(§ 9, Exercise 29). Let X, be the discrete space which has the same 
underlying set as X, and let X, be the (compact) ultrafilter space of 
X, (the discrete space X, being identified with an open subspace of X,) 
(§ 9, Exercise 26). On Xp, let R [or R(X)] be the following equiva- 
lence relation between ultrafilters 1, @: “the sets of limit points of U 
and % in X are the same”. Show that R_ is Hausdorff [use the des- 
cription of the topology of X, givenin§g, Exercise 25 5), Exercise 7 6) 
of § 7 and axiom (C’)]. The compact space X° = X,/R is in one-to- 
one correspondence with the set of primitive subsets of X (§ 7, Exercise 7). 
If X is Hausdorff (and therefore locally compact) then X* can be identi- 
fied with X if X is compact, and with the one-point compactification 
of X if X is not compact. 


b) Let Y be a closed subspace of X. The ultrafilter space Y, can 
be identified with the closure of Yy in X,, and Y° with the canonical 
image of Y, in X°* 


c) Show that the restriction to Xg of the canonical mapping X,—> X° 
is a bijection of X, onto a subspace Xi of X°*, that the canonical 
mapping f: X%-—X is a continuous bijection, and that the image 
under this mapping of any compact subset of X% is a closed compact 
subset of X. [To show that f is continuous, use 4); also remark that 
the inverse image in X,y of a point of X% consists of all the ultrafilters 
on X which have a single given limit point, and that if U is an ultra- 
filter on X, then its limit point in Xp», when 1 is regarded as an ultra- 
filter base on Xp, is UW regarded as a point of X,]. 


*d) Let Z be the set which is the sum of a countable number of spaces Y, 
each identical with the space Y defined in Exercise 7 of § 8 and a set 
fut consisting of a single point. Define a topology on Z by taking 
as a fundamental system of neighbourhoods of a point ze Y, its neigh- 
bourhood filter in the space Y,, and as fundamental system of neighbour- 
hoods of w the set of subsets V, of Y, where V,, is the union of fw} 
and the Y,, where m2>n. The space Z so defined is accessible, quasi- 
compact and locally quasi-compact; but the subspace Z& of Z* is not 
locally compact., 


e) Let Y be another locally quasi-compact accessible space, and let u 
be a continuous mapping of X into Y, such that the inverse image under 
u of each quasi-compact subset of Y is quasi-compact. Regarding « 
as a mapping of X¢ into Y%, show that u is continuous and can be 


(*) The results in this exercise and in Exercise 7 of § 7 are due to J. Fell. 
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(uniquely) extended to a continuous mapping X°— Y°. [First extend u 
to a continuous mapping of X, into Y, and show that the extension 
is compatible with the equivalence relations R(X), R(Y)]. 

*f) Let X_ be the quasi-compact, not locally quasi-compact, accessible 
space defined in Exercise 29 ¢) of § 9. Show that in the corresponding 
space X, the equivalence relation R(X) is not Hausdorff., 


§ 11 


1) Show that the countable Hausdorff space defined in § 9, Exercise 20 ¢), 
is connected. 


2) a) Let X be a topological space and © the topology of X. Show 
that if X is connected in the semi-regular topology 6* associated with 6 
(§ 8, Exercise 20), then X is connected in the original topology 6. Deduce 
that there exist connected submaximal spaces (§ 8, Exercise 22). 

*b) In particular construct a topology on the real line R, with respect 
to which R_ is connected but no point of R_ has a fundamental system 
of connected neighbourhoods [cf. Chapter IV, § 2, Exercise 14 c)].» 


3) Let A, B be two subsets of a topological space X. 


a) Show that if A and B are closed in X, and AuB and AnB 
are connected, then A and B are connected. Show by an example 
that this statement is no longer necessarily true when one of the sets A, B 
is not closed. 


b) Suppose that A and B are connected and AnB#@. Show 
that AUB is connected. 


§ 4) Let X bea connected space of at least two points. 

a) Let A bea connected subset of X, B a subset of (A which is both 
open and closed in §A. Show that AUB is connected. (Apply 
Exercise 5 of § 3 to Y=AuUB and Z= (A.) 

b) Let A be a connected subset of X and B a component of the set 
(A. Show that §B is connected [use a)]. 

c) Deduce from 6) that there exist two connected subsets M,N of X 
which are distinct from X and such that MuN = X and MnN=@. 


*5) a) Give an example, in the real plane R*, of a decreasing sequence 
(A,) of connected sets whose intersection is not connected (cf. Chapter IT, 
§ 4, Exercise 14). 

6) In R?, let X be the set which is the union of the open half-planes 
y>o and y<o and the points (n, 0) where n is an integer > 0. 
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X is connected with respect to the topology ©, induced by that of R?. 
Define a sequence (6,) of topologies on X such that ©,,, is finer than 
©,, and such that X is connected with respect to each ©, but not 
connected with respect to the topology which is the least upper bound 
of the sequence (6,) [pass from 6, to 6,4, by introducing new 
neighbourhoods of the point (n + 1, 0)]-» 


6) Let X, Y be two connected spaces and let A (resp. B) be a subset 
of X (resp. Y) distinct from X (resp. Y). Show that in the product 
space X X Y the complement of A x B is connected. 


7) Let X, Y be two connected spaces and { a mapping of X x Y 
into a topological space Z such that all the partial mappings 
f (0,9): X—>Z, f(x, 0): Y—Z (xe Y, ye Y) are continuous. Show 
that f(X x Y) is connected. 


§ 8) In the example of a topology on a product set X = ILX. given. 


tel 
in § 4, Exercise 9, suppose that I is infinite and the cardinal t uncount- 
able. Show that if the X, are connected, regular, and have each at 
least two distinct points, then the connected component of a point a==(a,) 
of X is the set of x = (x,) such that x, = a, except for a finite number 
ofindices 1eI. (Reduce to the case I = N; consider two points 6=(0,), 
¢ = (¢,) of X such that 6,4 c, for all n. For each n let (Vian)m>o 
be a sequence of open neighbourhoods of 6, in X, which do not contain 
¢, and are such that Vamii¢ Van Let Z be the set of points (x,) of X 
with the following property: there exists an integer k >o such that 
4,€ Van—-~ Whenever n 2k. Showthat Z is both open and closed in X), 


*9) Show that in the locally compact space X defined in § 10, Exercise 20, 
there are points x whose component in X is different from the intersec- 
tion of the subsets of X which are both open and closed and contain x., 


10) Show that a linearly ordered set X, with the topology 6,(X) or 
the topology 6_(X) (§ 2, Exercise 5) is totally disconnected. 


11) Let X bea topological space and R an equivalence relation on X 
such that every equivalence class mod R_ is contained in a component 
of X. Show that the components of X/R are the canonical images 
of the components of X (cf. Chapter ITI, § 2, Exercise 17). 


12) Let X bea topological space. Show that the following three condi- 
tions are equivalent: «) the components of X are open sets; 8) every 
xe X has a neighbourhood contained in every set which is both open and 
closed and contains x; y) for every xe X, the intersection of the sets 
which are both open and closed and contain x is an open set. 
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*13) Let @ be an irrational number. Let f be the mapping of the 
real line R into the torus T? for which the image f(t) of each teR 
is the canonical image in T? of (é, 6¢) e R?. (f is injective and continuous. 
Show that, in the topology on R_ which is the inverse image under f 
of the topology of T?, R is connected but no point of R_ has a fundamen- 
tal system of connected neighbourhoods., 


€ 14) a) Let X be a locally compact and locally connected space, 


a 


and let A bea closed subset of X. Let A* be the union of A and the 


components of §A which are relatively compact. A is said to be full 
if A* =A. Show that A* is closed and full. 


6) Suppose in addition that X isconnected. Show thatif A is a compact 
subset of X, then A* is compact (consider a compact neighbourhood 


V of A and the components of §A which meet the frontier of V). 


c) Suppose in addition that X is connected and. g-compact. Show that 
there exists an increasing sequence (K,),>9 of full connected compact 
sets whose union is X and which are such that K,¢K,,, for all n. 


*d) Show that the conclusion of 5) is no longer valid if we suppose only 
that X is connected and locally compact, or that X is Hausdorff, 
connected and locally connected. [Consider the subspace of R? consist- 
ing of points (x, y) such that either y=o and o<* <1, or else 
y>o and x=1/n where n is an integer > Ol.» 


© 15) Let X be a connected, locally connected space. 

a) Let M,N _ be two disjoint non-empty closed subsets of X. Show that 
((M UN) has a component whose closure meets both M and N. [If C is 
a component of §(MuN) whose closure does not meet M, observe 
that C is both open and closed in CN}. 


b) If A is a closed subset of X distinct from X, deduce from a) that 
every component of A meets the closure of (A. 


*16) Let X be the subspace of the real plane R? which is the union 
of the line »=o0, the closed segments with end points (0,1) and 
(n,1/(1 +n)), and the half-lines x<n, y= 1/(1 +n) (n aninteger > 0). 
Show that X is a connected space but fie there is a component C of 
the complement of (0,1) in X suchthat (0,1)¢C [(compare with 
Exercises 4 a) and 15 5)].» 


*17) Let I, be the interval [— 1,1] of R and let Py be the quotient 
space of I, obtained by identifying the two points 1/2 and 1; let By 
be the quotient space of I, obtained by identifying the points 1/2 and 1 
and also identifying — 1/2 and —1. Let I be the open interval 
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J—1,1[ in R, and let P (resp. B) be the canonical image of I in 
Po (resp. Bo). 


a) Show that no two of the three spaces I, P, B are homeomorphic 
(to show that I and P are not homeomorphic, notice that there are 
points in P whose complement is connected; similarly for the other pairs 
of spaces). 


6) Let X be the sum of a countably infinite family of spaces homeo- 
morphic to I and a countably infinite family of spaces homeomorphic 
to B. Let Y bethesumof X and P. Showthat X and Y are not 
homeomorphic, but that (i) there is a continuous bijection of X onto Y 
and a continuous bijection of Y onto X; (ii) X is homeomorphic to an 
open subspace of Y and Y is homeomorphic to an open subspace of X., 


*18) Let X be the real plane R?, and let R_ be the equivalence rela- 
tion on X whose equivalence classes are the lines y= 6 for 6 >0 
and the half-lines *=a, y<o for all «eR. Show that if X/R is 
regarded as a subset of $(X), then the topology induced on X/R_ by 
Gg (§ 2, Exercise 7) is discrete, and that the topology induced on X/R 
by Gq is not discrete but makes X/R into a non-connected space. Show 
finally that X/R_ is connected in the quotient topology., 


*@/ 19) Let X be a locally compact space. It can be shown that X 
can be identified with a dense open subspace of the universal compact 


space X constructed in § 9, Exercise 25 (cf. Chapter IX, § 1, Exercise 8). 
Suppose also that X is connected and locally connected. 


a) Show that, for every compact subset K of X, the set of components 
of X—K _ which are not relatively compact is finite [cf. Exercise 14 5)]. 
Deduce that a point of X —X_ belongs to the closure of at most one of 
the components of X—K _ [if A; (1 <i <n) are the non-compact 
components of X—K, and QC; the compact set of points of X —X 
which lie in the closure of Aj, construct a compact space whose under- 
lying set is the sum of X and the sets C;, such that X is identified with 
a dense open subspace of this space]. 


b) Let R’{x, y{ be the following equivalence relation on K— X: 
“for every compact subset K of X, x and y lie in the closure of the 
same non-compact component of X —K”. Let R_ be the equivalence 
relation on X whose equivalence classes are the classes mod R’‘ and the 
subsets consisting of a single point of X. Show that R_ is Hausdorff 
and that X may be identified with a dense open subspace of the compact 
space X° = X/R; show that in the compact space X®° — X every point 
is the intersection of its neighbourhoods which are both open and closed. 
The points of X®°— X are called the ends of the space X. 
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c) Let Y be a compact space such that X may be identified with a 
dense open subspace of Y and such that in the compact space Y — X 
every point is the intersection of its neighbourhoods which are both open 
and closed (*). Show that there is a continuous mapping of X° into Y 
which induces the identity mapping on X. [If Y— X is the union of 
two disjoint non-empty closed sets A and B, show that there exist two 
disjoint open subsets U, Y in V such that Ac U, BcV and such that 
Y—(UuV) is compact]. 

d) Show that if X is o-compact, then X®— X has a countable base. 


e) The real line has two ends, and R" (n > 2) hasone. Give an example 
of a connected, locally connected, locally compact subspace of R? for 
which the set of ends has the power of the continuum. , 


20) Let X be a Hausdorff space in which each point has a fundamental 
system of neighbourhoods which are both open and closed in X. Let Y 
be a subspace of X, and let A be acompact subset of Y which is both 
open and closed in Y; show that there is a subset B of X which is 
both open and closed in X, such that Bn Y= A. 


§ 21) a) Show that the following conditions on a topological space X 
are equivalent: (i) foreach open set U in X, U is open; (ii) for each 
closed set F in X, F is closed; (iii) for each disjoint pair of open sets 
U, V in X, we have UnV=@. A Hausdorff space which satisfies 
these conditions is said to be extremally disconnected; it is then totally dis- 


connected. *The rational line is totally disconnected but not extremally 
disconnected. , 


b) A Hausdorff space is extremally disconnected if and only if the asso- 
ciated semi-regular space (§ 8, Exercise 20) is extremally disconnected. 


c) Let X be a Hausdorff space and let A be a dense subset of X. 
Show that if A is extremally disconnected and if the topology of X is 
A-maximal (§ 3, Exercise 11), then X is extremally disconnected. 


d) Deduce from 6) and c) that, if X is any infinite set, the (compact) 


ultrafilter space of X is extremally disconnected (cf. § 9, Exercises 26 
and 24) (**). 


e) Let X be a Hausdorff space with no isolated points. Show that the 
topology of X is quasi-maximal (§ 2, Exercise 6) if and only if X is 


(*) This condition is equivalent to saying that Y — X is totally disconnected 
(Chapter II, § 4, no. 4, Proposition 6). 

(**) For examples of extremally disconnected compact spaces with no isolated 
points, see Chapter II, § 4, Exercise 12 6). 
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submaximal (§ 8, Exercise 22) and extremally disconnected. (To show 
that the condition is sufficient, use Exercise 22 ¢) of § 8 and prove that 
every closed subset of X which has no isolated points is open). 


J) Show that every ultraregular space (§ 8, Exercise 25) is extremally 
disconnected, but that an extremally disconnected compact space with 
no isolated points is not ultraregular (cf. § 9, Exercise 27). 


g) Show that an extremally disconnected semi-regular space (§ 8, Exer- 
cise 20) is regular (cf. Chapter II, § 4, Exercise 12). 


h) Show that in an extremally disconnected space there is no convergent 
sequence which has an infinite number of distinct terms [argue by contra- 
diction by constructing recursively two sequences (U,), (V,) of mutually 
disjoint open sets such that if U = U U, and V = U V, then Un V=@ 
but UnV+#@). 

i) Show that in an extremally disconnected space X a non-isolated 
point a cannot have a fundamental system of simultaneously open and 
closed neighbourhoods which is well-ordered (with respect to the relation >). 
(Use reductio ad absurdum, as in h). 


§| 22) a) Show that in an extremally disconnected space every open 
subspace and every dense subspace is extremally disconnected. 


6) Let X bea Hausdorff space in which every point has a neighbourhood 
which is an extremally disconnected subspace of X. Show that X_ is 
extremally disconnected. 


c) Give an example of a Hausdorff space X which is not extremally 
disconnected but which has an extremally disconnected dense open sub- 
space (paste together two extremally disconnected spaces). 


d) Let X be a countable discrete space, X the (compact) space of 
ultrafilters on X (§ 9, Exercise 26). Let (A,)nen be a countably infinite 
partition of X into infinite subsets ; in the closed subspace Y = X — X 
of X, the sets B, = X,n Y are open and closed and pairwise disjoint. 
Let B = U B,; show that the closure B of B in Y is not open in Y, 


and hence that Y is not extremally disconnected (*). (Use reductio 
ad absurdum: using Exercise 20, let CG be an open and closed subset 
of X such that Cn Y =B; consider a point x, in each of the sets 
CnA,, let J be the closure of the set J of points x,, and show that 
bi does not meet B). 


(*) Exercises 21 h) and 22 d) are due to R. Ricabarra. 
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23) Give an example of a bijective mapping f of a Hausdorff space X 
onto a Hausdorffspace Y, such that the image under f of every compact 
subset of X is a compact subset of Y, and the image under /f of every 
connected subset of X is a connected subset of Y, but such that f is 
not continuous (cf. § 9, Exercise 4). 

24) Let X be a topological space. 

a) Let the set $(X) carry one of the topologies Go, Gp (§ 2, Exercise 7) 
or Ge (§ 8, Exercise 12). Show that ifa subset 8 of $o(X) is connec- 
ted and if each Me is connected, then U M is connected. 


Mes 
b) Let G be a subset of (XX) which contains the set of all finite non- 
empty subsets of X. Show that if X is connected then so is G [use 
Exercise 7 6) of § 2 and Proposition 8 of § 4, considering the mappings 


(iy. vs Ha) Ain Sey ah 

| 25) Given two topological spaces X, Y, a mapping f: XY is 
said to be a local homeomorphism if for each xe X there is a neighbourhood 
U of x such that f(U) is a neighbourhood of f(x) in Y, and the 
mapping U -f(U) whichcoincides with f on U is a homeomorphism. 
Every local homeomorphism is a continuous open mapping. 

a) Suppose that X is Hausdorff and Y locally connected. Let 
f: X->Y be a local homeomorphism with the property that there 
is an integer n>o such that F( y) has exactly n points for every 
ye@Y. Show that every ye Y hasan open neighbourhood V such that 
7 (V) has n components U; (1 <i<n) and such that the mapping 
U; > V_ which coincides with f on U; is a homeomorphism. /f is 
then a proper mapping. 

b) Suppose that X is Hausdorff and that Y is connected and locally 


connected. Let f: X-—Y be a proper local homeomorphism. Show 
that f satisfies the hypotheses of a). [If for each integer 2>0, Y, 


is the set of ye Y such that ra y) has at least n points, show that Y, 
is both open and closed in Y]. 


*c) Give an example of a surjective local homeomorphism f: X —> Y, 
in which Y is compact, connected and locally connected, X_ is locally 
compact, connected and locally connected, ra y) consists of at most two 
points for each ye Y, but f is not proper (cf. § 5, Exercise 4)., 


HISTORICAL NOTE 


(Numbers in brackets refer to the bibliography at the end of this note.) 


The ideas of limit and continuity go back to antiquity, and a complete 
history of them could not be written without studying systematically from 
this point of view not only the Greek mathematicians but also the Greek 
philosophers and Aristotle in particular. It would also be necessary 
to trace the evolution of these ideas through Renaissance mathematics 
and the beginnings of the differential and integral calculus. Such a 
study, though it would undoubtedly be interesting to undertake, would 
go far beyond the framework of this note. 

It is Riemann who should be considered as the creator of topology, 
as of so many other branches of modern mathematics. He was the first 
to attempt to formulate the notion of a topological space; he conceived 
the idea of an autonomous theory of such spaces; he defined invariants 
(the ‘Betti numbers’) which were to play a pre-eminent part in the 
later development of topology; and he was the first to apply topology 
to analysis (periods of abelian integrals). But the current of ideas in the 
first half of the nineteenth century had prepared the path for Riemann in 
more ways than one. In the first place, the desire to put mathematics 
on a firm basis, which was the cause of so many important researches 
throughout the nineteenth century and up to the present day, hadled toa 
correct understanding of the notions of a convergent series and a sequence of 
numbers tending to a limit (Cauchy, Abel) and to the notion of a continuous 
function (Bolzano, Cauchy). On the other hand, the geometrical repre- 
sentation (by points of a plane) of the complex numbers (or, as they had 
hitherto been called, ‘imaginary’ or even ‘‘impossible’? numbers) 
which was due to Gauss and Argand, had become familiar to the majority 
of mathematicians; it constituted an advance of the same order as the 
adoption, in our century, of the language of geometry in the study of 
Hilbert space, and contained the germ of the possibility of a geometrical 
representation of every object capable of continuous variation. Gauss, 
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who was in any case naturally led to such concepts by his researches on 
the foundations of geometry, on non-Euclidean geometry and on curved 
surfaces, seems to have had this possibility already in mind, for he uses 
the words “magnitude twice extended’? when defining (independently 
of Argand and the French mathematicians) the geometrical representation 
of complex numbers ([1], pp. 1o1-103 and 175-178). 

Riemann’s work on algebraic functions and their integrals and his 
reflections on the foundations of geometry (largely inspired by his study 
of Gauss’s work) led him to formulate a program of study, which is 
precisely that of modern topology, and to begin to realize this program. 
Here, for example, is what he says in his theory of abelian functions 
([2], p- 91): 


“In the study of functions obtained by integrating exact differentials, some 
theorems of Analysis situs are almost indispensable. By this name, which was 
used by Letbnitz, although perhaps in a somewhat different sense, should be called 
that part of the theory of continuous magnitudes which studies these magnitudes, 
not independently of their position and by measuring them in terms of each other, 
but rather by abstracting all ideas of measurement and considering only their relations 
of position and inclusion. I reserve to a later occasion an investigation completely 
independent of all measurement...” 


And in his famous inaugural lecture “On the hypotheses which under- 
lie Geometry” ((2], p. 272): 


“*,.. the general concept of a magnitude many times extended (*) which contains 
as a particular case that of spatial magnitude, has remained completely unexplored...” 
(p. 272) 

“*... The notion of magnitude presupposes that an element is capable of different 
determinations. According as one can pass from one determination to another by 
a continuous process of transition or not, these determinations form a continuous or 
a discrete manifold : in the former case the determinations are called points of the 
manifold...’ (p. 273) 

“*... Measurement consists of superposition of the magnitudes to be compared, 
hence in order to measure we need some means of using one magnitude as a yardstick 
for another. In the absence of this we can compare two magnitudes only if one ts 
part of the other... The investigations which can be undertaken in this context 
form a part of the theory of magnitudes which is independent of the theory of measure- 
ment and in which the magnitudes are considered not as existing independently 
of their position nor as expressible in terms of a unit of measurement, but as regions 
in a manifold. Such investigations have become necessary in several parts of mathe- 
matics, in particular in the theory of many-valued analytic functions...’’ (p. 274) 


(*) As the sequel shows, Riemann means by this phrase a subset of a topological 
space of arbitrary dimension. 
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‘*.., The determination of position in a given manifold, whenever this ts possible, 
can be reduced to a finite number of numerical determinations. There are however 
manifolds in which the determination of position requires not a finite number but an 
infinite sequence or even a continuous manifold of determinations of magnitudes. 
For example, the possible determinations of a function on a given domain, or the 
possible forms of a spatial figure, give manifolds of this type.” (p. 276) 


Note in this last phrase the first idea of a study of functional spaces; 
Riemann had already expressed the same idea in his dissertation : 
“‘the totality of these functions”, he stated in connection with the minimal 
problem known as Dirichlet’s principle, ‘forms a connected domain which is 
closed in itself’? ({2], p. 30); this, though imperfectly expressed, is never- 
theless the germ of the proof which Hilbert was later to give of Dirichlet’s 
principle, and of most of the applications of function spaces to the calculus 
of variations. 

As we have said, Riemann began the execution of this grandiose 
program by defining the “Betti numbers”, first for a surface ({[2], 
Pp. 92-93) and later ([2], pp. 479-482; cf. also [3]) for a manifold of any 
dimension, and applied this definition to the theory of integrals; for this 
and for the considerable development of this theory since Riemann’s 
time we refer the reader to the Historical Notes to the chapters on alge- 
braic topology in this series of volumes. 

Before a general theory of topological spaces, such as Riemann had 
envisaged, could be developed, it was necessary that the theory of real 
numbers, of sets of numbers, of sets of points on a line, in a plane and in 
space should be more systematically investigated than they had been 
in Riemann’s time. Such investigations were related on the other hand 
to research into the nature of irrational numbers (semi-philosophical by 
Bolzano and essentially mathematical by Dedekind) and to progress in 
the theory of functions of a real variable in which Riemann _ himself 
made an important contribution by his definition of the integral and his 
theory of trigonometrical series, and to which du Bois-Reymond, Dini 
and Weierstrass, among others, contributed; they were the work of the 
second half of the nineteenth century, and especially the work of Cantor, 
who was the first to define (originally on the line, later in Euclidean space 
of n dimensions) the notions of point of accumulation, closed set, open set, 
perfect set, and obtained the essential results on the structure of these 
sets on the line (cf. the Historical Note to Chapter IV). In this context, 
not only the works of Cantor [4] should be consulted, but also his extremely 
interesting correspondence with Dedekind [5], where the idea of dimensional- 
ity as a topological invariant can be found clearly expressed. The later 
progress of the theory is traced in a semi-historical, semi-systematic form 
in Schoenflies’ book [6]; by far the most important acquisition was the 
theorem of Borel-Lebesgue, namely the fact that every bounded closed 
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subset of Euclidean n-space R* (cf. Chapter VI, § 1) satisfies axiom (C”) 
of § 9 of this chapter (the theorem was first proved by Borel for a closed 
interval on the line and a countable family of open intervals covering it). 

Cantor’s ideas had originally met with vigorous opposition (cf. the 
Historical Note to Book I, Chapters I-IV). At any rate his theory of 
point-sets on the line and in the plane was quickly made use of and dissem- 
inated by the French and German schools of function-theory (Jordan, 
Poincaré, Klein, Mittag-Leffler, and later Hadamard, Bore, Baire, 
Lebesgue, etc.); each of the early Borel treatises, in particular, contains 
an elementary exposition of this theory (see for example [7]). As these 
ideas spread, their possible application to sets, not of points but of curves 
or functions, began to be considered in various quarters, as witness the 
title “On the limit curves of a variety of curves” of a memoir by Ascoli 
in 1883 [8] and a communication by Hadamard to the congress of mathe- 
maticians at Ziirich in 1896 [9]; all this is closely related to the introduction 
of “line functions” by Volterra in 1887 and to the creation of ‘functional 
calculus” or theory of functions in which the argument is a function 
(cf. Voltera’s book on functional analysis [10]). On the other hand, 
Hilbert’s famous memoir [11], in which, taking up Riemann’s ideas again, 
he proved the existence of the minimum in Dirichlet’s principle and 
inaugurated the “direct method” in the calculus of variations, showed 
clearly the importance of considering sets of functions in which the Bolzano- 
Weierstrass principle holds, that is to say in which every sequence has a 
convergent subsequence. Such sets were beginning in any case to play 
an important part, not only in the calculus of variations but also in the 
theory of functions of a real variable (Ascoli, Arzela) and a little later in the 
theory of functions of a complex variable (Vitali, Carathéodory, Montel). 
Finally the study of functional equations, and especially the solution by 
Fredholm of the type of equation which bears his name, made it common- 
place to consider a function as an argument and a set of functions as a 
set of points, and as natural to use the language of geometry in this context 
as in Euclidean space of n dimensions (a space which equally eludes 
“intuition” and for this reason remained long an object of distrust to 
many mathematicians). In particular the memorable work of Hilbert 
on integral equations [12] led to the definition and geometrical study of 
Hilbert space by Erhard Schmidt [14], in complete analogy with Eucli- 
dean geometry. 

Meanwhile the concept of an axiomatic theory had acquired more 
and more importance, thanks to much work on the foundations of geometry; 
here Hilbert’s contributions [13] had a particularly decisive influence. 
In the course of this work, Hilbert had been led to formulate in 1902 
({13], p. 180) the first axiomatic definition of the ‘“‘manifold twice ex- 
tended” in the sense of Riemann, a definition which constituted, said 
Hilbert, ‘the foundation of a rigorous axiomatic treatment of Analysis 
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situs’. Hilbert also made use of neighbourhoods (in a sense restricted 
by the demands of the problem to which he limited himself). 

The first attempts to abstract what is common to properties of sets 
of points and sets of functions are due to Fréchet [15] and F. Riesz [16]. 
The former started from the notion of countable limit and did not succeed 
in constructing a convenient and fruitful system of axioms, but at least he 
recognized the relationship between the principle of Bolzano-Weierstrass 
[which is just axiom (CQ) of § 9, restricted to countable sequences] and 
the Borel-Lebesgue theorem [axiom (C”) of § 9]; in this connection he 
introduced the word ‘“‘compact”, although in a sense somewhat different 
from that in which it is used in this series of volumes. As to F. Riesz, 
who took as his starting point the concept of point of accumulation 
(or rather of ‘derived set’, which amounts to the same thing), his theory 
was again incomplete and appeared only in outline form. 

General topology as it is understood today began with Hausdorff 
({17], Chapters 7, 8, 9), who again took up the concept of neighbourhood 
(by which he meant what in the terminology of this series of volumes is 
called an “open neighbourhood”) and chose from Hilbert’s axioms for 
neighbourhoods in the plane those which gave his theory all the precision 
and generality desired. The axioms he took asa starting-point were essen- 
tially (taking into account the difference between his concept of neighbour- 
hood and ours) axioms (V;), (Vy), (Viz), (Vry) of § 1 and (H) of § 8, 
and the chapter in which he develops the consequences of these axioms 
has remained a model of axiomatic theory, abstract but adapted in advance 
to applications. Hausdorff’s work was naturally the point of departure 
for later research in general topology and especially for the work of the 
Moscow school, which was largely directed towards the problem of metri- 
zation (cf. the Historical Note to Chapter IX); here we recall especially 
the definition of compact spaces (under the name of “bicompact spaces”’) 
by Alexandroff and Urysohn, and Tychonoff’s proof of the compactness 
of products of compact spaces [19]. Finally, the introduction of filters 
by H. Cartan [20] has brought to topology a valuable instrument, usable 
in all sorts of applications (in which it replaces to advantage the notion 
of ‘‘Moore-Smith convergence” [18]). Furthermore, the development of 
the theorem on ultrafilters (Theorem 1, § 6), has clarified and simplified the 
theory. 
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CHAPTER II 


Uniform Structures 


1. UNIFORM SPACES 


1. DEFINITION OF A UNIFORM STRUCTURE 


DeFIniTION 1. A uniform structure (or uniformity) on a set X is a structure 
given by a set U of subsets of X X K which satisfies axioms (F,) and (Fy) 
of Chapter I, § 6, no. 1 and also satisfies the following axioms : 


(U,) Every set belonging to 1 contains the diagonal A. 
(Uy) If Veu then Veu. 
(Uyy) For each Ve there exists We such that WoWcV. 


iit 


The sets of WU are called entourages of the uniformity defined on X by U. 
A set endowed with a uniformity is called a uniform space. 


If V_ is an entourage of a uniformity on X, we may express the 
relation (x, x’)eV by saying that “x and x' are V-close’’. 


Remarks. 1) To make the language more expressive we may use the 
expressions “‘x is close enough to y” and ‘x and y are as close as we 
please”? in some statements. For example, we shall say that a relation 
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R{x,»{ is true whenever x and y are close enough if there is an entourage 
V such that the relation (x, y)@V_ implies R{x, yh. 

2) The conjunction of axioms (U,,) and (U,;) is equivalent (assuming 
the other axioms of uniform structures) to the following | axiom : 


(U,) For each Veu there exists We such that WeWcV (*). 
Clearly (Uy) )_ and (Un) imply (U,). Conversely, if (U,) is 
satisfied we have W=A oWcV, by (U,); hence WeV and therefore 
[by (F,)] Veu. Let W’ = waw; then W’el by what has just 
been proved and axiom (F,,), and we have | W’o W’cWo Wev. 
Throughout ‘he chapter “ shall write v instead of VoV, and 


in general ee 'VoV = Veov, for each integer n> 1 and each 
subset V of X x X. 

3) If X is not empty, then axiom (U,) implies that no set of U is 
empty, and therefore U is a filteron XxX. There is only one uniform- 
ity on the empty set, namely U = {|G}. 


DEFINITION 2. A fundamental system of entourages of a uniformity is any set B 
of entourages such that every entourage contains a set belonging to &B. 


Axiom (Uy) shows that if n is any integer > 0 and V runs through 


a fundamental system of entourages, then the sets Vv again form a funda- 
mental system of entourages. 

Entourages V_ such that V=V are called symmetric. If V_ is 
any entourage, then Vn Vo and VuV are symmetric entourages, 
and axioms (Fj) and (Uy) show that the symmetric entourages form 


a fundamental system of entourages. 

Aset % of subsets of X x X is a fundamental system of entourages 
of a uniformity on X if and only if % satisfies axiom (B,) of Chapter I, 
§ 6, no. 3, and also satisfies the following axioms : 
(Uj) Every set of 8 contains the diagonal A. 


(Uj) For each Ve there exists V'e% such that Vic Vv. 


2 
(Uy) For each Ve® there exists We® such that WcV. 


If X is not empty, a fundamental system of entourages .of a uniform 
structure on X is a base of the filter formed by the entourages of this 
structure (Chapter I, § 6, no. 3, Proposition 3). 


(*) We recall (Set Theory, R, § 3, nos. 4 and 10) that if V and W are two 
subsets of X xX X, then the set of pairs (x, y)@X x X, such that (x, z)e@W 
and (z, ¥)e@V for some zeX, is denoted by VoW or VW, and that the set 


—1 
of pairs (x, y)@X x X such that (y, ¥)e€V is denoted by V. 
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Examples of uniformities. * 1) On the set R_ of real numbers we can define 
a uniformity, called the additive uniformity, as follows: for each a > 0 
let V. be the subset of R x R_ consisting of all pairs (x, y) such that 
|x —3|<(a; as a runs through the set of all real numbers > 0, the V. 
form a fundamental system of entourages for the additive uniformity 
on R. Similarly we can define a uniformity (again called the additive 
uniformity) on the set Q of rational numbers; we shall study these structures, 
and analogous uniform structures on groups, in Chapters III and IV. , 
2) Let X beaset and let R_ be an equivalence relation on X; let C be 


2 -—1 

the graph of R in XxX X. Then AcC and C=CG=CQ; (Set 
Theory, R, §5,no. 1); the set of subsets of X x X which consists 
of the set C alone is therefore a fundamental system of entourages of 
a uniformity on X. In particular, if we take R_ to be the relation 
of equality, then C= A and the entourages of the corresponding 
uniformity are all the subsets of XK x X whichcontain A; this uniformity 
is called the discrete uniformity on X, and the set X endowed with 
this uniformity is called a discrete uniform space. 

3) On the set Z of rational integers we can define a uniformity, impor- 
tant in the theory of numbers, as follows: given a prime number f, 
let W,, be the set of all pairs (x, )e€Z x Z such that x= y (mod p"), 
for each integer n> 0. It is easily verified that the sets W,, (for a fixed p) 
form a fundamental system of entourages of a uniformity on Z, called 
the p-adic uniformity (cf. Chapter ITI, § 6, Exercises 23 ff., and Chapter IX, 
§ 3, no. 2). 


In accordance with the general definitions (Set Theory, R, § 8, no. 5), 
if X and X’ are two sets each endowed with uniformities whose sets 
of entourages are U and W’ respectively, then a bijection f of X onto 
X’ is an tsomorphism of the uniformity of X onto that of X’ if g(W) = W, 
where g=/[xfe 

For example, if X and X’ are two equipotent sets, then every 


bijection of X onto X’ is an isomorphism of the discrete uniformity 
of X onto the discrete uniformity of X’. 


2. TOPOLOGY OF A UNIFORM SPACE 


Proposition 1. Let X be a set endowed with a uniform structure U, and for 
cath xeX let Bix) be the set of subsets V(x) of X(*), where V_ runs 
through the set of entourages of U. Then there is a unique topology on X such 
that, for each xe X, W(x) is the neighbourhood filter of x in this topology. 


We have to show that the G(x) satisfy conditions (V;), (Vi), (Vin) 
and (Vj;y) of Chapter I, § 1, no. 2. That this is so for the first three of 


(*) We recall (Set Theory, R, § 3, no. 7) that if V is any subset of X x X 
and x is any element of X, then V(x) denotes the set of all yeX such that 
(x, yy eV. 
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these conditions follows immediately from the fact that the entourages of U. 
satisfy (F,), (Fy) and (U;). As to (V,y), let V_ be an entourage 


of U, W anentourage of U such that WV; then if (x, y)e@W and 
(9, z2)=@W wehave (x, z)eV, sothat W(»)¢ V(«) forall ye W(x), 
and therefore V(x) e€ &(y) for all ye W(x). This completes the proof. 


Dermition 3. The topology defined in Proposition 1 is called the topology 
induced by the uniform structure WU. 


Examples. * 1) The topology induced by the additive uniformity on the 
set of real numbers is the topology of the real line (Chapter I, § 1, no. 2); 
similarly the topology induced by the additive uniformity on the set of 
rational numbers is the topology of the rational line. , 

2) Onany set X, the topology induced by the discrete uniformity (no. 1, 
Example 2) is the discrete topology. 


In the future, when we speak of the topology of a uniform space X, 
we shall always mean the topology induced by the uniform structure 
of the space, unless the contrary is expressly stated. The topological 
space obtained by putting this topology on the set X is sometimes 
called the topological space underlying the uniform space in question. 
For example, when we say that a uniform space is Hausdorff, or compact, 
or locally compact, etc., we mean that the underlying topological space 
has this property. 

If X and X' are two uniform spaces, any isomorphism / of the 
uniform structure of X onto that of X’ is also a homeomorphism of X 
onto X’; we say that X is an isomorphism of the uniform space X onto 
the uniform space X’. It should be noted that a homeomorphism of 
X onto X’ is not necessarily an isomorphism of the uniform structure 
of X onto that of X’. 


In other words, distinct uniformities on the same set X can induce the 
same topology. * For example, on Jo, + oof, the additive and the 
multiplicative uniformities (which are distinct : Chapter III, § 6, Exercise 17) 
induce the same topology. » 

For another example see § 2, no. 2, Remark 1. 


Proposirion 2. Let X be a uniform space. For every symmetric entourage V 
of X and every subset M of X X X, VMV is a neighbourhood of M in 
the product space X Xx X, and the closure of M_ in this space is given by the 
formula 


(1) M = fuyév 


where © denotes the set of symmetric entourages of X. 
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Let V be a symmetric entourage of X. The relation (x, y)eWVMV 
means that there is an element (pf, q) of M_ such that (x, p)—@V and 
(q,y)@V: in other words (V being symmetric) xe V(#) and ye V(q), 
that is (x, y)eV(p) X V(q). Since V(p) x X(q) is a neighbourhood 
of (p, g) in X x X, the first part of the proposition is proved. The 
relations (x, p)¢V, (y, 7)@V_ can also be written pe V(x), ge V(9) 

r (p,q) ¢V(x) x V(y). As V runs through G, thesets V(x) x V(») 
form a fundamental system of neighbourhoods of (x, y) in X x X; 
for if U, U’ are any two entourages there is always a symmetric entourage 
VcUnU’, sothat V(x) x V(y) ¢ U(x) x U'(y). Hence V(x) x V(») 
meets M for each VeS if and only if (x, y)e@M, and formula (1) 
follows. 


Corottary 1. Jf A is any subset of X and V is any symmetric entourage 
of X, then V(A) ts a neighbourhood of A in X, and 


X= fv = fv 


where WU denotes the set of all entourages in X. 


If M=Ax A, then VMV = V(A) x V(A) for any VeSG; for 
the relation “there exists eA such {that (x, p)¢V” is by definition 
equivalent to xeV(A). The corollary now follows from Chapter I, 
§ 4, no. 2, Proposition 5 and no. 3, Proposition 7. 

V(A) is said to be the V-neighbourhood of A. 


If V is an entourage which is openin X xX X, then V(x) isopenin X 
for each xe X (Chapter I, § 4, no. 2, Corollary to Proposition 4) and 
therefore V(A), being the union of the V(x) as x runs through A, 
is openin X. On the other hand, if V is a closed entourage in X X X, 
V(A) need not be closed in X for every subset A of X (Exercise 3). 

It should also be remarked that as V runs through the set of entourages 
of X, the sets V(A) do not necessarily form a fundamental system of 
neighbourhoods of A in X (Exercise 2). 


CorOLLARY 2. The interiors (resp. the closures) of the entourages of X in 
X x X form a fundamental system of entourages of X. 


If V is any entourage of X, there is a symmetric entourage W_ such 
that We V; since Ww is a neighbourhood of W (Proposition 2), the 
interior of V in X x X contains W and is therefore an entourage. 
Furthermore, we have Wc We Ww <V by Proposition 2, and hence V 
contains the closure of an entourage. 


CorRoLuary 3. Every uniform space satisfies axiom (Oy). 


173 


Il UNIFORM STRUCTURES 


If x is any point of X and V runs through the entourages of X which 
are closed in X xX X, then the sets V(x) form a fundamental system of 
neighbourhoods of x in X by Corollary 2, and they are closed in X 
(Chapter I, § 4, no. 2, Corollary to Proposition 4). 


Proposition 3. A uniform space X is Hausdorff if and only if the intersection 
of all the entourages of its uniform structure is the diagonal A of X x X. Every 
Hausdorff uniform space is regular. 


The latter statement follows immediately from Corollary 3 to Proposition 2. 
We have seen that the closed entourages form a fundamental system of 
entourages (Proposition 2, Corollary 2); if their intersection is A, then 
A is closed in X x X and consequently X is Hausdorff (Chapter I, 
§ 8, no. 1, Proposition 1). Conversely, if X is Hausdorff then for every 
point (x, y)@A there is an entourage V of X such that y¢ V(x), 
or equivalently (x,y) ¢V; hence A is the intersection of all the entourages. 

If a uniform space X is Hausdorff, we say that the uniform structure 
of X is Hausdorff. If 8% is a fundamental system of entourages for 
this structure; then X is Hausdorff if and only if the intersection of all 
the sets of B is A. 


2. UNIFORMLY CONTINUOUS FUNCTIONS 


1. UNIFORMLY CONTINUOUS FUNCTIONS 


Derinition 1. A mapping f of a uniform space X into a uniform space X' 
is said to be uniformly continuous if, for each entourage V' of X', there is an 
entourage V of X such that the relation (x,y) eV implies (f(x), f(9)) eV’. 


In more expressive terms we may say that f is uniformly continuous 
if f(x) and f(y) are as close to each other as we please whenever x 
and y are close enough. 


If we put g =f xf, then Definition 1 means that whenever V' is an 
entourage of X', B(V’) is an entourage of X. 

Examples. 1) The identity mapping of a uniform space onto itself is 
uniformly continuous. 


2) A constant mapping of a uniform space into a uniform space is uni- 
formly continuous. 


3) Every mapping of a discrete uniform space into a uniform space is 
uniformly continuous. 
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Proposition 1. Every uniformly continuous mapping is continuous. 
This is an immediate consequence of the definitions. 


On the other hand, a continuous mapping of a uniform space X into a 
uniform space X’ need not be uniformly continuous, * as is shown by 
the example x—>x', a homeomorphism of R_ onto itself, which is not 
uniformly continuous with respect to the additive uniformity. , (See 
§ 4, no. 1, Theorem 2.) 


Proposition 2. (a) If f: X—>X' and g: X'—X" are two uniformly 
continuous mappings, then gof: X-—>X" is uniformly continuous. 
(b) A bijection f of a uniform space X onto a uniform space X' is an tsomor- 
phism if and only if f and the inverse of f are uniformly continuous. 


This follows immediately from the interpretation of Definition 1 in terms 
of the product mapping f x f- 


2. COMPARISON OF UNIFORMITIES 


Proposition 2 of no. 1 shows that we can take as morphisms of uniform struc- 
tures the uniformly continuous mappings (Set Theory, Chapter IV, § 2, 
no. 1); we shall always assume in the future that the morphisms have 
been so chosen. In accordance with the general definitions (Set Theory, 
Chapter IV, § 2, no. 2), this allows us to define an order relation on the set 
of uniformities on a given set X: 


Dermition 2. Jf U, and U, are two uniform structures on the same set X, 
UL, is said to be finer than U, (and U, coarser than U,) if, denoting by X; 
the set X with the uniform structure U; (i = 1,2), the identity mapping X, > Xq 
is uniformly continuous. 


If U, is finer than UW, and distinct from U,, we say that U, is strictly 
finer than U, (and that U, is strictly coarser than U4). 
Two uniformities are said to be comparable if one is finer than the other. 


Example. In the ordered set of uniformities on a set X, the discrete 
uniformity is the finest, and the coarsest uniformity is that in which the set 
of entourages consists of the single element X x X. 


The following proposition is an immediate consequence of Definition 1 
of no. 1: 


Prorosirion 3. If VU, and U, are two uniformities on a set X, then U, 
is finer than Ul, tf and only if every entourage of UW, is an entourage of Uy. 


Corotiary. Let U, and Uy, be two uniformities on a set X, and suppose 
that U, is finer than U,.; then the topology induced by VW, is finer than the 
topology induced by Up. 
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This follows immediately from the comparison of topologies in terms 
of neighbourhoods (Chapter I, § 2, no. 2, Proposition 3). 


Remarks. 1) It can happen that a uniformity U, is strictly finer than a 
uniformity UW, but that the two induced topologies are identical. The 
following example shows this: 

Let X be a non-empty set. For each finite partition w = (Aj): <i<n 
of X, let V,; denote 


Ua, x A,. 
i 


The sets V; then form a fundamental system of entourages of a uniformity UL 
on X. For if ow is any finite partition of X we have AcV; and 


Vs0V,;=Vs=Vs (§ 1, no. 1, Example 2); and if o’ = (B,) and 
ws” = (C,) are two finite partitions of X, then those of the sets B,nC, 
which are not empty form a finite partition wo of X, and we have 
Vsc Va nV. UW is called the uniformity of finite partitions on X. The 
topology induced by. U_ is the discrete topology, since for each xeX the 
sets {x| and Ox} form a finite partition of XK. Nevertheless, if X 
is infinite, it is clear that U is strictly coarser than the discrete uniformity. 
2) If f: K-—X’ is a uniformly continuous mapping, then f remains 
uniformly continuous if we replace the uniformity of X by a finer 
uniformity and that of X’ by a coarser uniformity (no. 1, Proposition 2). 
In other words, the finer the uniformity of X and the coarser the 
uniformity of X’, the more uniformly continuous mappings there are 
of X into X’. 


3. INITIAL UNIFORMITIES 


Proposition 4. Let X be a set, let (Y,)ieq be a family of uniform spaces, 
and for each vel let f, be a mapping of X into Y,. Foreach tel let g, 
denote f, xf, Let © be the set of subsets of X x X of the form g,(V,), 
where .e@I and V, is an entourage of Y,, and let & be the set of all finite 
intersections 


(1) U(Vis ++. Vig) = 18 ,(Vi,) 9 1 Ba, (V,,) 


of sets of GS. Then B is a fundamental system of entourages of a uniformity 
UW on X which is the initial uniform structure on X with respect to the family 
(f.) (Set Theory, Chapter IV, § 2, no. 3), and in particular UW is the coarsest 
uniformity on X for which all the mappings f, are uniformly continuous. But 
otherwise, let h be a mapping of a uniform space Z into X; then h is uniformly 
continuous (when X is endowed with the uniformity U) if and only if each of 
the mappings f,oh is uniformly continuous. 
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It is immediately seen that @ satisfies axioms (B,)Fand (Uj). If 
W, = ¢.(V,), then W, = ZV) and W, = 2(V); hence 8 also 
satisfies axioms (Ujz) and (Ui) andis therefore a fundamental system of 
entourages ofa uniformity U on X. Furthermore, it follows immediately 
from the definition of UW and Definition 1 and no. 1 that f, is uniformly 
continuous for each index teI; hence (no. 1, Proposition 2) f,oh is 
uniformly continuous for each .eI if h is, Conversely, suppose that 
f.eh is uniformly continuous for each vel, and consider a_ set 
U(V,, ---, V.,); by hypothesis, for each & such that 1 <k <n, there 
is an entourage W, of Z such that the relation (z, z’) « W, implies 


[fu(2(2))s Fy (h(z'))] e ViG if 
Wi N Wi 
k 


these n relations are simultaneously satisfied whenever z and z' are 
W-close, so that we have then (h(z), h(z'))e U(V,, -.., Vi), and the 
proof is complete. 


Corotiary. The topology on X induced by the coarsest uniformity “UW for 
which the f, are uniformly continuous is also the coarsest topology for which the 
Ji. ae continuous. 


This is an immediate consequence of the definition of the neighbourhoods 
of a point in this latter topology (Chapter I, § 2, no. 3, Proposition 4). 
The general properties of initial structures (Set Theory, Chapter IV, 
§ 2, no. 3, criterion CST 10) imply in particular the following transitivity 
property : 
Proposition 5. Let X be a set, let (Z,)rey b¢ a family of uniform spaces, 
let (J\)xex 5e a partition of I and let (Y,),eq, be a family of sets indexed by L. 
For each }EL, let hb, be a mapping of X into Y,; for each X}eL and 
each .eJy, let g, be a mapping of Y) into Z,; and lee fi =e ,°h. 
Let each Y, carry the coarsest uniform structure for which the mappings gy (© Jy) 
are uniformly continuous. Then the coarsest uniform structure on X for which 
the f, are uniformly continuous is the same as the coarsest uniform structure on X 
for which the hy are uniformly continuous. 


4. INVERSE IMAGE OF A UNIFORMITY; UNIFORM SUBSPACES 


Let X beaset, Y a uniform space, f a mapping of X into Y. The 
coarsest uniformity % on X for which / is uniformly continuous is 
called the inverse image under f of the uniform structure of Y. It follows 
from Proposition 4 of no. 3, and from the formulae which give the inverse 
image of an intersection, that the inverse images under g =f x f of 
the entourages of Y form a fundamental system of entourages for WU. 
The topology induced by UW is the inverse image under f of the topology 
of Y (no. 3, Corollary to Proposition 4). 
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Remark. If f: X-—>Y is surjective, then the entourages of Y are the 
direct images under g of the entourages of X. 


A mapping f ofa uniform space X into a uniform space X’ is uniformly 
continuous if and only if the inverse image under f of the uniformity 
of X’ is coarser than the uniformity of X. 

Let A_ be a subset of a uniform space X. The uniformity induced 
on A by the uniformity of X is the inverse image of the latter under 
the canonical injection A-—»X. By Proposition 4 of no. 3, this is equiva- 
lent to the following definition : 


Derinirion 3. Let A be a subset of a uniform space X. The uniformity 
on A_ whose set of entourages is the trace on A X A of the set of entourages of 
X is called the uniformity induced on A by the uniformity of X. 


The topology induced by the uniformity induced on A is the same as the 
topology induced on A by the topology of X; the set A, together with 
the uniformity and the topology induced by those of X, is called a uni- 
form subspace of X. 

If A is a subset of a uniform space X and if f: X— X’ is a uni- 
formly continuous mapping, then the restriction f|A is a uniformly 
continuous mapping of A into X’. If A’cX’ is such that f(X) cA’, 
then the mapping of X into the uniform subspace A’ of X’', having 
the same graph as f, is again uniformly continuous (no. 3, Proposition 4). 

If BcAcX, then the uniform subspace B of X is identical with 
the uniform subspace B of the uniform subspace A of X (transitivity 
of induced uniform structures; no. 3, Proposition 5). 


Proposition 6. Let A be a dense subset of a uniform space X. Then the 
closures, in X X X, of the entourages of the uniform subspace A form a funda- 
mental system of entourages of X. 


A x A isdensein X x X (Chapter I, § 4, no. 3, Proposition 7). Let Vv 
be an open entourage of A; it is the intersection of A x A with an 
open entourage U of X. We have UcV (Chapter I, § 1, no. 6, 
Proposition 5), and this relation together with VcU establishes the 
proposition, in view of § 1, no. 2, Corollary 2 of Proposition 2. 


5. LEAST UPPER BOUND OF A SET OF UNIFORMITIES 


Every family (U,):e1 of uniformities on a set X has a least upper bound UW 
in the ordered set of all uniformities on X; we have only to apply Propo- 
sition 4 of no. 3, taking Y, to be the set X with the uniformity ,, 
and /f, to be the identity mapping X->Y,. The topology induced 
by U is just the least upper bound of the topologies induced by the U,. 
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It follows also from Proposition 4 of no. 3 that if X is not empty and if 
U, is the filter of entourages of U,, then the filter of entourages of U 
is the least upper bound of the filters Ul, (Chapter I, § 6, no. 2). 


Example. If o is any finite partition (A,),<;<, of a non-empty set X, 

the set Vz = U (A; x A,) by itself constitutes a fundamental system of 
i 

entourages of a uniformity U, on X (§1, no. 1, Example 2); the uniform- 


ity of finite partitions on X (no. 2, Remark 1) is then the least upper 
bound of the uniformities Us. 


Remark. A family (%) of uniformities on X also has a greatest 
lower bound in the ordered set of all uniformities on X, namely the least 
upper bound of the set of all uniformities on X which are coarser than 
each of the U, (such uniformities exist, since the set of all uniformities 
on X has a least element). But (supposing X not empty) the filter 
of entourages of this uniformity is not necessarily the intersection of the 
filters of entourages of the U., because this latter filter need not satisfy 
axiom (U,,;) (Exercise 4). 


6. PRODUCT OF UNIFORM SPACES 


Dermnition 4. Jf (X,):e1 is a family of uniform spaces, the product uniform 
space of this family is the product set 


x =][x, 


tel 


endowed with the coarsest uniformity for which the projections pr,: X—>X, 
are uniformly continuous. This uniformity is called the product of the uniformities of 
the X,, and the uniform spaces X, are called the factors of X. 


The topology induced by the product uniformity on X is same as the 
product of the topologies of the X, (no. 3, Corollary to Proposition 4). 


Proposition 7. Let f=(f,) be a mapping of a uniform space Y into a 
product uniform space X = I X,. Then f is uniformly continuous if and only 
if each f, ts uniformly ciainuoits: 

Since f, = pr,of, this is a particular case of Proposition 4 of no. 3. 


Corotiary. Let (Xen (Yiier be two families of ‘uniform spaces indexed 
by the same set 1. For each vel, let f, be a mapping of X, into Y,. If 
each of the f, is uniformly continuous, then so is the product mapping 


S (%) > (A). 


Conversely, if the X, are non-empty and f is uniformly continuous, then each f, 
is uniformly continuous. 
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J can be written as x —(/(pr,x)), and the first part of the corollary 
therefore follows from Proposition 7. The second part is proved by 
considering a point a= (a,) of ILx, and repeating the argument of 


a3 § 
Chapter I, § 4, no. 1, Corollary 1 to Proposition 1, with the phrase 
“continuous at a (resp. a,)” replaced by “uniformly continuous”. 


The general criterion of transitivity of initial uniformities (no. 3, 
Proposition 5) shows that, as for the product of topological spaces (Chapter I, 
§ 4, no. 1), the product of uniform spaces is associative and that the following 
is true: 


Proposition 8. Let X be a set, let (Y,)1eq be a family of uniform spaces, 
and for each .eI let f, be a mapping of KX into Y,. Let f be the mapping 
x—>(fi(x)) of X into Y= IT¥., and let U be the coarsest uniformity 


on X for which the f, are siniformly continuous. Then U is the inverse image 
under f of the uniformity induced on f (X) by the product uniformity on Y. 


Corouiary. For each vel, let A, be a subspace of Y,. Then the uniform- 
ity induced on A= [a by the product uniformity on U Y, ts the same as 
the product of the uniformities of the subspaces A,. 


In addition, we see immediately that if X,, X, are two uniform spaces 
and a, is any point of X,, the mapping x, —> (a,,x,) is an isomorphism 
of X, onto the subspace {a,} xX X, of X, xX X,; hence: 


Proposition 9. Let f be a uniformly continuous mapping of a product uniform 
Space X, X X, into a uniform space Y; then every partial mapping 


¥_>S (*1 Xe) 
of X_ into Y is uniformly continuous. 


In other words, a uniformly continuous function of two arguments is 
uniformly continuous with respect to each of them separately. 


* The example given in Chapter I, § 4, no. 2, Remark 2, shows that the 
converse of this proposition is false. , 
7. INVERSE LIMITS OF UNIFORM SPACES 


Let I be a partially ordered set in which the partial ordering is written 
a<. For each ael let X, be a uniform space, and for each pair 
of indices a, @ such that a<@ let fg be a mapping of Xg into X,. 
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We shall say that (X,, f,g) is an inverse system of uniform spacesif (i) (X4; fag) 
is an inverse system of sets (cf. Chapter I, Appendix, no. 1) and (ii) whenever 
a<B, fag is uniformly continuous. On X = lim X, the coarsest uniform- 
ity for which the canonical mappings ~,: X—>X, are uniformly 
continuous is called the inverse limit (with respect to the fxg) of the uniform- 
ities of the X,, and the set X endowed with this coarsest uniformity 
is called the inverse limit of the inverse system of uniform spaces (Xq, fag). All 
the properties of inverse limits of topological spaces established in Chapter I, 
§ 4, no. 4 (with the exception of Proposition 9) remain valid if we replace 
“topology” by “uniformity” and ‘continuous mapping” by “uniformly 
continuous mapping”. In addition: 


Proposirion 10. Let I be a directed set, let (Xq, fug) be an inverse system 
of uniform spaces indexed by I, and let J be a cofinal subset of 1. For each 
ael let f, be the canonical mapping of X = lim.X, into X,, and let g, 
denote fy X fu. Then the family of sets PalVa)s where a runs through J 
and where, for each a€J, Vq runs through a fundamental system of entourages of 
X,, ts a fundamental system of entourages of X. 


We leave the proof to the reader; it is a straightforward adaptation of the 
proof of Proposition 9 of Chapter I, § 4, no. 4. 


Finally, the topology on X = lim X, induced by the inverse limit 
of the uniformities of the X, is the inverse limit of the topologies ofthe X,. 


3. COMPLETE SPACES 


1. CAUCHY FILTERS 


Once a set X has been endowed with a uniform structure we can define 
what is meant by a ‘“‘small’? subset of X (relative to this structure) : 
a “small”? subset of X is one in which all the points are “very close” to 
each other. Precisely: 


Derinition 1. Jf X 1s a uniform space and if V is an entourage of X, a 
subset A of X is said to be V-small if every pair of points of A are V-close 
(in other words, if A x AcV). 


Proposition 1. In a uniform space X, tf two sets A and B are V-small 
and intersect, then their union AUB is V-small. 
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Let x and y be any two points of AuB, and lett ZeAnB. Then 
(x, z)e@V and (z, y)eV, so that (x, 9) eV. 


DEFINITION 2. A filter § on a uniform space X is a Cauchy filter if for each 
entourage V of X there is a subset of X which is V-small and belongs to §. 


Here again we may make our language more expressive by the use of the 
expressions “sufficiently small set” and ‘a set as small as we please’; 
thus Definition 2 can be restated by saying that a Cauchy filter is one 
containing arbitrarily small sets. 

An infinite sequence (u,) of points of a uniform space X is said to 
be a Cauchy sequence if the elementary filter associated with the sequence is 
a Cauchy filter. It comes to the same thing to say that for each entourage 
V of X there is an integer m) such that for all integers m=>n, and n>n, 
we have (u,,, u,) eV. 


PRoposITION 2. On a uniform space X_ every convergent filter is a Cauchy 
filter. 


If x is any point of X and V is any symmetric entourage of X, then 
the neighbourhood V(x) of x is V-small. If § is a filter which 
converges to x, there is a set of ® contained in V(x), and therefore 
V-smaill. 


Clearly every filter which is finer than a Cauchy filter is a Cauchy 
filter. 


Proposition 3. Let f: X—>X’ be a untformly continuous mapping. Then 
the image under f of a Cauchy filter base on X is a Cauchy filter base on X'. 


Let g=fx/f. If V’ is anentourage of X’, then ¢(V’) is an entou- 
rage of X, and the image under f of a g(V’)-small set is V‘-small; 
hence the result. 


It follows in particular that if the uniformity of a uniform space X 
is replaced by a coarser uniformity, then every Cauchy filter with respect 
to the original uniformity remains a Cauchy filter with respect to the 
new uniformity. 


This fact can be easily remembered in the following form: the finer the 
uniformity, the fewer Cauchy filters there are. 


ProposiTion 4. Let X be a set, let (Ye be a family of uniform spaces, 
and for each .el let f, bea mapping of X into Y,. Let X carry the coarsest 
uniformity UW for which the f, are uniformly continuous. Then in order that 
a filter base B on X should be a Cauchy filter base it is necessary and sufficient 
that f,(%) should be a Cauchy filter base on Y,, for each vel. 
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The condition is necessary by Proposition 3. Conversely, suppose that 
it is satisfied, and let U(V,,, ..., V,,) be an entourage of the uniformity 
UW [§ 2, no. 3, formula (1)]. By hypothesis, for each index & there is a 
set M,¢% such that f,(M,) is V,,-small (1 ¢k <n). Let M bea 
set of 8 contained in M, for 1 <k <n; then for each pair of points 
x, x' of M we have [f,(~),f,(*)]¢eV,, for 1<k<n, so that 


(x, x‘)@ U(V,, ..., Vi,)- 
This completes the proof. 


Corotitary 1. Jf a Cauchy filter on a uniform space X induces a filter on a 
subset A of X, then this filter is a Cauchy filter on the uniform subspace A. 


Coro.tiary 2. A filter base & on a product IIx, of uniform spaces is a 


él 
Cauchy filter base if and only if, for each vel, pr,(B) is a Cauchy filter base 
on X,. 


2. MINIMAL CAUCHY FILTERS 


The minimal elements (with respect to inclusion) of the set of Cauchy 
filters on a uniform space X are called minimal Cauchy filters on X. 


ProposiTion 5. Let X be a uniform space. For each Cauchy filter & on X 
there is a unique minimal Cauchy filter &y coarser than &. If B is a base of 
®& and © is a fundamental system of symmetric entourages of X, then the sets 
V(M) (Me, VES) form a base of &o. 


If M, M’ are in 8 and V, V’ are in G, then there is a set 
M’ «% (resp. V" eG) suchthat M”<¢ MnM' (resp. VV” c Vn V’); hence 
V"(M") < V(M) n V'(M’) and therefore the sets V(M) (Me8%, VeG) 
indeed form a base of a filter §, on X. Further, if M is V-small, 


3 
then V(M) is V-small; hence & is a Cauchy filter and is clearly 
coarser than §. To complete the proof it is enough to show that if G@ 
is a Cauchy filter coarser than %, then @ is finer than %. For each 
Me and each Ve® there is a set Ne@ which is V-small; 
since Ne, N meets M; hence Nc V(M) andso V(M)eW. 


CoroLiary 1. For each xe X, the neighbourhood filter B(x) of x in X 
is a minimal Cauchy filter. 


Take § in Proposition 5 to be the filter of all subsets of X which contain 
x, and take % to consist of the single element {x} : 
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Corotiary 2. Every cluster point x of a Cauchy filter & is a limit point of §&. 


There is a filter @ which is finer than both §' ahd (x) (Chapter I, 
§ 7, no. 2, Proposition 4); since § is a Cauchy filter, sois G. If §, 
is the unique minimal Cauchy filter coarser than §, then both § and 
%(x) are minimal Cauchy filters coarser than ©. Hence § = B(x), 
which shows that § converges to x. 


CoroLiary 3. Every Cauchy filter, which 1s coarser than a filter converging 
to a point x, also converges to x. 


This is a consequence of Corollary 2. 


Corotiary 4. If & is a minimal Cauchy filter, then every set of & has a non- 
empty interior which also belongs to § (in other words, § has a base consist- 
ing of open sets). 

Let V_ be any entourage of X; then there is an open entourage Uc V 
(§ 1, no. 2, Corollary 2 to Proposition 2). For each subset M of X, U(M) 
is open and contained in V(M); hence the result, in view of Propo- 
sition 5. 


3. COMPLETE SPACES 
In a uniform space X, a Cauchy filter need not have a limit point. 
Examples. 1) Consider the sequence (u,) on the rational line Q defined 
n 


by u, = > a-pipth/2, If m>n we have 
p=0 
(1) [4m — Uy| S ar-nen 9/2 


and therefore (u,) is a Cauchy sequence. But this sequence has no limi 
in Q; for if the rational number a/b were a limit of (u,), then by (1) 
we should have for all n 


|a/b ato h,fan+0/2| < 1 /an(nt8)/2 
where h, is an integer (depending on n); that is, 
|a.2rn+9/8 bh | <b.a-m 
for all n. Now the left-hand side of this inequality is an integer for all n, 
and must therefore be zero whenever n is greater than an integer 1 
such that 6 < 2%; we should therefore have a/b =u, for all n> no, 
which is absurd. 


2) Let X be an infinite set, and consider the uniformity of finite 
partitions on X (§ 2, no. 2, Remark 1). Every ultrafiler § on X isa 


COMPLETE SPACES § 3.3 


Cauchy filter with respect to this uniformity. For if (A,) is a finite parti- 
tion of X and 


v= Ua, A) 


the corresponding entourage, then at least one of the A, belongs to § 
(Chapter I, § 6, no. 4, Corollary to Proposition 5), and A, is V-small. 
On the other hand, X is an infinite discrete space, hence is not compact, 
and consequently there are ultrafilters on X which do not converge. 


DerFInition 3. A complete space is a uniform space in which every Cauchy filter 
converges. 


In a complete space every Cauchy sequence (no. 1) is therefore convergent. 


Example. On a discrete uniform space X a Cauchy filter is a trivial 
ultrafilter (Chapter I, § 6, no. 4), hence convergent; consequently, X is 
complete. 


From Definitions 2 and 3 of no. 1 and Proposition 2 of no. 1, we deduce 
the following proposition, known as Cauchy’s criterion: 


Proposition 6. Let § be a filter on a set X, and let f be a mapping of X 
into a complete uniform space X'. Then f has a limit with respect to §& if 
and only if the image of & under f is a Cauchy filter base. 


This criterion shows the importance of complete spaces in all questions 
involving the notion of limit: if a function takes its values in a complete 
space we can prove the existence of a limit without knowing in advance the 
value of the limit; this would be impossible if the definition of limit were the 
only criterion of convergence at our disposal. 

A uniformity which is finer than the uniformity of a complete space 
need not be a uniformity of a complete space (Exercise 2). However, 
we have the following proposition : 


Proposition 7. Let U,, Ue be two uniformities ona set X, and let ©,, G, 
be the topologies induced by these uniformities respectively. Suppose that VU, 
is finer than U., and that there is a fundamental system of entourages for U, 
which are closed in X X X in the topology ©, X Gy. Then a filter & on 
X converges in the topology ©, if and only if it is a Cauchy filter in the uniformity 
QL, and converges in the topology sy. 


The conditions are clearly necessary, because ©, is coarser than ©. 
Conversely, suppose that the conditions are satisfied, and let x be a limit 
point of § with respect to 6,; we shall show that x is a limit of ¥ with 
respect to ©,. Let V be a symmetric entourage of U, whichis closed 
in the topology 6, x G,. By hypothesis, § contains a set M_ which 
is V-small; hence if x’@M we have McV(x’). But V(x’) is 
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closed in the topology ©,; hence x, which lies in the closure of M with 
respect to ©, must belongto V(x’). It followsthat Mc V(x), and the 
proposition is proved. 


Corotiary. In the conditions of Proposition 7, if WU, is a uniformity of a 
complete space, then so is Uy. 


For every Cauchy filter with respect to U, is then a Cauchy filter with 
respect to U, and therefore converges in the topology ©,. 

Note that the hypotheses of the Corollary to Proposition 7 are satisfied 
when 6, = 6, (§ 1, no. 2, Corollary 2 to Proposition 2). 


4. SUBSPACES OF COMPLETE SPACES 


Proposition 8. Every closed subspace of a complete space is complete. Every 
complete subspace of a Hausdorff uniform space (complete or not) is closed. 


Let X be a complete space and let A be a closed subspace of X. If 
®& is a Cauchy filter on A, then it is a Cauchy filter base on X (no. 1, 
Proposition 3) and therefore converges to a point xe X; but since A is 
closed we have xe A, and therefore § converges in the subspace A. 

Now let A be a non-closed subset of a Hausdorff uniform space X, 
and let be A—A. The trace %, on A of the neighbourhood filter 
% of 6 in X is a Cauchy filter on A; but it cannot converge to a 
point ce A, otherwise ¢ would be a limit point of 8% (no. 2, Proposi- 
tion 5, Corollary 3) which is absurd since 6c¢ and X is Hausdorff. 


Proposition 9. Let X be a uniform space and let A be a dense subset of X 
such that every Cauchy filter base on A converges in X. Then X is complete. 


It is enough to show that every minimal Cauchy filter § on X is conver- 
gent. Since A is dense and since every set of § has a non-empty interior 
(no. 2, Corollary 4 to Proposition 5), the trace 4 of § on A isa Cauchy 
filter on A, hence converges to a point x»¢X. Since § is coarser than 
the filter on X generated by §,, it follows that § converges to x9 
(no. 2, Corollary 3 to Proposition 5). 


5. PRODUCTS AND INVERSE LIMITS OF COMPLETE SPACES 
Proposition 10. Every product of complete uniform spaces is complete. Converse- 
ly, if a product of non-empty uniform spaces is complete, then each of the Sactors 
is a complete uniform space. 
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The first assertion is a consequence of the characterization of Cauchy 
filters and convergent filters on a product space (no. 1, Corollary 2 to 
Proposition 4 and Chapter I, § 7, no. 6, Corollary 1 to Proposition 10). 
Conversely, suppose 

x=][x, 


tél 


is complete (the X, being non-empty) and let %, be a Cauchy filter 
on X,. For each 14x let §, be a Cauchy filter on X,, and consider 
the product filter (Chapter I, § 6, no. 7) 


y= []8, on X; 
tel 
§ is a Cauchy filter (no. 1, Corollary 2 to Proposition 4), hence is 
convergent, and therefore so is each pr,§ = §, (Chapter I, § 7, no. 
6, Corollary 1 to Proposition 10). 


Corotiary. Let (Xq, fag) be an inverse system of uniform spaces. If the 
XX, are Hausdorff and complete, then sois X = lim X,. 


For X is Hausdorff and can be identified with a closed subspace of [| X, 


él 
(Chapter I, § 8, no. 2, Corollary 2 to Proposition 7); the corollary therefore 
follows from Proposition 10 and Proposition 8 (no. 4). 


An inverse limit of complete Hausdorff uniform spaces X, can be 
empty, even if all the X, are non-empty and all the fj are surjective, 
as is shown by the case of discrete spaces (Set Theory, Chapter III, § 1, 
Exercise 32). However, we have the following theorem : 


TueoreM 1 (Mittag-Leffler). Let (Xq, fag) be an inverse system of complete 
Hausdorff uniform spaces, indexed by a directed set I which has a countable 
cofinal subset; suppose also that, for each ae, X, has acountable fundamental 
system of entourages (*). Finally, suppose that for each ae there is an index 
B 2a satisfying the following condition : 

(MLig) For each y>B, fay(Xy) ts dense in fug(Xg). 


Let X=lim X, and let f, be the canonical mapping X—>X,. Then 
foreach «eI and each B>a satisfying (MLgg), fa(X) ts dense in fyg(Xg) 
(and consequenily X is non-empty if the X, are all non-empty). 


Let (A,) be a sequence of indices cofinal in I. Start with an index 
ag¢I and define recursively an increasing sequence (a,) such that 
a 2%, and such that (ML,,.,,,) is true. Clearly the sequence 


(*) * This condition signifies that the Hausdorff uniform space X. is metrizable; 
cf. Chapter IX, § 2, no. 4, Theorem 1. y 
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(a,) is cofinal in I. We shall write f,, in place of fic, for m<n, 
and we shall put fi, nti(Xa,,,) = Yn. Then, if m<n, fna(Yn) 1s dense 
in Y,; for by definition fy, n41(Xa,,,) is dense in 


Sn, m+1(Xamer) =Y,, and da nti (Sans) = finlSn, nti (Sans) =Sinn(Yn)- 


By induction on n and k we can define a fundamental system 
(Vin)ken Of closed symmetric entourages of X,, for each n such that 


2 
(2) Viet, ac Views 
(3) (Sn, nta X Sn, ata) (Wi, nti) © Vien: 


In effect, let (Ugn)kex be a fundamental system of entourages of X,,. 
If we suppose that the V,, have been defined for a given n and for all 
keN, then since f,.n+, is uniformly continuous we can define the 
entourage V;,.n+,; by induction on k so that (3) is satisfied and 


2 
Vier nts © Vint O Users, ata 


The assertion follows. 

Now let x)@ Yo. We shall show that for each integer k > 0 there is 
apoint ze X such that [x9, fo,(z)] © Vi-1,0; this will prove the theorem. 
Since fanti (Yn41) is dense in Y,, we can define by induction a se- 
quence of points x,¢ Y, such that 


(4) [%ns Sn, nta(Xnt1)] be Vito, ne 
By reason of (3) it follows that if m<n then 
(5) [finn (%n)» Sin, nti (%n+1)] = Vietnym 


From this we conclude that for fixed m the sequence (fnn(¥n))n>m is a 
Cauchy sequence in X,,, and therefore converges to a point z,; for by 
induction it follows from (5) that, for each pair of integers 2 m, q > 0, 
we have 


(6) Sr Xpls Scot pig | € Victptq-1,m ° Victptq-2,m O10 Vitp,m 


and by virtue of (2) it is clear that the right-hand side of (6) is contained 
in Vxtp-1,m- Let q increase indefinitely; we infer in particular that, 
for m = p = 0, we have (x9, Zo) © Vi-1,9, since V,-1,9 is closed. On the 


other hand, from the relations z, = limf,,(*%,) and from the continuity 
Roo 

of fn m+is We deduce that fi m+i(Zm+1) = 2m for each m2o, For each 

yeI there is at least one integer mn such that a, 2; putting 
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Zy =Sy,a,(%n) Wwe verify immediately that z, does not depend on the 
value of n such that «, >, and that the family (z.)ze, so defined 
isa point z of X=lim X,. Since /,,(z) = 2%», the proof is complete. 


Corotiary 1. Let (Xq, fag) be an inverse system of sets indexed by a directed 
set I which has a countable cofinal subset, and suppose that the f4g are surjective. 
Then if X= lyn X,, the canonical mapping fy: X—>X, is sunective 
for each ael. 


Let each X, carry the discrete uniformity, and apply Theorem 1. 


CoroLtyary 2. Let I be a directed set which has a countable cofinal subset. 
Let (Xo fap) and (Ka; fag) be two inverse systems of sets indexed by 1, and 
for each wel let ug: K,—->Xq be a mapping, such that the u,, form an inverse 
system of mappings. Let u=limu,. Let x = (xq) be an element of 


X! = lim Xj 


which satisfies the following condition: for each wel there is an index B>a 
such that for all y>B we have fyy(1 re (*y)) = fug( g(xg))- Then there is 


an element xe X such that u(x) = x’. 


Apply Theorem 1 to the inverse system of sets ta(xd), each carrying the 
discrete uniformity. 


* Example. Suppose we are given in C: (i) asequence (a,) of distinct 
points such that the sequence (|a,|) is increasing and tends to + 0; 
(ii) for each n, a rational function z—>R,(z) defined in C— }a,} 
and having a pole at a,; (iii) an increasing sequence (B,) of open 
discs centred at 0, whose union is C, and such that none of the a, 
is on the frontier of any of the discs B,. For each n, let Bi denote 
the intersection of B, and the complement in C of the set of points a,; 
and let X, denote the set of all mappings 


z>S(z) =P(z)+ » R,(z) 
a,E8, 
of B/ into C, where P is the restriction to B/ of a function which is 


continuous in B, and holomorphic in B,. We define a metric in X, 


by putting 
d,(S1, 52) = sup |S;(z) — S,(z)]. 
zEBn 
It is easily verified that X, is complete with respect to this metric. Finally, 
for n <m, we define a mapping f,,,: X,,—> X, such thatif SeX,, then 
San(S) is the restriction of S to Bj. It is clear that the f,,, are uniformly 
continuous and that (X,, f,,,) is an inverse system of uniform spaces. This 
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being so, an element of the inverse limit X = lim X, can be canonically 
identified with a meromorphic function F in C, whose only poles are the 
points a,, and which is such that for each n, F(z) —R,(z) is holomor- 
phic at a,. The classical theorem of Mittag-Leffler asserts that X is not 
empty; by virtue of Theorem 1, we have only to verify the condition 
(ML,,,) for all n. Let 


S, = P, + Dy R, 
a,EB, 
be an element of X,, where P, is continuous in B, and holomorphic 
in B,; forany m2>n, let Q,,, be the restriction of 


»% R, to Bi; 
4,68 —B, 
this latter sum is a holomorphic function in some neighbourhood of B,, 
hence (by Taylor’s theorem) for each « > 0 there is a polynomial P,,, 
such that |Q,,,(Z)—P,,(z)| <« in B,; if S,, is the restriction of 
S, + Qua — Pan to Bi, we have S,,eX,, and |S,(z) — §,(z)| <« 


in Bi. This completes the proof. , 


6. EXTENSION OF UNIFORMLY CONTINUOUS FUNCTIONS 


The theorem of extension by continuity (Chapter I, § 8, no. 5, Theorem 1) 
has important additions when the functions in question take their values 
in a complete Hausdorff uniform space. 


Proposition 11. Let A be a dense subset of a topological space X, and let f 
be a mapping of A into a complete Hausdorff uniform space X'. Then f can 
be extended by continuity to X if and only if, for each xe X, the image under 
JS of the trace on A of the neighbourhood filter of x in X ts a Cauchy filter base 
in X', 

This follows from the theorem of extension by continuity (loc. cit.) because 
X’ is regular (§ 1, no. 2, Proposition 3) and because on X’ convergent 
filters are the same as Cauchy filters. 

When X is also a uniform space, there is the following theorem : 


Tueorem 2. Let f be a function defined on a dense subspace A of a uniform 
Space X, taking its values in a complete Hausdorff uniform space X', and sup- 
pose that f is uniformly continuous on A. Then f can be extended to the whole 
of X by continuity, and the extended function f is uniformly continuous. 


The existence of f is an immediate consequence of Propositions 3 and 11 
ofno.1. Let us show that f is uniformly continuous. Let V’ be a 
closed symmetric entourage of X’', and let V be an entourage of X such 
that, when x and » are in A and are V-close, then f(x) and f(y) 
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are V'-close. We may assume that V is the closure in X x X 
of an entourage W of A (§ 2, no. 4, Proposition 6). We have 
[7 (x), (»)] eV’ when (x,y) e@W; since f x f iscontinuousin X x X 
(Chapter I, § 4, no. 1, Proposition 1) we have also [f (x), #(»)] eV’ 
when (x, y)@V=W, since V’ is closed (Chapter I, § 2, no. 1, 
Theorem 1). 


Q.ED. 


Corotiary. Let X,, X, be two complete Hausdorff uniform spaces, and 
let Yy, Y_ be dense subspaces of X,, X_ respectively. Then every isomorphism 
Ft of Y, onto Y, extends to an isomorphism of X, onto X,. 


J is uniformly continuous in Y,, hence (Theorem 2) extends to a uniformly 

continuous mapping f: X,—> X,. Likewise the inverse g of f extends 
to a uniformly continuous mapping Tt: X, > X,. The function go f 
is therefore a continuous mapping of X, into itself whose restriction 
to Y, is the identity mapping; by the principle of extension of identities 
(Chapter I, § 8, no. 1, Corollary 1 to Proposition 2) go f is therefore the 
identity mapping of X,; similarly f oZ is the identity map of X,. 
Consequently (Set Theory, R, § 2, no. 12) 7 and @ are bijections and are 
inverses of each other; they are also uniformly continuous and are therefore 
isomorphisms (§ 2, no. 1, Proposition 2). 


It should be remarked that if f is a bijective uniformly continuous mapping 
7 of Y, onto Y,, its extension by continuity need be neither injective nor 
surjective (Exercise 3). 


7. THE COMPLETION OF A UNIFORM SPACE 


THEoreM 3. Let X be a uniform space. Then there exists a complete Hausdorff 
uniform space X and a uniformly continuous mapping i: X —> x having the 
following property : 

(P) Given any uniformly continuous mapping f of X into a complete Hausdorff 
uniform space Y, there is a unique uniformly continuous mapping g : &-+Y 
such that f = got. 

If (i, X4) is another pair consisting of a complete Hausdorff uniform space X, 
and a uniformly continuous mapping iy: X—>X, having the property (P), 
then there is a unique isomorphism 9 : & > X, such that ip = ol. 
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The first statement of the theorem signifies that the pair (i, X) is the solu- 
tion of the universal mapping problem (Set Theory, Chapter IV, § 3, no. 1) 
in which the Z-sets are complete Hausdorff uniform spaces, the s-morphisms 
are uniformly continuous mappings and the «-mappings are uniformly 
continuous mappings of X into a complete Hausdorff uniform space. 


The uniqueness of the pair (i, X) up to a unique isomorphism therefore 
follows from the general properties of solutions of universal mapping pro- 
blems (loc. cit.). It remains to prove the existence of the pair (i, X). 


1) Definition of X. Let X be the set of minimal Cauchy filters (no. 2) on X. 
We shall define a uniform structure on X. For this purpose, if V is 
any symmetric entourage of X, let V denote the set of all pairs (¥, 9) 
of minimal Cauchy filters which have in common a V-small set. We shall 
show that the sets V form a fundamental system of entourages of a uni- 
form structure on 


(i) Since each Fe X is a Cauchy filter, we have by definition (#, #) eV 
for every symmetric entourage V of X; hence axiom (Uj) is satisfied. 
(ii) If V and V’ are two symmetric entourages of X, then W = Vn V’ 
is a symmetric entourage, and every set which is W-small is also V-small 
and V’-small; hence We Vn VW’, which prove (B;,). 

(iii) The sets V are symmetric by definition, hence (Uj) is satisfied. 
(iv) Given a symmetric entourage V of X, let W_ be a symmetric 
entourage such that VcV. Consider three minimal Cauchy filters 
#,M, 83 such that (¥, 9) e W and (MD, 8)e W;; then there are two W-small 
sets M,N suchthat Me#n% and NeQMnQ. Since M and N belong 
to 9, MfaN is not empty and therefore (no. 1, Proposition 1) MuN 
is W-small and hence V-small; since MUN belongs to £ and to 3 


we have WcV; hence (Uf) is satisfied. 

We show next that the uniform space X is Hausdorff. Let ®, 9 be 
two minimal Cauchy filters on X such that (¥, 9) eX for all symmetric 
entourages V of X. It follows immediately that the sets Mu N, where 
MeX and Ne, form a base of a filter 3 coarser than X and Q). 
Now 8 is a Cauchy filter, since for every symmetric entourage V of X 
there is by hypothesis a V-small set P belonging to both # and 9% and 
therefore belonging to 8. By the definition of minimal Cauchy filters, 
we have ¥ = 3 = Q), and this shows that & is Hausdorff. 


2) Definition of i; the uniform structure of X is the inverse image under i of 
that of X. We know that for each xe@X_ the neighbourhood filter 
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Q(x) of x in X is a minimal Cauchy filter (no. 2, Proposition 5, Corol- 
lary 1). So we define i(x) = G(x). Let f=i x 4 we shall show that 
for each symmetric entourage V of X we have : (V)cVu j Tv)" 5 
and this will prove our assertion (§ 2, no. 4). Now, if [i(x), i(»)]eV, 
there is a V-small set M_ which is a neighbourhood of each of x and y, 
hence (x, y) eV. Conversely, if (x,y) eV, it is immediately seen that 


the set V(x) u V(y) is V-small and is a neighbourhood of each of x 
and ». 

3) X is complete and i(X) is dense in X. The trace on i(X) of a neigh- 
bourhood V(#) of a point Xe X is the set of all i(x) such that 


(R, i(x)) eV. 


This relation means that there is a V-small neighbourhood of x in X 
which belongs to #, i.e. that x is an interior point of a V-small set of &. 
Let M_ be the union of the interiors of all V-small sets of #; then M 
belongs to X (no. 2, Proposition 5, Corollary 4) and from what has been 
said it follows that V(#) ni(X) =i(M). We conclude that: 


(i) V(#) ni(X) is not empty, hence i(X) is dense in X. 


(ii) The trace of V(#) on i(X) belongs to the filter base i(#) on X; 
hence this filter base converges in X to the point #. 


Now let & be a Cauchy filter on i(X); then from 2) above and 
Proposition 4 of no. 1, 7 (§) is a base of a Cauchy filter @ on X. Let 
X be a minimal Cauchy filter coarser than @ (no. 2, Proposition 5); 
then i(#) is a Cauchy filter base on 7(X) (no. 1, Proposition 3), and 
¥ = i[7'(®)] is finer than the filter whose base is i(). Since the latter 


converges in X, so does §, and Proposition g of no. 4 therefore shows 
that X is complete. 


4) Verification of the property (P). Let f be a uniformly continuous map- 
ping of X into a complete Hausdorff uniform space Y. Let us first show 
that there is a unique uniformly continuous mapping g,: i(X) > Y 
such that f= ggoit. Since f is continuous, we have 


Sf (*) = lim f (B(x), 
hence if we put go(é(x)) = limf(B(x)), we have {= g,°7%; so it 


remains to show that go is uniformly continuous in i(X). Let U be 
an entourage of Y and let V be a symmetric entourage of X such that 
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the relation (x, x‘)@V implies (f(x), f(*'))e@U; we have seen in 2) 
that the relation (i(x), i(x’)) eV implies (x, x’) e V, hence also is implied 


(go(#(x)), go(#(x’))) € U, 


which proves our assertion. 7 
Let g be the extension of gy by continuity to X (no. 6, Theorem 2); 
then f= goi, and itis clear that g is the unique continuous mapping 


of X into Y satisfying this relation, since i(X) is dense in X (Chapter I, 
§ 8, no. 1, Proposition 2, Corollary 1). 


Q.E.D. 


DEFINITION 4. The complete Hausdorff uniform space X defined in the proof 
of Theorem 3 is called the Hausdorff completion of X, and the mapping 1: X +X 
is called the canonical mapping of X into tts Hausdorff completion. 


We note also the following facts : 


ProposiTIon 12. (i) The subspace i(X) is dense in x 

(ii) The graph of the equivalence relation i(x) = i(x') is the intersection of the 
entourages of X. 

(iii) The uniform structure of X is the inverse image under i of that of X [or 
of that of the subspace i(X)]. 

(iv) The entourages of i(X) are the images under i X i of the entourages of X, 
and the closures in X x &X of the entourages of i(X) form a fundamental system 
of entourages of X. 

(i) and (iii) have been proved in the course of the proof of Theorem 3; 


(iv) is a consequence of (i) and (iii) by virtue of general results proved 
earlier (§ 2, no. 4, Remark and Proposition 6). The relation 


i(x) = i(x’) 


means by definition that x and x’ have the same neighbourhood filter. 
But this implies, by definition, that (x, x’)eV for every entourage V 
of X, and the converse is obvious. 


Corotiary. If X is a Hausdorff uniform space, then the canonical mapping 
i: X-+X is an isomorphism of X onto a dense subspace of X. 


When X is Hausdorff, X is said to be the completion of X, and we 
generally identify X with a dense subset of X by means of i. 
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Remark. If this identification is made, the minimal Cauchy filters on X 
are just the traces on X of the neighbourhood filters of points of X; 
this follows from the proof of Theorem 3. 


The Corollary to Proposition 12 characterizes the completion of a Hausdorff 
uniform space : 


Proposition 13. If Y is a complete Hausdorff uniform space and X a dense 
subspace of Y, then the canonical injection X—>Y extends to an isomorphism 


of X onto Y. 


For every uniformly continuous mapping of X into a complete Hausdorff 
uniform space Z extends uniquely to a uniformly continuous mapping 
of Y into Z by Theorem 2 of no. 6. 


Proposition 14. Let X be a complete Hausdorff uniform space, U its uniform- 
ity, and let Z be a dense subspace of X. If W' is a uniformity on X which 
is coarser than L and which induces the same uniformity as UL on Z, then 
U = WU’. 

Let X’ denote the set X with the uniformity U'. The composition of 
the canonical mapping X’ —+ X’ and the identity mapping XK —> Xx! 
is a uniformly continuous mapping 9g: X +X’. Since Z is Hausdorff 
for the uniform structure induced by UW’, the restriction of ¢ to Z 
is by hypothesis an isomorphism of Z onto the dense subspace 9(Z) 
of XX’; it follows (no. 6, Corollary to Theorem 2) that 9 itself is an 
isomorphism of X onto X’, hence X’=X' and U' =. 


PROPOSITION 15. Let X and X' be two uniform spaces. For each uniformly 
continuous mapping f: X—>X' there is a unique uniformly continuous mapping 
f : X +X! such that the diagram 


is commutative (*), where i: X—>X and i’: X' > XX’ are the canonical 
mappings. 


Apply Theorem 3 to the function 2’0f: X—> Rs 


Corotiary. If f: X—> xX’ and g: X'->X" are two uniformly contin- 
uous mappings and h=go/f, thn h=éo f. 


This is an immediate consequence of the uniqueness in Proposition 15. 
(*) In other words, i’ of = foi. 
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8. THE HAUSDORFF UNIFORM SPACE ASSOCIATED 
WITH A UNIFORM SPACE 


Proposition 16. Let X be a uniform space and i the canonical mapping 
of X into its Hausdorff completion X. For each uniformly continuous mapping f 
of X into a Hausdorff uniform space Y, there is a unique uniformly continuous 
mapping h: t(X)—->Y such that f=hoi. 


We may identify Y with a subspace of its completion Y (no. 7, Corollary 
to Proposition 12), and f can then be considered as a uniformly continuous 
mapping of X into Y. By virtue of Theorem 3, f is then of the form 
f=g01%, where g is a uniformly continuous mapping of X into 

If A is the restriction of g to i(X), then clearly f=hot, and Ah 
maps i(X) into Y. The uniqueness of f is trivial. 

The pair (2, 1(X)) is therefore the solution of a universal mapping 
problem (Set Theory, Chapter IV, § 3, no. 1), where this time we take the 
d-sets to be Hausdorff uniform spaces, and the o-morphisms (resp. a-map- 
pings) to be uniformly continuous mappings (resp. uniformly continuous 
mappings of X into a Hausdorff uniform space). 


DEFINITION 5. The Hausdorff uniform space i(X) defined in the proof of Theo- 
rem 3 is called the Hausdorff uniform space associated with X. 


The Hausdorff completion of X is thus the completion of the Hausdorff 
uniform space associated with X. 


Corotiary. Let X, Y be two uniform spaces and X', Y' the associated 
Hausdorff spaces. For each uniformly continuous mapping f: X—>Y_ there 
is a unique uniformly continuous mapping f': X'-»>Y' for which the diagram 


x+y 
if 1 
X' > Y' 
is commutative, where i and i’ are the canonical mappings. 
Apply Proposition 16 to i/o f: X—+Y". 


The Hausdorff space associated with a uniform space may also be 
characterized by the following property: 


Proposition 17. Let X be a@ uniform space, i(X) its associated Hausdorff 
Space, and let f be a mapping of X onto a Hausdorff uniform space X', such 
that the uniformity of X is the inverse image under f of the uniformity of X'. 
Then the mapping g:i(X)—>X' such that f=goi is an isomorphism. 


By Proposition 16, g is uniformly continuous; also g is obviously sur- 
jective, and is also injective because the relation f(x) = {(») implies by 
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definition that (x, y) belongs to all the entourages of X, and therefore 
that i(x) =i(y) (no. 7, Proposition 12). Finally, the entourages of X’ 
are the images under f X f of the entourages of X (§ 2, no. 4, Remark), 
hence they are also the images under g X g of the entourages of i(X) 
(no. 7, Proposition 12); hence the result. 


Remark. Let R_ be the equivalence relation i(x) = i(x’) on X. We 
have seen (no. 7, Proposition 12) that the graph C of R_ is the intersec- 
tion of all the entourages of XK. It is clear that every open set (and 
therefore also every closed set) in X is saturated with respect to R; taking 
account of the definition of the inverse image of a topology, we conclude 
that the canonical bijection of the quotient space X/R onto i(X) in- 
duced by i is a homeomorphism. The Hausdorff space associated with X 
can therefore be identified, qua topological space, with X/R. The 
canonical mapping i: X->i(X) is open and closed, and even proper 
(Chapter I, § 10, no. 2, Example). 

Let X’ be another uniform space, C’ the intersection of all the 
entourages of X’, and R’ the equivalence relation whose graph is C’. 
Let f: X-—»X’ bea continuous mapping. Since the inverse image under 
f of any neighbourhood of f(x) is a neighbourhood of x, it follows 
that the inverse image under f of C’(f(x)) contains C(x), and therefore 
Sf is compatible with R and R’, and induces a continuous mapping 
X/R — X’/R’ (Chapter I, § 3, no. 4, Corollary to Proposition 6). This 
generalizes the corollary to Proposition 16. 


9. COMPLETION OF SUBSPACES AND PRODUCT SPACES 


Proposrrion 18, Let X be a set, let (Yy)rex, be a family of uniform spaces, 
and for each KEL let f, bea mapping of X into Y,. Let X carry the 
coarsest uniformity UL which makes all the f, uniformly continuous. Then the 
uniformity of the Hausdorff completion X of X is the coarsest for which all the 
mappings fy: &+¥%, (,eL) (no. 7, Proposition 15) are uniformly contin- 
uous. Furthermore, if jy is the canonical mapping of Y) into Y,, and uf 
2, =x of. then & may be identified with the closure in i’ Y, of the image 
of X under the mapping x —> (g(*))- 


Let X’ (resp. Y;) be the Hausdorff uniform space associated with 
X (resp. Y)), and let fj: X'—> Y} be the uniformly continuous mapping 


which makes the diagram 


commutative (i being the canonical mapping). 
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The transitivity of initial uniformities (§ 2, no. 3, Proposition 5) shows 
on the one hand that U is the coarsest uniformity for which the mappings 
jx °f, + XY) are uniformly continuous, and on the other hand that 
UU is also the inverse image under 7 of the coarsest uniformity UL’ onthe 
set X’ for which the fj are uniformly continuous. Now WU’ is Hausdorff, 
for if x,, x, are two points of X such that 73(A(%)) =s,\(A(*2)) for 
each EL, then (4, x2) belongs to all the entouragesof U and hence 
i(*,) = i(x,). Proposition 17 of no. 8 therefore shows that UW’ is the 
uniformity of the Hausdorff space X’ associated with X. 

This being so, the bijection x’ + (f}(x*’)) identifies X with a uniform 


subspace of the product I] Y} (§ 2, no. 6, Proposition 8). Since the Y; 


are Hausdorff, each Y,; can be identified with a dense subspace of its 


completion Y,, and hence [[ Yj can be identified with a dense subspace 
A. X 
of lI (Chapter I, § 4, no. 3, Proposition 7). But It is Hausdorff 
pr 


and complete (no. 5, Proposition 10); the closure X’ of X’ in I %, 
d 

is therefore a complete Hausdorff subspace (no. 4, Proposition 8) which 

can be identified with the Hausdorff completion X of X; under this 


identification the mappings f , become the projections onto the factors Y), 
and the proposition is proved. 


Corotiary 1. Let X be a uniform space and let i be the canonical mapping 
of X into its Hausdorff completion X ; let A be a subspace of X and 
j: A—>X the canonical injection. Then j: A->X is an isomorphism of A 
onto the closure of i(A) in X. 


Coro.iary 2. Let (¥),e,, be a family of uniform spaces. Then the Hausdorff 
completion of the product space Il Y, ts canonically isomorphic to the product 
AEL 


de 
AXEL 


4. RELATIONS BETWEEN UNIFORM SPACES 
AND COMPACT SPACES 


1. UNIFORMITY OF COMPACT SPACES 
DEFINITION 1. A age aly on a topological space X is said to be compatible 


with the topology of X if the latter coincides with the topology induced by the 
uniformity. 
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A topological space is said to be uniformizable, and its topology is said to be uniform- 
izable, if there exists a uniformity on the space which is compatible with its topology. 


There are topological spaces which are not uniformizable, for example 
any space which does not satisfy axiom (Og;) (§ 1, no. 2, Corollary 3 
of Proposition 2); hence the question arises of determining under what 
conditions a topological space is uniformizable. 

We shall not give a complete answer to this question until Chapter IX, 
§ 1. In this section we shall examine only one important particular 
case, that in which X is compact. We have then the following theorem: 


THEOREM 1. On a compact space X there is exactly one uniformity compatible 
with the topology of X; the entourages of this untformity are all the neighbourhoods 
of the diagonal A in X X X. Furthermore, X endowed with this uniformity 
is a complete uniform space. 


The last part of the theorem is straightforward; for every Cauchy filter 
on X has a cluster point [axiom (C)] and is therefore convergent (§ 3, 
no. 2, Proposition 5, Corollary 2). 

Let us show next that if there is a uniformity on X compatible with 
the topology of X, then the set WU of entourages of this uniformity 
is the set of all neighbourhoods of A. We know already that every 
entourage is a neighbourhood of A (§ 1, no. 2, Proposition 2), hence we 
have to show that conversely every neighbourhood of A belongs to WU. 
Suppose that there isa neighbourhood U of A which is notin WW; then 
the sets Vn Cu, as V runs through WU, form a base of a filter @ on 
the compact space X xX X; consequently @ has a cluster point (a, 6) 
not belonging to A. Since W is a filter coarser than @, (a, 6) is also 
a cluster point of 11. But the uniformity defined by U is Hausdorff by 
hypothesis; hence the intersection of the closures of the sets of WU is A 
(§ 1, no. 2, Corollary 2 to Proposition 2 and Proposition 3); thus we arrive 
at a contradiction. 

It remains therefore to show that the set % of neighbourhoods of A 
in X X X is the set of entourages of a uniformity compatible with the 
topology of X. For this it is enough to show that % is the set of entour- 
ages of a Hausdorff uniformity on X; for then the topology induced by 
this uniformity will be coarser than the topology of X (Chapter I, § 2, 
no. 2, Proposition 3) and must therefore coincide with the latter (Chapter I, 
§ 9, no. 4, Theorem 2, Corollary 3). 

§ clearly satisfies axioms (F,) and (Fy). Let us show that axioms 
(Uy) and (Uj) are also satisfied and that A is the intersection of the 
sets of %. Take the last point first: every set consisting of a single point 
(x, ») @X xX X is closed, since X is Hausdorff; hence if «4, the 
complement of (x, y) in X X X is a neighbourhood of A. Since the 
symmetry (x, y) -> (9, x) is a homeomorphism of X x X onto itself, 
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it follows that Ve implies Ve %, whence (Uy). Finally, suppose 
that (Uj) is not satisfied; then there is a set Ve% such that for all 
We the set Wn CV is not empty; the sets Wa CV, as W runs 
through 8, therefore form a filter base on X xX X, and this filter base 
has a cluster point (x,y) notin A. Now, since X is regular (Chapter I, 
§ 9, no. 2, Corollary to Proposition 1) there are disjoint open neighbourhoods 
U, of x and U, of », and there are closed neighbourhoods V,¢ U,, 


V.cU, of x and y respectively. Let U, = OW, u V,), and consider 
the neighbourhood 


w= U (U;xU) of A in XxX. 
i=1,2,8 
It follows immediately from these definitions that if (u, v)e W and ue V, 
(resp. ue U,), then we must have ve U, (resp. ve U,u U3 = Cv.); 
hence the neighbourhood V, X V, of (x,y) in XX X does not 
meet W, and we have a contradiction. This completes the proof. 


Remark 1. For every finite open covering R == (Ui)ycien Of X, the set 
n 
Va = U (U; x U) 
i=1 


is a neighbourhood of A in X x X, and these sets Vm form a 
JSundamental system of neighbourhoods of A (and therefore a fundamental 
system of entourages of the unique uniformity on X). Let W_ be any 
neighbourhood of A in X X X; then for each xe X there is an 
open neighbourhood U, of * in X such that U, x U,cW. Since 
the U, (xe X) form an open covering of X, there exist a finite 
number of points x; (1 <7<2n) such that the U,, (1<i<n) forma 
covering 9t of X. We have then Vy oc W, which proves the assertion. 

For this reason the unique uniformity on X is often called the uniform- 
ity of finite open coverings (cf. Chapter IX, § 4, Exercise 17). 


CoroLuary 1. Every subspace of a compact space is uniformizable. 


Corouuary 2. Every locally compact space is uniformizable. 


For by Alexandroff’s theorem (Chapter I, § 9, no. 8, Theorem 4) a locally 
compact space is homeomorphic to a subspace of a compact space. 


Remark 2. It can happen that there are several distinct uniformities 
compatible with the topology of a locally compact space. 
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For example, we have seen that on an infinite discrete space there is more 
than one distinct uniformity compatible with the discrete topology (§ 2, 
no. 2, Remark). 

Nevertheless it is not the case that the uniqueness of the uniformity 
compatible with the topology of a uniformizable space is a property which 
characterizes compact spaces; there exist locally compact spaces which 
are not compact but whose uniformity is unique (Exercise 4). 


THEOREM 2. Every continuous mapping f of a compact space X into a uniform 
space X' is uniformly continuous. 


Let g =f Xf, then g is continuous on X X X (Chapter I, § 4, no. 1, 
Proposition 1, Corollary 1); hence for each open entourage V’ of X’, 
¢(V’) is an open subset of X x X, which evidently contains the diag- 
onal. The theorem thus follows from Theorem 1, since the open entou- 
rages of X’ form a fundamental system of entourages (§ 1, no. 2, Proposi- 
tion 2, Corollary 2). 

Under the hypotheses of Theorem a, the restriction of f to any subspace 
A of X is uniformly continuous; hence (§ 3, no. 6, Theorem 2): 


Corotiary. Let A be a dense subspace of a compact space X, and let f 
be a mapping of A into a complete Hausdorff uniform space X'. Then f can 
be extended by continuity to the whole of X if and only if f is uniformly continuous. 


2. COMPACTNESS OF UNIFORM SPACES 


DeriniTIon 2. A uniform space X ts said to be precompact if tts Hausdorff 
completion X is compact. A subset A of a uniform space X is said to be a 
precompact subset if the uniform subspace A of X ts precompact. 


Thus a subset A ofa uniform space X is precompact if and only if the 
closure of i(A) in X is compact (i: X —>X being the canonical map) 
(§ 3, no. 9, Proposition 18, Corollary 1). 


Example. In any uniform space X, the set of points of a Cauchy sequence 
(x,) is precompact. Since the images of the x, in again form a 
Cauchy sequence, we can assume that X is Hausdorff; the closure in X 
of the set of points x, then consists of the points x, and limx, and 
is therefore compact (Chapter I, § 9, no. 3, Example 2). a 


THEOREM 3. A uniform space X is precompact if and only if, for each entourage 
V of X, there 1s a finite covering of X by V-small sets. 


We may express this condition more intuitively by saying that X can 
be covered by a finite number of sets which are as small as we please. 
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Let i: X—X be the canonical mapping, then the entourages of X 
are the inverse images under i Xi of the entourages of X (§ 3, no. 7, 
Proposition 12). Suppose X is precompact, and let U_ be any entourage 
of X; then there is a symmetric entourage U’ of X such that Uc. 
Since X is compact, there exist a finite number of points x;e X such 
that the U’(x,;) (which are Westiall) cover X. If V_ is the inverse 
image of U by i Xi, the sets : (U'(x;)) are V-small and cover X. 
Conversely, suppose that for each entourage V of X there is a finite 
covering of X by V-small sets. We have to show that every ultrafilter § 
on X is convergent; since X is complete, it is enough to show that § 
is a Cauchy filter, i.e. that for each closed entourage U of X there is a 
U-small set in § (§ 1, no. 2, Proposition 2, Corollary 2). Let V_ be the 
inverse image of U under i X i, and let (B,) bea finite covering of X 
by V-small sets; then the sets C, = (By) are U-small and cover i(X), 


so that 
x = U G,. 
Jj 


On the other hand, since Cc; Xx C,;cU, and U is closed in 
X x < we have G; Xx G; c U, so that the G; are also U-small. 


Since § is an uliratileer, one of the C, belongs to § (Chapter I, § 6, 
no. 4, Corollary to Proposition 5). 
Q.E.D. 


Corotiary. A uniform space X is compact if and only if it is Hausdorff 
and complete and can be covered by a finite number of V-small sets, where V is 
any entourage of X. 


This follows from Theorem 3 and Theorem 1 of no. 1. 


Remark 1. A non-Hausdorff quasi-compact space is not necessarily uniform- 
izable, since it need not satisfy axiom (Oj,;) (cf. Chapter I, § 9, no. 2); 
for example most of the non-Hausdorff quasi-compact spaces which appear 
in algebraic geometry do not satisfy axiom (O,,;) (cf. Exercise 2). 


Proposition 1. In a uniform space every subset of a precompact set, every finite 
union of precompact sets and the closure of every precompact set are precompact. 

The first two assertions are immediate consequences of Theorem 3. Let 
X bea uniform space, A a precompact subset of X, andlet i: X +X 
be the canonical mapping. i(A) is contained in the closure of i(A) 
in X (Chapter I, § 2, no. 1, Theorem 1), hence the closure of i(A) in X 
is contained in a compact set and is therefore compact. 
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Remark 2. In a uniform space X a relatively compact set A is precompact, 
since A is contained in a compact set. On the other hand, even if X 
is Hausdorff, a precompact set need not be relatively compact in X, as is 
shown by the case where X itself is precompact but not compact. 


Proposition 2. Let f: X->Y be a uniformly continuous mapping. If A 
is any precompact subset of X, then f(A) is a precompact subset of Y. 


For if i: X—+X and j: Y-—>¥ are the canonical mappings, we have 
J(f (A) = f (i(A)) (§ 3, no. 7, Proposition 15) and hence j(f(A)) is 
relatively compact in v (Chapter I, § 9, no. 4, Theorem 2, Corollary 1). 


Proposition 3. Let X be a set, let (Y,),e, be a family of uniform spaces, 
and for each KEL let fp be a mapping of X into Y,. Let X carry the 
coarsest uniformity for which the f, are uniformly continuous. Then a subset A 


of X ts precompact if and only if fi(A) is a precompact subset of Y, for each 
reL. 


The condition is necessary by virtue of Proposition 2. Sufficiency follows 
from the characterization of the Hausdorff completion of X given in 


§ 3, no. 9, Proposition 18, and Tychonoff’s theorem (Chapter I, § 9, Theo- 
rem 3, Corollary). 


3. COMPACT SETS IN A UNIFORM SPACE 


The following proposition for an arbitrary uniform space is a sharper 
form of Proposition 2 of Chapter I, § 9, no. 2 for compact spaces. 


PROPOSITION 4. Ina uniform space X, let A be a compact set and B a closed 
set such that ANB=@. Then there is an entourage V of X such that 
V(A) and V(B) do not intersect. 


If the proposition were false, then none of the sets An V(B), where V 
runs through the set of symmetric entourages of X, would be empty; 
hence these sets would form a filter base on A, which would have a cluster 


3 
point x »e@A. Hence for each symmetric entourage V of X, V(x) 
would meet B and therefore, as B is closed, we should have x, eB, 
contrary to hypothesis. 


Corotiary. Let A be a compact set in a uniform space X; then as V_ runs 


through the set of entourages of X, the sets V(A) form a fundamental system 
of neighbourhoods of A. 


Let U_ be any open neighbourhood of A, then B = §U is closed and 
does not meet A; hence, by Proposition 4, there is an entourage V such 
that V(A)n V(B) = @, and therefore V(A)cU. 
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4. CONNECTED SETS IN A COMPACT SPACE 


Derinition 3. Let V_ be a symmetric entourage of a uniform space X. A 
finite sequence (xi)o<icn Of points of X ts said to be aV-chain tf x; and x4, 
are V-close for O<i<Cn. The points xq and x, are called the ends of the 
V-chain, and they are said to be joined by the V-chain. 


Given a symmetric entourage V, the relation “there is a V-chain joining 
x and y” is an equivalence relation between x and y in X. Let 
A,,y be the equivalence class of x for this relation, i.e. the set of all 
y eX which can be joined to « by a V-chain. Clearly if ye A, y then 
V(x) c Ay, y; hence A, y is openin X; and the complement of A, y, 
being a union of equivalence classes, is also open. Hence: 


Proposition 5. In a uniform space X, the set Azy of points which can be 
joined by a V-chain to a given point x is both open and closedin X. 


For each xe X, let A, denote the intersection of the sets A, y as V 
runs through the set of symmetric entourages of X; A, is the equivalence 
class of x for the equivalence relation “for all symmetric entourages V, 
there is a V-chain joining x and y’’. 


Proposition 6. Jn a compact space X, the component of x, the set A,, and 
the intersection of the neighbourhoods of x which are both open and closed, are all 
three identical. 


It is enough to show that A, is connected: for in any uniform space X 
the component of x is contained in the intersection of the neighbourhoods 
of x which are both open and closed, and this intersection is contained in 
A, by Proposition 5. 


Suppose A, is not connected. Since A, is closed, there are two 
non-empty disjoint closed sets B and QC such that BUC =A,. By 
Proposition 4 of § 3 there is an entourage U of X_ such that 
U(B) n U(C) is empty. 


Let W be an open entourage such that We U, and let H_ be the closed 
set which is the complement of W(B)uW(C) in X. Suppose for 
example that xe B, and let » bea point of C. Then for each symmetric 
entourage VcW one sees immediately, by induction on i, that every 
V-chain (xj)g<icn joining x and y in X must havea pointin H, 
by the choice of W. Since by hypothesis « and y can be joined by a 
V-chain for each symmetric entourage V, wesee that Hn A, y is not 
empty ifVcW. On the other hand, if V’c V thenclearly A, yc A; y; 
thus it follows that, as V runs through the set of symmetric entourages 
of X, the sets HnA, y form a filter base of closed sets in the compact 
space H. Hence all these sets have a common point and therefore H 
meets A,; but this contradicts the definition of H. 
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Corotiary. Let X be a locally compact space and let K be a compact 
component of X. Then the neighbourhoods of K which are both open and closed 
form a fundamental system of neighbourhoods of K. 


Let V_ bea relatively compact open neighbourhood of K in X (Chap- 
ter I, § 9, no. 7, Proposition 10) and let F be its frontier. Let UcV 
be a set which is both open and closed with respect to V. Then U is 
closed in X, and ifin addition U does not meet F, then U is open 
in X (for then UcV and U is openin V). Hence it is enough to 
show that there is a subset of V which contains K, does not meet F 
and is both open and closed with respect to V. 

Suppose this is not the case : then the intersections of F with the subsets 
of V which contain K and are open and closed in V form a filter base 
of closed sets in F; F is compact, so these sets have a common point 
ye@F. But this is absurd; since V is compact, K is a component of V, 
and by virtue of Proposition 6, the intersection of the sets which contain K 
and are both open and closed in V is just K. The Corollary is thus 
proved. 


Proposition 7. Let X be a compact space and let R_ be the equivalence rela- 
tion on X whose classes are the components of X. Then the quotient space X/R 
zs compact and totally disconnected. 


We know from Chapter I, § II, no. 5, Proposition 9 that X/R_ is totally 
disconnected; hence we have to show that X/R is Hausdorff (Chapter I, 
§ 10, no. 4, Proposition 8.) Let A and B be two distinct components 
of X. By Proposition 6 there is a symmetric entourage U of X such 
that no point of A can be joined to any point of B by a U-chain. The 
set V (resp. W) of points of X which can be joined to a point xeA 
(resp. ye@B) by a U-chain is both open and closed in X (Proposition 5) 
and contains A (resp. B); these sets are therefore open neighbourhoods 
of A and B respectively, are saturated with respect to R and do not 
intersect. This completes the proof. 


EXERCISES 


81 


1) Let X be an infinite set and let § be an ultrafilter on X such that 
the sets of § have empty intersection. For each Ae ¥, let Vy denote 
the subset Au (A x A) of X X X. Show that, as A runs through §, 
the sets V, form a fundamental system of entourages for a uniformity 
L(%) on X, and that the topology induced by this uniformity is discrete. 


*2) On the real line R, carrying the additive uniformity, show that 
as V runs through the filter of entourages of R the sets V(Z) do not 
form a fundamental system of neighbourhoods of the set Z of rational 
integers., (Cf. § 4, no. 3, Corollary to Proposition 4). 


*9) Let V_ be that entourage of the additive uniformity on R which 
consists of all pairs (x, y) such that either |x— »| <1 or xy2>1. 
Show that V is closed in RX R, but that if A denotes the (closed) 
subset of R consisting of all integers n> 2, then V(A) is not closed 
in R., 

4) Show that if a uniform space is a Kolmogoroff space (Chapter I, § 1, 
Exercise 2) then it is Hausdorff. 


5) a) Let X bea uniform space, U its uniformity; for each entourage 
V of X, let V be the subset of (X) x $(X) consisting of all pairs 
(M, N) of subsets of X such that both McV(N) and Nc V(M). 
Show that the sets V form a fundamental system of entourages of a uni- 
formity {L on (X). 

b) On the set $8)(X) of non-empty subsets of X, show that the topology 
induced by the topology G(U) induced by 4. is finer than the topology G» 
(Chapter I, § 2, Exercise 7). 
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c) If X has at least two points and if UW is Hausdorff, show that the 
topology induced by G(T) on ,(X) is never coarser than Gg. The 
topology induced by G(4L) on the set &(X) of non-empty closed subsets 
of X is finer than the topology induced by 6g on this set if and only 
if, for each closed subset A of X, the sets V(A) form a fundamental 


system of neighbourhoods of A as V _ runs through the set of entourages 
of X. 


*d) Show that on the quotient set X/R defined in Chapter I, § 11, Exer- 
cise 18, the quotient topology, and the topologies defined by Gg, Gp and 


GUL) (where U is the usual uniformity on R’) are all four distinct., 


§ 2 


*1) Show that on the real line R_ (with the additive uniformity) the 
function |x| is uniformly continuous; the function 1/x is uniformly 
continuous in every interval [a, -+- of where a@>o0; and that this 
function is continuous, but not uniformly continuous, in the interval 


Jo, a 0 [o% 


2) Show that the topologies induced on Z by the p-adic uniformities 
are not comparable for different primes /. 


3) Let §,, §, be two distinct ultrafilters on an infinite set X. Show 
that the uniformities U(%,) and UW(®.) (§ 1, Exercise 1) are not compar- 
able, and that their least upper bound is the discrete uniformity. What 
is their greatest lower bound? Deduce that the set of Hausdorff uniform- 
itieson X is equipotent to $($®(X)) [cf Chapter I, § 8, Exercise 6 a)]. 


4) a) Let WU and W’ be the filters of entourages of two uniformities 
on the same non-empty set X. Show that the intersection of the filters 
U and WW’ is the filter of entourages of a uniformity on X if and only if, 
foreach Vel and V’el’, there exist Well and W’eW’ such 
that WW’ c VuV". 


b) Give an example of two filters of entourages Us, Ua’, each defined 
by a finite partition of X (no. 5, Example), which do not satisfy the 
condition of a). 


5) Let (X,),e, be a family of uniform spaces and let ¢ be an infinite 
cardinal. For each family (V,),eq, where card (H)<¢ and V, is 
an entourage of X, for each 1eH, let U((V,)) be the set of pairs (x, y) 


of points of X =|] X, such that (pr,x, pr.y)eV, for each 1eH. 


él 
Show that the sets U((V,)) form a fundamental system of entourages 
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of a uniformity on X, and that the topology induced by this uniformity 
is that defined in Exercise 9 of Chapter I, § 4. 


6) Let X be a uniform space, U its uniformity, {the corresponding 
uniformity on $(X) (§ 1, Exercise 5). 

a) Show that the mapping «> {x} is an isomorphism of the uniform 
space X onto a subspace of the uniform space {$(X). 

6) Show that the uniformity induced by ( on the set §(X) of non- 
empty closed subsets of X is Hausdorff, and that { is the inverse image 
under the mapping M — M_ of the uniformity induced by @ on &(X). 
c) Show that the mapping (M, N) >MuN of §(X) x $(X) into 
(CX) is uniformly continuous. 

d) Let Y be another uniform space. If f: X-—-Y is a uniformly 
continuous mapping, show that the mapping M-—/f(M) of $(X) into 
$(Y) is uniformly continuous. 

e) Let 8 be a compact subset of the set §(X) of non-empty closed 
subsets of X, &(X) carrying the topology induced by the topology 


©(4L) induced by . Show that the set U M is closed in X, 
MES 


§3 


*1) Let U denote the additive uniformity on the realline R, and let U’ 
denote the inverse image of UW under the mapping x > x? of R onto 
itself. Show that W’ is strictly finer than U, but that the Cauchy filters 
are the same for both uniformities., 


2) a) Let X be an infinite set and let § be a non-trivial ultrafilter 
on X. Show that if X carries the uniformity UW(%) (§ 1, Exercise 1) 
then the complement of X in its completion X consists of a single point, 
and that the topological space X can be identified with the space associ- 
ated with the ultrafilter § (Chapter I, § 6, no. 5, Example). 


*b) Deduce from a) an example of a uniformity on R_ which is finer 
than the additive uniformity and with respect to which R is not complete., 
*3) a) Let UW denote the additive uniformity on the real line R, let U, 
denote the uniformity induced on R_ by that of the extended line R, 
and let U, denote the uniformity induced on R_ by that of the one- 
point compactification R—=P,(R) of R. Show that U is strictly 
finer than U,, that U, is strictly finer than U,, and that the topologies 
induced by these three uniformities are the same; also that the completions 


of R_ with respect to these three uniformities are respectively R, R 
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and R. The identity mapping of R_ extends by continuity to an injective 
but not surjective mapping R—>R _ and to a surjective but not injective 
mapping R—>R. 

6) Deduce from a) an example of two Hausdorff uniform spaces X, Y 
and a uniformly continuous bijection u: X-—>Y whose extension by 
continuity w@: X-+¥ is neither injective nor surjective., 

§ 4) With the notation of Exercise 5 of § 2, suppose that all the uniform 
spaces X, are complete. Show that the space X is complete with 
respect to the uniformity there defined (argue by reductio ad absurdum, 
using § 2, Proposition 5, Corollary 2). 

5) Let X be a Hausdorff uniform space such that X is the intersection 


of a countable family of open sets of X. Show that if Y is any Hausdorff 
uniform space which contains X as a uniform subspace, then X is the 
intersection of a closed subset of Y anda countable family of open sets of Y. 


6) Let X be a uniform space and let i: X -» X be the canonical 
mapping of X into its Hausdorff completion. Let X, be the sum of 
X and X —i(X), and let fj: X,> X be the mapping which agrees 
with i on X and with the identity mapping on X — i(X). Show that 
X, is complete with respect to the uniformity which is the inverse image 
under j of the uniformity of X, also that if Y is any complete uniform 
space such that X isa uniform subspace of Y, then the identity mapping 
X-—X can be extended uniquely to a continuous mapping Xp, -—> Y. 
§ 7) Let X be a Hausdorff uniform space, U its uniformity, U, the 
uniformity induced on §(X) by the uniformity a (§ 2, Exercise 6 6), 
Qo, the uniformity induced on §(§(X)) by the uniformity dl,. Show 
that the canonical mapping n> { {x} i of X into §(®CX)) extends 
to an isomorphism of X onto a closed uniform subspace of §(§(X)) 
(carrying the uniformity Up 9) (use Proposition 9 of no. 4). 


$4 


§[ 1) Let & be an open covering of a compact space X. Show that 
there is an entourage V of the uniformity of X such that, for each 
xeX, V(x) is contained in a set belonging to [remark that for each 


xe X there is an entourage W, such that W,(x) is contained in a set of 
gt, and cover X by a finite number of sets W,(x)]. 


2) Prove that a quasi-compact space X is uniformizable if and only 
if its topology is the inverse image of the topology of a compact space Y 
under a surjective mapping f{: X-—> Y. 
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3) Let f be a continuous mapping of a compact space X into a compact 
space Y, and let V be an open entourage of X such that the relation 
St (x) =f(y) implies (x, y)eV. Show that there is an entourage W 
of Y such that the relation (f(x), f(»))@W implies (x, y)eV. 


4) Let X be the locally compact space defined in Chapter I, § 9, Exer- 
cise 11. Show that every neighbourhood of the diagonal A in X x X 
contains a set of the form [x, b[ x [*, d[. Deduce that there is only one 
uniformity on X compatible with the topology of X, and that the comple- 
tion of X for this uniformity can be identified with the interval X’ = [a, 6] 
carrying the topology Gz(X). (Observe that every ultrafilter on X must 
be a Cauchy filter with respect to any uniformity compatible with the 
topology of X). 

5) Show that a uniform space X is precompact if and only if every 
ultrafilter on X is a Cauchy filter. (Remark that if X is not precom- 
pact then there is an entourage V of X such that the sets [V(x), as x 
runs through X, generate a filter on X). 


6) Let X be a uniform space in which every sequence of points has at 
least one cluster point. Show that X is precompact (use reductio ad 
absurdum). 


7) A subset A of a uniform space X is said to be bounded if for each 
entourage V of X there is a finite set F and an integer 2>o0 such 
that Ac V(F). 


a) The union of two bounded subsets is bounded. The closure of a 
bounded subset is bounded. Every precompact subset is bounded. 


b) If f: XY is uniformly continuous, then the image under / of 
every bounded subset of X is a bounded subset of Y. 


c) In a product of non-empty uniform spaces, a set is bounded if and only 
if each of its projections is bounded. 


d) For each symmetric entourage V of X, let Ry denote the union 
n 

of the sets V as n runs through the integers > 0. Show that Ry is 

both open and closed in X x X and that, in the notation of no. 4, 


Ry(x) = Ag.v 


for each xe X. Suppose that Ry = X x X for each symmetric entou- 
rage V of X (this will be the case in particular if X is connected) ; 
show that a set Ac X is bounded if and only if, for each symmetric entou- 
rage V of X and each x,eX, there is an integer n >o0 such that 


AcV(x,)- 
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8) Let X bea uniform space, V a closed entourage of X, A a compact 
subset of X. Show that V(A) is closed in X (cf. Chapter I, § 10, 
no. 2, Theorem 1, Corollary 5). 


§ 9) Let X be a locally compact space which carries a uniformity 
compatible with its topology and is such that there is an entourage V 
with the property that V(x) is relatively compact in X for all xe X. 
a) Show that X is complete with respect to this uniformity. 

2 
b) Let U be a symmetric entourage of X such that UcV. Show 
that if A is relatively compact in X, then so is U(A). 
c) Show that X is paracompact [use 6), Exercise 7 and Chapter I, 
§ 9, no. 10, Theorem 5]. 


d) Let W be a closed symmetric entourage of X such that Wev. 
Show that if A is closed in X then so is W(A) (use Exercise 8). 


10) Let X be a Hausdorff uniform space which has an entourage V 
such that V(x) is precompact for each xe X. Show that the completion 


X is locally compact and satisfies the conditions of Exercise 9. [If W 


3 
is a symmetric open entourage of X such that WcV, show that the 
closure W of W in X x X is such that W(x) is compact for each 


xe Xj. 


@ 11) Let X be a Hausdorff uniform space, U its uniformity, §(X) 
the set of all non-empty closed subsets of X. Let §(X) carry the uniform- 


ity induced by the uniformity 4 defined in § 1, Exercise 5 a). 

a) Show that if X' is precompact then so is §(X). [If (Aj) is a finite 
covering of X by V-small sets (V symmetric), show that the sets V(B,) 
cover §(X), where the B, are all the unions of sets Aj]. 

b) A point Ae§(X) is such that every neighbourhood of A in the 
topology induced by G(1L) on §(X) contains a neighbourhood of A 
in the topology induced by G@ (Chapter I, § 8, Exercise 12) on §(X), 
if and only if A is precompact. 


c) Show that the topologies GAL) and 6@ induce the same topology 
on the set &(X) of compact subsets of X [use 6) and Exercise 5 of § 1]. 


| 12) a) Let R_ be a Boolean algebra, and identify R with a Boolean 
algebra of subsets of the set Q of maximal prefilters on R (Chapter I, 
§ 6, Exercise 20). For each finite partition w = (A;) of Q, formed of 


sets belonging to R, let Gg denote the subset U (A; x A;) of Q x Q. 


i 
Show that the sets Cj form a fundamental system of entourages of a Haus- 
dorff uniformity on Q. The completion, Q, of Q with respect to this 
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uniformity is a totally disconnected compact space. A subset of () is 
both open and closed in Q if and only if it is of the form A, where 
AeéR. Show that A->A is a bijective mapping of R_ onto the set 


of subsets of Q which are both open and closed, and that CA = CA, 
AuB=AuBand AnB=AnB. Deduce that the canonical mapping 
Q-+Q is bijective. 

b) Let X be a Hausdorff topological space in which the sets that are both 
open and closed form a base for the topology. Take R to be the Boolean 
algebra formed by subsets of X which are both open and closed; then 


the topology induced on X_ by the topology of the completion X of X 
with respect to the uniformity U defined in a) is the given topology 
on X. Further, the maximal elements of the set of filters on X having 
a base formed of open sets, and the maximal elements of the set of filters 
on X having a base formed of closed sets are Cauchy filters with respect 
to the uniformity U. Deduce that there are continuous surjections 
g: X> X, y: X'> X, where X, X’ are the spaces defined in Chap- 
ter I, § 9, Exercises 25 and 24. * Show that if X is the rational line Q, 
then is not bijective., If X is extremally disconnected (Chapter I, 
§ 11, Exercise 21), then is bijective, X&X is extremally disconnected and 
can be identified with the semi-regular space associated with X’ (Chapter I, 
§ 8, Exercise 20) ; thus extremally disconnected spaces can be characterized 
as dense subspaces of extremally disconnected compact spaces. Hence 
give an example of an extremally disconnected compact space which has 
no isolated points [(cf. Chapter I, § 11, Exercise 21 f)]. 

In particular, if we take X to be a discrete space, then XX can be 
identified with the ultrafilter space of X (Chapter I, § 9, Exercise 26). 


13) Let X be a locally compact space and U an open subset of X. 
Let B be the union of U and the relatively compact components of 
CU. Show that B is open and is the union of U and those subsets of 
CU which are both open and compact in Cu. (Embed X in its one- 
point compactification X’ = Xu fof, observe that in X’—U_ the 
component of w is fw} u§B, and use Proposition 6 of no. 4). 


14) Let X be a compact space, and let @ be a filter base on X consis- 
ting of connected closed sets. Show that the (non-empty) intersection of 
the sets of @ is closed and connected (argue by reductio ad absurdum, 
using Proposition 4 of no. 3 and Chapter I, § 9, no. 1, Theorem 1). 


15) Let X be a compact space. Then the space ®(X) of non-empty 


closed subsets of X, with the topology induced by 6(U) (Exercise 11), 
is compact (Chapter I, § 9, Exercise 13). Consider an ultrafilter & on 
(XX), and suppose that for each entourage V of the uniformity of X, 
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and each eW, there exists MeX such that any two points of M 
can be joined by a V-chain contained in M. Show that the limit point 
A of F in §(X) is a connected subset of X (use Proposition 6 of no. 4). 


§ 16) Let X bea connected compact space and let A, B be two disjoint 
non-empty closed subsets of X. Show that there is a component of 


((A uB) whose closure meets both A and B. (Let U be an entourage 
of the uniformity of X such that U(A) n U(B) = @. Show first that the 
set {My of components of §(U(A) u U(B)) which meet both U(A) 


and U(B) is not empty, by proving that for each symmetric entourage 
WelU there exist xe U(A) and ye U(B) and a W-chain which joins 
x to y and all of whose points other than x and y belong to 
§(U(A) u U(B)), and then applying Exercise 15. For each entourage 
VcJU, show that every Ke My contains a set He My, and that the set 
Nyy of sets He My which are contained in a set Ke My is closed in 
&(X); and conclude that as V_ runs through the set of entourages 
contained in U, the intersection of the sets Ny y is not empty). 


17) Let X be a connected locally compact space. Let K_ be any 
non-empty compact subset of X distinct from X. Show that every 
component of K meets the frontier of K in X (use the Corollary to 
Proposition 6 of no. 4). Deduce that if A is any non-empty relatively 
compact open subset of X distinct from X, then the closure of every 


component of A meets fA. 


4] 18) a) Show that a compact connected space X cannot be the union 
of a countable infinity of mutually disjoint non-empty closed sets [by 
reductio ad absurdum: if (F,) is a countably infinite partition of X into 
closed sets, show with the help of Exercise 17 that there is a compact 
connected set K which does not meet F, but meets an infinite number 
of sets F,; in order to do this consider the component of a point of F, 
with respect to a compact neighbourhood of F, not meeting F,. Then 
use induction]. 
6) Extend the result of a) to a locally compact connected space X under 
one or the other of the following two supplementary conditions: one of 
the F, is compact and connected, or X is locally connected. [In the 
first case, reduce to a) by means of Exercise 17]. 
*c) Let X be the subspace of R? which is the union of the following 
subspaces: A, is the half-line x>0, y= 1/n, z=0 (n2B1); B, 
is the interval an<x<an+2, y=0, zg=o0 (nZBo); C, is the 
set defined by the relations 

I 


I 
n+1° | eer 


x= an-+ 1, ogy 


where n2>o. 
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Show that X_ is connected and locally compact and is the union of a coun- 
table infinite family of mutually disjoint connected non-empty closed sets. , 


§| 19) A compact connected space X is said to be irreducible between 
two of its points x, y if there is no compact connected subset of X other 
than X itself which contains both x and y. 

a) If x and » are two distinct points of a compact connected space X, 
show that X has a compact connected subspace K_ which is irreducible 
between x and y (use Exercise 14 and Zorn’s Lemma). 


b) Show that a compact connected space having at least two points cannot 
be irreducible between every pair of its points (use Exercise 17). 

c) Let X be a compact connected space, and suppose that there is a 
point ae X which has a connected closed neighbourhood V #4 X. If 


x and y are any two points of CV, show that there is a compact 
connected subset of XK which contains x and one of the points a, y 
but not the other (use Exercise 17). Under the same hypotheses, show 
that if x, y, z are any three distinct points of X, then X cannot be 
simultaneously irreducible between x and y, between yy and gz, 
and between x and z. 


§ 20) Let X be a compact connected space and let L be the set of all 
points of X which have a fundamental system of connected neighbour- 


hoods. The points of S = (L are called the singular points of X. 
The points of the interior L of IL and the components of S are called 
the prime constituents of X. 

a) Let AX be a non-empty open subset of X, let K be a compon- 
ent of A and let F be the closure of An§K. Show that if An KnF 
is not empty then all its points aresingular. If xe An FnK, thecompon- 
ent Q of x in F meets CA [consider a point of (K contained 
in V(x) and its component in A, and show by using Exercise 17 that 
the set of points of F which can be joined to « by a V-chainin F meets 
(A]. Deduce that the prime constituent P which contains x meets 
(A (remark that P contains the component of x in QnA, and use 
Exercise 17 applied to the compact connected space Q and the open 
subset QnA of Q). 

b) Deduce from a) that if P is a prime constituent of X and U isa 


neighbourhood of P, then P has a connected neighbourhood contained 
in U_ (by reductio ad absurdum). 


c) Let V be a symmetric entourage of X, and let V’ denote the set 
of pairs (x,y) of points of X which can be joined by a V-chain, all of 
whose points are singular, except perhaps for * and ». As V_ runs 
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through the symmetric entourages of X, the corresponding sets V’ form 
a fundamental system of entourages of a uniformity (in general not Haus- 
dorff) on X. Let X’' be the associated Hausdorff space, and show that 
the inverse images of the points of X’ under the canonical mapping 
xX — X’ are the prime constituents of X. The (compact connected) 
space X’ is called the space of prime constituents of X. Show that X’ 
is locally connected [use 6) and Chapter I, § 10, no. 4, Proposition 8]. 


*d) Let (r,) be the sequence of all the rational numbers contained 
in ]o,1[, arranged in some order. For each irrational xe [0,1], let 
Sf (x) = 3 2-" sin 1/(x — r,). 

n 
Let X be the closure in R? of the graph of f. Show that X is 


connected and irreducible between its points with abscissas o and 1, 
but that X has only one prime constituent., 


*21) Inthe locally compact space X defined in Exercise 20 5) of Chapter I, 
§ 10, let S be the equivalence relation whose classes are the components 
of X. Show that the quotient space X/S is not Hausdorff., 


22) Show that every totally disconnected compact space X is homeo- 
morphic to the inverse limit of an inverse system of finite discrete spaces. 
(Consider the finite partitions of X into open sets and use the Corollary 
to Proposition 6 of no. 4). 


§ 23) Let f: X + Y beacontinuous open mapping, X locally compact 
and Y Hausdorff. 

a) If K is any compact connected subset of Y and C is any compact 

—1 
component of f(K), show that f(C) = K (reduce to the case K = Y 
and use the Corollary to Proposition 6 of no. 4). *Give an example of a 
-1 

non-compact component QC’ of f(K) such that f(C’) £K., 

b) Suppose in addition that Y is locally compact and locally connected. 
Show that if U is any connected open subset of Y and R is any relatively 


compact component of f (U) in X, then f(R) =U. [Observe 
that in a locally compact locally connected space, a connected open set 
U is the union of the compact connected sets contained in U and 
containing a given point y,¢U; then apply a).] 

c) Suppose in addition that X is locally connected. Show that if K 
is any connected subset of Y which is either open or compact with 
a non-empty interior, and if H is any compact subset of X, then there 


is only a finite number of components of f (K) containedin H. [Use a) 
and 4)]. 
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(Numbers in brackets refer to the bibliography at the end of this note.) 


The principal concepts and results on uniform spaces have emerged grad- 
ually from the theory of real variables, and it is only in recent years 
that they have been systematically studied. Cauchy, in his attempt to 
put the theory of series on a rigorous basis (cf. the Historical Notes to 
Chapters I and IV) took as starting pointa principle which he seems to 
have thought self-evident, namely that a necessary and sufficient condition 
for the convergence of a sequence (a,) isthat |a,;,—4a,| is as small as 
we please whenever n_ is sufficiently large (see for example [2]). Together 
with Bolzano [1] he was undoubtedly one of the first to state this 
principle explicitly and to recognize its importance; hence the name 
of “Cauchy sequences” given to sequences of real numbers which satisfy 
the condition in question, and by extension to sequences (x,) of points 
in a metric space (Chapter IX) such that the distance from x,,;,) to x, is 
as small as we please whenever n is large enough; and hence finally 
the name of “Cauchy filter” given to the generalization of Cauchy 
sequences which has been studied in this chapter. 

When later the intuitive notion of real number ceased to be regarded 
as adequate, and attempts were made to define real numbers in terms of 
rational numbers in order to provide a solid basis for Analysis, it was 
Cauchy’s principle which provided the most fertile of the definitions put 
forward in the second half of the nineteenth century. This definition, 
due to Cantor [3] (and developed along the lines of Cantor’s ideas 
by Heine [5] and independently by Méray, amongst others) consists 
in making a real number correspond to every Cauchy sequence of rational 
numbers (“fundamental sequence” in Cantor’s terminology); the same 
real number corresponds to two Cauchy sequences (a,) and (6,) of 
rational numbers if and only if |a, — 6,| tends to zero. The essential 
idea here is that, from a certain point of view (in fact, the point of view 
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of the “uniform structure defined in this chapter, § 1, no. 1, Example 1), 
the set Q of rational numbers is ‘incomplete’, and that the set of real 
numbers is the “complete” set which one gets from Q by “completion”. 

On the other hand, Heine was the first to define uniform continuity 
for real-valued functions of one or more real variables, in work largely 
inspired by the ideas of Weierstrass and Cantor [4], and he proved that 
every real-valued function which is continuous on a bounded closed 
interval of R_ is uniformly continuous on this interval: this is “Heine’s 
theorem”. By Theorem 2 of § 4 this result is related to the compactness 
of a bounded closed interval of R_  (‘Borel-Lebesgue theorem”, 
Chapter IV, § 2, Theorem 2; cf. the Historical Notes to Chapters I and IV), 
and Heine’s proof of his theorem can also serve, with some modifications, 
to prove the Borel-Lebesgue theorem (and this has appeared as sufficient 
reason to some authors for calling the latter theorem the ‘“Heine-Borel 
theorem”’). 

These ideas became extended to more general spaces when metric 
spaces came to be studied, first in particular cases and then in general 
(cf. Chapter IX); in a metric space a distance is given (i.e. a real-valued 
function of pairs of points, satisfying certain axioms) which defines both a 
topology and a uniformity. Fréchet, who was the first to give a general 
definition of these spaces, recognized the importance of Cauchy’s principle 
[6] and also proved for metric spaces a theorem equivalent to Theorem 3 
of § 4 ({6] and [7]). Hausdorff developed considerably the theory of 
metric spaces in his ‘““Mengenlehre” ((8]; cf. also [8 a]) and in particular 
realized that one can apply Cantor’s construction, described earlier, to 
these spaces and hence obtain a “complete” metric space from a 
“‘non-complete” metric space (i.e. one in which Cauchy’s principle 
is not valid). 

Metric spaces are a particular type of “uniform spaces’; the latter 
were defined in full generality by A. Weil at a fairly recent date [9]. 
Previous to this, the notions and results on “uniform structure” could 
be used only in connection with metric spaces, and this fact explains the 
important part played by metric spaces and metrizable spaces (and in 
particular by compact metrizable spaces) in many modern works on topol- 
ogy, in questions where distance has no real usefulness. Once one has the 
definition of a uniform space, there is no difficulty (especially if one also 
has the notion of a filter at one’s disposal) in extending to these spaces 
almost the whole of the theory of metric spaces as given e.g. by Hausdorff 
(and similarly in extending, for example, to arbitrary compact spaces the 
results on compact metric spaces given in Alexandroff-Hopf’s Topologie 
[10]). This is what we have done in this chapter; in particular, the theo- 
rem on completion of uniform spaces (§ 3, Theorem 3) is no more than a 
transposition, without any essential modifications, of Cantor’s construction 
of the real numbers. 
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CHAPTER III 


Topological Groups 


(Elementary Theory) 


1. TOPOLOGIES ON GROUPS 


1. TOPOLOGICAL GROUPS 


In the first four sections of this chapter the law of composition of a group 
will generally be written multiplicatively, and e shall denote the identity 
element; translation of results into additive notation (which, we recall, 
is reserved exclusively to commutative groups) is usually left to the reader. 


Derinition 1. A topological group is a set G which carries a group structure 
and a topology and satisfies the following two axioms : 


(GT). The mapping (x, y) >xy of Gx G into G is continuous. 


(GTy). The mapping x +x of G into G (the symmetry of the group G) 
is continuous. 


A group structure and a topology on a set G are said to be compatible 
if they satisfy (GT,;) and (GTy). 


Examples. 1) The discrete topology on a group G_ is compatible with 
the group structure. A topological group whose topology is discrete is 
called a discrete group. 

Again, the coarsest topology (Chapter I, § 2, no. 2) on G is compatible 
with the group structure of G. 
* 2) In Chapter IV we shall see that the topology of the rational line Q 
(resp. the real line R) is compatible with the additive group structure 
of Q (resp. R). » 
3) If G is a topological group, its topology is compatible with the struc- 
ture of the group G° which is the opposite of G; G®, with this topology, 
is said to be the topological group opposite to G. 
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Axioms (GT;) and (GT\) are equivalent to the following : 
(GT’). The mapping (x,y) >«y71 of GX G into G is continuous. 


Clearly (GT;) and (GTy) together imply (GT’). Conversely, 
(GT’) implies (GTy), for x*-—>ex-1 = «1 is then continuous; and 
(GT’) and (GTy) together imply (GT,), for (x, y) ~*(97)71=-+xy 
is then continuous. 

If a is any element of G, the left translation x —> ax (resp. the right 
translation x -»>xa) is continuous, by (GT,), and is therefore a homeo- 
morphism of G onto G. The mappings *—axb, as a and 6 run 
through G, thus form a group of homeomorphisms of G; the mappings 
x —> axa) (resp. x — ax, x >xa), where a runs through G, form a 
subgroup of this group of homeomorphisms. Again, since the symmetry 
x —>x7l is an involutory permutation of G, axiom (GT) shows 
that this mapping is a homeomorphism of G onto G. 

If A is an open (resp. closed) subset of G, and if x is any point 
of G, then the sets *.A, A.x and A-! (*) are open (resp. closed), 
for they are the transforms of A under one of the preceding 
homeomorphisms. If A is ofen and B is any subset of G, then AB 
and BA are open, because they are unions of open sets [axiom (O,)]. 
If V isa neighbourhood of ¢ in G, then VA and AV are neighbourhoods 
of A; for if W is an open neighbourhood of ¢ contained in V, then 
WA and AW are open and contain A. 


On the other hand, AB need not be closed when A is closed, even 
if B is closed too (cf. § 4, no. 1, Corollary 1 to Proposition 1). 

* For example, in the additive group of the real line R, the subgroup 
Z of the rational integers is closed, and so is the subgroup 0Z consisting 
of all integer multiples n$ of an irrational number 6; but the subgroup 
Z-+ 6Z of R, which is the set of all real numbers m+ nd (where m 
and n take all integer values) is not closed in R, as we shall see in Chap- 
ter V, § 1. 

Again, let A be the subset of the additive group of R x R_ which 
consists of all (x, y) pairs such that x >o and og y<1— = % and 

x 

let B be the set of all pairs (x, 0), as x runs through R. A and B 
are closed, but A + B is the set of all pairs (x, y) such that o<y <1, 
and is not closed in RX R. , 


Let X be a topological space and let f and g be two mappings of X 
into a topological group G. If f and g are continuous at a point x» 


(*) We recall that if A and B are two subsets of a group G, then A.B 
or AB denotes the set of all products xy where xeA and yeB; A- denotes 
the set of all elements x1 where xeA. If B consists of asingle element x, we 
write x.A or xA (resp. A.x or Ax) in place of {x}.A (resp. A.{x]). 
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of X, then so are ft and fe (*), by Theorem 2 of Chapter I, § 2, no. 1. 
In particular, the continuous mappings of X into G form a subgroup 
of the group G* of all mappings of X into G. 

Again, let f and g be two mappings ofa set X, filtered by a filter §, 
into a Hausdorff topological group G. If limg f and limg g exist, then 
so do limg f and limg/g, and we have (Chapter I, § 7, no. 4, Proposi- 
tion 9, Corollary 1) 


(1) limg f= (limgf)7, 
(2) limg.fg = (limg f) (limg g). 


When G is a commutative group, written additively, the axiom (GT’) 
indicates that (x, y) >*— y is a continuous mapping. If f and g 
are mappings of a topological space X into G, continuous ata point Xp, 
then ( —g is continuous at this point. The formulas (1) and (2) can 
be transcribed similarly. 


2. NEIGHBOURHOODS OF A POINT IN A TOPOLOGICAL GROUP 


Let & be the neighbourhood filter of the identity element ¢ in a topo- 
logical group G, and let a be any point of G. Since x—>ax and 
x —>xa are homeomorphisms, it follows that the neighbourhood filter 
of a is the family @2.% of sets a.V, where V runs through %, and 
is also the family %.a of sets V.a. Thus we know the neighbourhood 
filter of any point of a topological group as soon as we know the neighbour- 
hood filter of the identity element e of the group. 

If we say that xy and x1 are continuous at x= y =e, we obtain 
(Chapter I, § 2, no. 1): 


(GV,). Given any Ue, there exists Ve such that V.VcU. 
1 
(GVy). Given any Ue®, we have Ue. 


Every filter 3 on G which satisfies (GV,) and (GV,;) also satisfies 
(GV,). Given any Ue, there exists VeE® such that V.V-'cU. For 
by (GV,), there exists We such that W.WcU, and by (GV,) 
there exists Ve$ such that VCWnW-!; hence V-1cW and there- 
fore V.V73cW.WcU. 

Conversely, if a filter 9%§ on G satisfies (GV,), it follows first of all 
that e¢ belongs to every set UE; for if Ve is such that V.V-1cU, 


(*) We recall that Fi is the mapping x—> (f(x))-! and fg the mapping 


x —>f (x) g(x); they should not be confused with 7 and fog (when these 
are defined) (Set Theory, R, § 2, nos. 6 and 11). 
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then, since V isnot empty, we have x.x-! = e€U forevery xe V. The 
condition (GV,) therefore implies that V-1cV.V-!cU, so _ that 
U~e% whenever Ve. Finally, if Ve is such that V.V#cU, 
and We is such that WcVnV-}, we have W.WcU. We see 
thus that (GV,) is equivalent to the conjunction of (GV,;) and (GV,,). 


Finally, since «-—> axa! is a homeomorphism which leaves e fixed, 
% has the following property : 


(GVqy). For all aeG and all VeX, we have a.Vate 8. 
These three properties of the filter % are characteristic : 


Proposition 1. Let G be a group and let @ be a filter on G satisfying the 
axioms (GV;), (GVy) and (GVqq). Then there is a unique topology on G, 
compatible with the group structure of G, for which % is the neighbourhood 
filter of the identity element e. For this topology the neighbourhood filter of any 
point aeG is the same as each of the two filters a. and %.a. 


If there is a topology with the required properties, then by what has been 
said above the neighbourhood filter of @ coincides with each of the filters 
a.% and %.a; hence the topology is unique, if it exists. Its existence will 
be established if we show 1) that the filters a.% are the neighbourhood 
filters of a topology on G, and 2) that this topology is compatible with 
the group structure of G. 


1) The filter a.% satisfies axiom (Vy) (see Chapter I § 1, no. 2) 
by reason of (GV;) and (GV,), as we have already seen; hence to 
show that @.% is the neighbourhood filter of @ in a topology on G, 
we have to verify axiom (V,y). Let then V_ be any set of %, and 
W aset of & such that W.WcV; then for any xea.W we have 
x.Wca.W.Weca.V, so that a.V_ belongs to the filter x*.%; hence 
(Vyy) is satisfied. 


2) Let us now show that the topology defined by the neighbourhood 
filters a.% satisfies (GT’). Let a, b be any two points of G; if we 
put x= au and y= bv, then we have to show that xy! is as near as 
we please to ab-1 whenever u and v are close enough to e. Now 
(ab-1)—1(xy-4) = buv-1b-1;, let U be any neighbourhood of e, then we 
shall have buvtd—e@U if uw-teb1Ub=V, and Ve by reason 
of (GVy;). But by (GV;) and (GVy) there exists We such 
that W.W-!cV; hence it is enough to take ue W and ve W in order 
to have xy-te(ab-1) U. This completes the proof. 

A common method of defining a topology compatible with a group 
structure on G consists in giving a filter satisfying the axioms (GV)), 
(GVy;) and (GVyy). The corresponding conditions for a filter base B 
are as follows: 


(GVi). Given any Ue, there exists Ve® such that V.VcU. 
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(GVix). Given any Ue, there exists Ve® such that V-cU. 


(GVint). Given any aeG and any Ue, there exists Ve® such that 
Vca.U.e4, 


A neighbourhood of e which coincides with its image under the 
symmetry x-—>x 1 is said to be symmetric. If V is any neighbourhood 
of e, then Vu V-1, Vn V-! and V.V~— are symmetric neighbourhoods. 
By (GV,;), the symmetric neighbourhoods form a fundamental system of 
neighbourhoods of e. Also it follows from (GV,) that when V_ runs 
through a fundamental system of neighbourhoods of e, the sets V" 


(where n is a fixed integer 40) form a fundamental system of neigh- 
bourhoods of e. 


Remark. If G is commutative, we have x.A.x-! = A for every subset A 
of G andevery xeG, and therefore (GVyy) [resp. (GVjz;)] is automa- 
tically satisfied for every filter (resp. filter base) on G. On the other hand, 
if G is not abelian, then (GVyy) is not a consequence of (GV,) and 
(GVy) [see Exercise 5]. 

If G is a commutative group, written additively, the axioms which 
characterize the filter 8% of neighbourhoods of the origin for a topology 
compatible with the group structure of G are therefore the following : 


(GA,). Given any Ue, there exists Ve such that V+VcU. 
(GA). Given any Ue, we have —Ue. 


Proposition 2. A topological group G is Hausdorff if and only if the set {e} 
ts closed. 


Clearly, if G is Hausdorff, then fe} is closed. Conversely, if {e} 
is closed, then the diagonal A of G x G is closed, because it is the 
inverse image of fet under the continuous mapping (x, y) > xy7}; 
hence (Chapter I, § 8, no. 1, Proposition 1) G is Hausdorff. 


Corotiary. A topological group G is Hausdorff if and only if the intersection 
of the neighbourhoods of e consists only of the point e. 


The condition is clearly necessary. Conversely, if the intersection of all 
the neighbourhoods of ¢ is just fet , then given any xe there isa 
neighbourhood V of e such that x1¢V and therefore e¢xV. This 
shows that x is not in the closure of fe}, and thus fe} is closed, so 
that G is Hausdorff. 


Example. Definition of a topology on a group by means of a set of subgroups. 

If B is a filter base on a group G, formed of subgroups of G, then it 
is immediately seen that % satisfies axioms (GV{) and (GV{;), since 
H.H"“ = H for any subgroup H of G. Hence the set 8 will bea 
fundamental system of neighbourhoods of e in a topology compatible with the 
group structure of G, provided that % satisfies (GV,,;); this will in 
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particular be the case if all the subgroups in 8 are normal, hence always 
if G is commutative. The topology thus defined is Hausdorff, by Proposi- 
tion 2, if and only if the intersection of all the subgroups in % consists only 
of e. The most interesting cases are those in which the subgroup {|e} 
is notin 8 (otherwise the topology defined by % is the discrete topology) : 
if {e}@%, the topology defined by © is Hausdorff only if B is an 
infinite set. 

Since the intersection of two subgroups is a subgroup, we can define a 
topology on G, compatible with its group structure, starting from any 
set § of subgroups of G: let @ be the set of all subgroups a.H.a-}, 
where He and aeG, and let 8 be the set of all finite intersections of 
subgroups belonging to @. Then % isa filter base and satisfies (GVj,;). 

Consider in particular the additive group of a ring A. Every set § 
of ideals of A defines a topology compatible with this additive group 
structure. This topology is Hausdorff if the intersection of all the ideals 
of § is the zero ideal, and it is not discrete if no finite intersection of 
the ideals of § is the zero ideal. Topologies defined in this way play a 
large part in the theory of numbers (see the Exercises of §§ 6 and 7 
of this chapter). 


3. ISOMORPHISMS AND LOCAL ISOMORPHISMS 


In accordance with the general definitions (Set Theory, Chapter IV, § 1, 
no. 5) an isomorphism f of a topological group G onto a topological group 
G’ is a bijective mapping of G onto G’ which is simultaneously an iso- 
morphism of the group structure of G onto that of G’, and a homeomorphism 
of G onto G’. In other words, f is an isomorphism of G onto G’ 
if and only if: 1) f is bijective; 2) f (xv) =f (x) f(y) for all x, »eG; 
and 3) /f is bicontinuous. 

For example, if a is any point of G, the mapping x — axa is 
an isomorphism of G onto G, that is (loc. cit.), an automorphism of the 
topological group G. It is called an inner automorphism. 


If a topology G is compatible with the group structure of a group G, 
then © is also compatible with the group structure opposite to that of G. 
If G® denotes the topological group obtained by giving the group 
opposite to G the topology 6, then the symmetry x—>x"! is an 
isomorphism of the topological group G onto the topological group G®. 


Dertnition 2. If G and G' are two topological groups, a local isomorphism 
of G with G' is a homeomorphism f of a neighbourhood V of the identity 
element of G onto a neighbourhood V' of the identity element of G' which satis- 
fies the following conditions : 


1) For each pair x, y of points of V such that xyeV, 
SF (x9) =F) F(9)- 
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2) If g is the mapping inverse to f, then for each pair of points x', y' of V' 
such that x'y'e@V', we have g(x'y') = g(x’) g(9’). 

The mapping g is then a local isomorphism of G' with G. 

Two topological groups G, G’ are said to be locally isomorphic if there exists a 
local isomorphism of G with G’. 


Isomorphic topological groups are evidently locally isomorphic. 
The converse is false. 


* For example, we shall see in Chapter V, § 1, that the topological groups 
R and T are locally isomorphic but not isomorphic. , 


If f is a local isomorphism of G with G’, then every restriction of f 
to a neighbourhood of the identity element of G is again a local isomor- 
phism of G with G’. 

A local isomorphism of G with G is called a local automorphism 
of G. 

In general, if f is a homeomorphism of a neighbourhood V of the 
identity element of G onto a neighbourhood V’ of the identity element 
of G’ which satisfies condition 1) of Definition 2, f does not necessarily 
satisfy condition 2) (see Exercise 7). Nevertheless, G and G’ are in 
fact locally isomorphic. 


Proposition 3. Let G and G' be two topological groups, and let f be a 
homeomorphism of a neighbourhood V of the identity element of G onto a neigh- 
bourhood V' of the identity element of G', which satisfies condition 1) of Defi- 
nition 2. Then f is an extension of a local isomorphism of G with G'. 


For it is not hard to see that if W is a neighbourhood of the identity 
element of G such that W.WcV, then the restriction of f to W is a 
local isomorphism of G with G’. 


2. SUBGROUPS, QUOTIENT GROUPS, 
HOMOMORPHISMS, HOMOGENEOUS SPACES, 
PRODUCT GROUPS 


1. SUBGROUPS OF A TOPOLOGICAL GROUP 
Let G be a topological group and let H_ be a subgroup of G. By 


(GT’), the topology induced on H by the topology of G is compatible 
with the group structure of H. The structure of a topological group thus 
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defined on H_ is said to be induced by that of G. Whenever we consider 
a subgroup H of G as a topological group, it is always this induced 
structure which is under consideration, unless the contrary is expressly 
stated. 


Proposition 1. The closure H of a subgroup H of a topological group G 
is a subgroup of G. If H is a normal subgroup of G, then so is Hi. 


If a,beH then ab-'eH, because the mapping (x, y) xy} is contin- 
uous on G XG and transforms H x H into H (Chapter I, § 2, 
no. 1, Theorem 1). In the same way, the continuity of the mapping 
x —> axa~! shows that if H is normal then H_ is normal. 

In particular, the closure N_ of the set fe} consisting only of the 
identity element of G, is a normal subgroup of G; and N= fe} if and 
only if G is Hausdorff (§ 1, no. 2, Proposition 2). 


Proposition 2. Jf G is a Hausdorff topological group, then the closure of 
a commutative subgroup of G is a commutative subgroup of G. 


By reason of Proposition 1, we may limit ourselves to the case where H 
is dense in G. The continuous functions xy and yx are equal on 
H x H, and are therefore equal on G x G, by virtue of the principle 
of extension of identities (Chapter I, § 8, no. 1, Proposition 2, Corollary 1). 


Proposition 3. Let G be a Hausdorff topological group and let M_ be any 
subset of G. Then the set M’ of elements of G which commute with each 
element of M is a closed subgroup of G. In particular, the centre of G ts 
closed in G. 


For M’ is the intersection of the sets F,,(meM), where F,, is the set 
ofall xeG such that xm= mx; and F,, is closed (Chapter I, § 8, no. 1, 
Proposition 2). 


Proposition 4. Let G be a topological group and let H be a subgroup of G 
which is locally closed at one point of H (Chapter I, § 3, no. 3, Definition 2). 
Then H is closed in G. 


By translation, H_ is locally closed at each of its points, i.e. H_ is locally 
closed in G, Let V be a symmetric open neighbourhood of e¢ in G 
such that VnH is closedin V. If «eH, then xV meets H; if 
yexVnH, we have xeyV, and »(VnH) = (»V) nH is closed in 
yV. But x lies in the closure of (yV) nH, hence xe H. 


Corouiary. A subgroup of a topological group is open tf and only if it has an 
interior point. Every open subgroup is closed. 
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If a subgroup H_ has an interior point, then by translation all the points 
of H areinteriorandso H isopen. The second assertion of the corollary 
is a particular case of Proposition 4. 


Proposition 5. A subgroup H of a topological group G is discrete if and 


only if H has an isolated point. Every discrete subgroup of a Hausdorff 
group is closed. 


If H is discrete, every point of H is isolated. Conversely if H has an iso- 
lated point, then by translation every point of H._ is isolated and therefore 
H is discrete. If H is discrete and G is Hausdorff, then there is a neigh- 
bourhood V of e such that Vn H = fet; fet is closed in G and 
therefore a fortiori in V, so that H_ is locally closed at e. Hence H 
is closed in G by Proposition 4. 


Remark. Let H_ be any subgroup of a topological group G. For each 
xeéH we have xH =x. H =H, since translation by x is a homeo- 
morphism of G onto G. In other words, for each xeH, xH_ is dense 


in H. It follows that if H_ is not closed, then infu is dense in Hi. 


2. COMPONENTS OF A TOPOLOGICAL GROUP 
Let V be a symmetric neighbourhood of ¢ in G, The subgroup gener- 
n 


ated by V, which is denoted by V® consists of all products ES of 
ia 


finite sequences of elements of V. V™” is open, since it has e¢ as an 


interior point, and is therefore closed by Proposition 4 of no. 1. It follows 
that : 


Proposition 6. A connected topological group is generated by every neighbourhood 
of the identity element. 


The converse of this proposition is in general false, as we shall see in Chapter 
IV (§ 2, no. 5). If a topological group G is generated by each neigh- 
bourhood of the identity element, the most we can say is that G contains 
no open subgroup other than G. 

* As an example of a non-connected group G which has an open 
subgroup distinct from G, we may cite the multiplicative group R* of 
non-zero real numbers, in which the subgroup R* of real numbers > 0 
is both open and closed (see Chapter IV, § 3, no. 2). , 


Proposition 7. In a topological group G, the component K_ of the identity 


element e is a closed normal subgroup. The component of any point xeG its 
the coset x.K = K.x. 
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If aeK, then aK is connected and contains e; hence K-1K cK, 
which shows that K is a subgroup of G. This subgroup is invariant 
under all automorphisms of G, and in particular under all inner auto- 
morphisms, therefore K is normal in G; also K_ is closed (Chapter I, 
§ 11, no. 5, Propositiong). Finally, the left translation y + xy is a homeo- 
morphism of G which sends ¢ to «, and hence the component of x 
is x.K. 

The component of the identity element ¢ of G is called the identity 
component of G. 


3. DENSE SUBGROUPS 
The following Proposition generalizes Proposition 1 of no. 1: 


Proposition 8. Let H_ be a dense subgroup of a topological group G, and 
let K_ be a normal subgroup of H. Then the closure K of K in G isa 
normal subgroup of G. 


For the mapping (z, x) — zxz~!_ is continuous on G x G, and maps 
H x K into K; hence (Chapter I, § 2, no. 1, Theorem 1) it maps 
GxK=HxK into K 


Proposirion 9. Let H_ be a dense subgroup of a topological group G. If 
His generated by every neighbourhood of the identity element in H, then G is 
generated by every neighbourhood of the identity element in G. 


Let V_ be any symmetric neighbourhood of ¢ in G. Then VnH 
is a neighbourhood of ¢ in H, and hence generates H. It follows that 
V_ generates a subgroup H’ which contains H; but H’ is open and 


closed (no. 1, Corollary to Proposition 4), and therefore contains H = G. 


4. SPACES WITH OPERATORS 
Let X be a topological space and let G be a topological group. G 
is said to operate continuously on X if the following conditions are satisfied : 


1) X has G as a group of operators; in other words X is endowed 
with an external law of composition (s, x) ->s.x for which G is the set 
of operators, and which is such that s.(é.x) = (st).x and e.*x =x for 
all s, teG and all xeX. 


2) The mapping (s, x) >s.x of Gx X into X is continuous. 
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Lemma 1. If a topological group G_ operates continuously on a topological 
Space X, then for each seG the mapping x—>s.x is a homeomorphism 
of X onto X. 


For this mapping is a continuous bijection whose inverse x —> s~1.x 
is also continuous. 

We recall that for each xe X the set G.x of transforms s.x of x 
by the elements s of G is called the orbit of x (with respect to the 
group of operators G), and that the set of all seG such that s.x=x 
is a subgroup of G called the stabilizer of x. The relation R(x, y): “y 
belongs to the orbit of x” is an equivalence relation on X, called the 
equivalence relation defined by G; the equivalence classes with respect to 
this relation are the orbits of the points of X. The topological space X/R 
is called the orbit space of X (with respect to G), or the quotient space of 
X by the group G, and is denoted by X/G; and the topology of X/G_ is 
said to be the quotient of the topology of X by G. 


Lemma 2. If a topological group G operates continuously on a topological 
space X, then the equivalence relation R defined by G is open. 


For the saturation with respect to R of an open subset U of X is 
the set U s.U, and each s.U is open by Lemma 1. 


seG 
Examples. 1) Let H be a subgroup of a topological group G. H 
operates continuously on G by the external law (s, x) >sx. H_ also 
operates continuously on G by the external law (x, 5) — sxs—1. 


2) *If K_ is a topological division ring (§ 6, no. 7), the multiplicative 
group K* operates continuously on K_ by the external law (s, x) > sx. 


3) Let G be a topological group, X a topological space. Then the 
mapping (s, x) >x of G x X into X is an external law of composi- 
tion on X, and G operates continuously on X with respect to this 
law; G is then said to operate trivially on X. 


Remark. Instead of saying that a topological group G operates contin- 
uously on a topological space X, it is often said that G operates contin- 
uously on the left on X. When the topological group G® opposite to 
G operates continuously on X, we say that G operates continuously 
on the right on X. It comes to the same thing to say that X has a contin- 
uous external law of composition (s, x) —>s.x with G as set of operators, 
such that s.(t.x) = (ts).x and e.x= x. Such a law is often written 
on the right : (s, x) >x.s (whence the terminology), and we have then 
(x.t).s = x.(ts). If G operates continuously on the right on X by 
the law (s, x)->x.s, then also G operates continuously on the left 
on X according to the external law (s, x) > x.s~1, by virtue of axiom 
(GTy). 
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Let X (resp. X’) be a set with a group of operators G (resp. G’) 
and let f: G-»>G’ be a homomorphism and g: X->X’ a mapping. 
f and g are said to be compatible if g(s.x) = f(s).g(*) for all seG 
and all xe X. If X” is a third set with a group of operators G”, if 
J': G'—G" is a homomorphism, g’: X’—> xX” a mapping, and 
if f’ and g’ are compatible, then f’of and g’o g are compatible. 
When X, X’ are topological spaces and G, G’ are topological groups 
operating continuously on X, X’ respectively, (f, g) is said to be a 
morphism of the space with operators X into the space with operators X’, 
provided that f and g are continuous and compatible. Passing to the 
quotients, g then induces a continuous mapping X/G —> X’/G’ (Chap- 
ter I, § 3, no. 4, Corollary to Proposition 6). 

Let G be a topological group operating continuously on a topological 
space X, and let 9 be the canonical mapping of X onto the orbit 
space X/G. Let A be any subset of X, and let A’ be the subspace 
of X which is the saturation of A with respect to the equivalence rela- 
tion R defined by G (thus A’ is the union of the orbits of points of A, 
and is said to be the saturation of A with respect to G). G_ operates 
continuously on A’ by the restriction of (s, x)—>s.x to Gx A’ 
Moreover, since R is open (Lemma 2) and A’ is saturated, it follows 
from Proposition 4 of Chapter I, § 5, no. 2, and from the relation 
9(A) = 9(A’), that: 


Proposition 10. The canonical bijection of the subspace 9(A) of X/G_ onto 
the orbit space A'/G is a homeomorphism. 


Now let S_ be an equivalence relation on X such that, for each se G, 
the mapping x 5.x is compatible with S [in other words, such that the 
relation x= y (mod S) implies s.x =s.y (mod S)]; for the sake 
of brevity we shall say that the relation S is compatible with the group G. 
If y is the canonical mapping of X onto X/S, and if s.y(x) denotes 
' the class mod S of s.x, then X/S has G as groups of operators with 
respect to the external law (s, (x)) >5.(x) = y(s.x). Moreover: 


Proposition 11. If the equivalence relation S on X is open and compatible 
with G, then G operates continuously on XS. 


Since the relation of equality on G and the relation S on X are open, 
it is enough to show that the mapping (s, x) > s5.(x) = $(s.x) of G x X 
into X/S_is continuous (Chapter I, § 5, no. 3, Corollary to Proposition 8) ; 
but this follows from the continuity of 4 and of the mapping 


(5, %) > Sa. 


Remark. Let G’ be another topological group operating continuously 
on X, and suppose that s.(s’x) = s’(s.x) for all seG, s’eG’ and 
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*xe@X. Then the equivalence relation S defined by G’ is compatible 
with G, and since S is open (Lemma 2) it follows that G operates 
continuously on X/G’. Similarly, G’ operates continuously on X/G. 
In these circumstances the two operations of the two groups G and G’ 
on X are said to commute. 


5. HOMOGENEOUS SPACES 


Let G be a topological group and H a subgroup of G. H_ operates 
continuously on the right on G according to the external law (¢, x) — xt, 
and the orbit of a point xeG is the left coset xH. The set of orbits 
is therefore what we have called in algebra the homogeneous space G/H. 
Whenever we speak of G/H as a topological space, we shall always mean 
the orbit space of G (with respect to H) unless the contrary is expressly 
stated; i.e. the quotient space of G_ by the equivalence relation x—1y eH. 
In conformity with the general definitions, we say that the topology of 
this space is the quotient by H of the topology of G. 


Proposition 12. The group G operates continuously on every homogeneous 
space G/H. 


Since the equivalence relation x"1ye@H is open (no. 4, Lemma 2) this 
is a particular case of Proposition 11 of no. 4. 


Proposition 13. Let G be a topological group and let H be a subgroup 
of G. Then the homogeneous space G/H is Hausdorff if and only if H is 
closed in G. 


H_ is an equivalence class for the relation x1yeH and therefore, if 
G/H_ is Hausdorff, H is closed in G. Conversely, if H_ is closed, then 
the graph of this relation is closed in G x G, since it is the inverse image 
of H_ under the continuous mapping (x, y)—>«71y. Since the relation 
x-1y e@H is open, it follows from Chapter I, § 8, no. 3, Proposition 8 that 
G/H_ is Hausdorff. 


Proposition 14. Let G_ be a topological group and let H_ be a subgroup 
of G. Then the homogeneous space G/H_ is discrete if and only if His open 
in G. 


For the inverse images in G of the points of G/H under the canonical 
mapping are the cosets *H (xeG); and these sets are open in G if 
and only if H is open in G. 

Let X bea topological space on which a topological group G operates 
continuously and iransitively; X is then (in the algebraic sense) a homo- 
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geneous space of G. Let x be a point of X, H, its stabilizer. The 
continuous surjection s—>s.x of G onto X factorizes canonically as 


“2 gm, =x 


where f, is the canonical mapping of G onto the homogeneous space 
G/H,, and g, is the bijection s.H, >s.« of G/H, onto X; moreover 
(Chapter I, § 3, no. 4, Proposition 6) gz, is a continuous mapping. But g, 
is not necessarily a homeomorphism of G/H, onto X (Exercise 29). 
If g, is a homeomorphism for each xe X, then we say that X is a 
topological homogeneous space (of the topological group G); for this to be so 
it is necessary and sufficient that, for each xe E, the mapping s—>s.x 
of G into X should be open. 


Proposition 15. Let X be a topological space on which a topological group G 
operates continuously and transitively. For X to be a topological homogeneous 
space (relative to G) it ts sufficient that for some point xyeX the mapping 
S$ —>5.%q transforms each neighbourhood of ¢ in G into a neighbourhood of xy 
in X. 

Every xe@X can be written as x =t.%9 for some teG. If V is 
a neighbourhood of e, then V.x = (Vi).%9 is a neighbourhood of <x, 
for we can write (V#).%9 = ¢((é"V#).x9), and the assertion follows 
from the facts that ¢-!Vé is a neighbourhood of e in G and that y —t.y 
is a homeomorphism of X onto itself (no. 4, Lemma 1). It follows 
that if U is any open subset of G and if x is any point of X, then 
U.* is open in X; for if te U, then ¢-!U is a neighbourhood of e, 
hence (é-!U).x is a neighbourhood of x, and ¢.((f-!U).x) =U.x 
is a neighbourhood of ¢.x. Hence U.x is open in X, so that the map- 
ping s—>s.x* of G into X is open. This completes the proof. 


6. QUOTIENT GROUPS 


Proposition 16. Let G be a topological group and let H be a normal sub- 
group of G. Then the quotient by H of the topology of G is compatible with 
the group structure of G/H. 


If x->* is the canonical mapping of G onto G/H, then we have to 
show that (x, 9) >%#j7-! is a continuous mapping of (G/H) x (G/H) 
into G/H. Since the equivalence relation «-1yeH is open (no. 4, 
Lemma 2), it is enough to show that (x,y) + #71 is a continuous mapping 
of G x G into G/H (Chapter I, § 5, no. 3, Corollary to Proposition 8, 
and § 3, no. 4, Proposition 6). But (x, y) xy! is the composition 
of the continuous mappings x -—> x and (x, y) > xy~1, hence is contin- 
uous. 
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Whenever in the sequel we consider a quotient group G/H of a topo- 
logical group G as a topological group, it is always to be understood that 
the topology of G/H is the quotient by H of the topology of G, unless 
the contrary is expressly stated. 


Proposition 17. Let 9 be the canonical mapping of a topological group G 

onto a quotient group G/H. If & is a fundamental system of neighbourhoods 

of ¢ in G, then 9(%) is a fundamental system of neighbourhoods of the identity 

element g(e) of G/H. 

This is a particular case of Proposition 5 of Chapter I, § 5, no. 3. 
Propositions 13 and 14 give in particular, for quotient groups: 


Proposition 18. Let G be a topological group and let H be a normal subgroup 
of G. 

a) The quotient group G/H is Hausdorff if and only if H is closed in G. 
b) The quotient group G/H is discrete if and only if H is openin G. 


If G isa topological group and N is the closure of fe} in G, then N 


is a closed normal subgroup of G (no. 1, Proposition 1), hence G/N 
is Hausdorff; G/N is called the Hausdorff group associated with G. 


Proposition 19. If H is a discrete normal subgroup of a topological group G, 
then G/H_ is locally isomorphic to 


Let V_ be a neighbourhood of e in G which does not contain any 
point of H otherthan e, andlet W be asymmetric open neighbourhood 
of e in G suchthat W2cV. Then the restriction to W ofthe canonical 
mapping ¢ of G onto G/H is injective ; for if x,yeW and 9(x) = 9(9), 
then x“lyeW2cV and x 4yeH, so that x=. By Proposition 17 
it follows that the restriction of ¢ to W is a homeomorphism of W 
onto 9(W); since moreover 9(x7) = 9(x)e(y) for all x, yeW, we 
conclude that G and G/H are locally isomorphic (§ 1, no. 3, Proposi- 
tion 3). 


7. SUBGROUPS AND QUOTIENT GROUPS OF A QUOTIENT GROUP 


Let G be a topological group, let H be a normal subgroup of G, and 
let ¢ : G-—>G/H be the canonical mapping. We know that if A’ isa 
subgroup of G/H, then ‘¢'(A’) is a subgroup of G which contains H. 
Conversely, if A isa subgroup of G, then 9(A) isa subgroup of G/H; 
moreover, there is a canonical bijection of the quotient group A/(A n H) 
onto the subgroup 9(A) of G/H, and a canonical bijection of »(A) 
onto the quotient group AH/H, and both these bijections are isomor- 
phisms for the group structures. 
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Proposition 20. Let A be a subgroup of a topological group G, let H be 
a normal subgroup of G, and let 9 denote the canonical mapping of G onto 
G/H. Then the canonical bijection of 9(A) onto AH/H is an isomorphism 
of topological groups. 


This follows from the preceding remarks, and from Proposition 10 of no. 4. 


The canonical bijection of A/(AnH) onto 9(A) is a continuous 
homomorphism, since it arises from the restriction of g to. A by passing 
to the quotients; but in general the topological groups A/(AnH) and 
AH/H are not isomorphic (cf. § 4, no. 1, Proposition 1, Corollary 3). 


* For example, take G to be the additive group R_ of real numbers, 
take H to be the group Z of integers, and take A to be the group 
0Z of integer multiples of an irrational number 6. Then AnH = {0}, 
so that A/(AnH) is a discrete group, isomorphic to Z; on the other 
hand, A-+ H_ is dense in R (as we shall see in Chapter V, § 1, no. 1, 
Proposition 1), hence (A + H)/H, which is locally isomorphic to A + H 
(no. 6, Proposition 19), is not a discrete group and consequently is not 
isomorphic to A/(AnH). , 


Nevertheless, we have the following proposition : 


Proposirion 21. Let G be a topological group, Gog a dense subgroup of G, 
Hy anormal subgroup of Go, H_ the closure of Hy in G and 9 the canonical 
mapping G-—>G/H. Then the canonical bijection Go/H,—> (Go) is an 
isomorphism of the topological group Go/Hy onto a dense subgroup of G/H. 


Since H, = Hn Gy, it is enough to show that if Uy is any open subset 
of G, which is saturated with respect to the relation «lye Hy, then U, 
is the intersection of Gy and an open subset of G which is saturated 
with respect to the relation x~1y¢H (Chapter I, § 3, no. 6, Proposition 10). 
Let U_ be an open subset of G such that Uy = UnG,. Since 
U, = U,H,, it is easily seen that U, = UH,nG,; but UH, is open 
in G, so we may suppose that U = UH,y. The set UH is open in G 
and is saturated with respect to the relation x~lye H; hence the proposi- 
tion will be proved if we show that UHn Gy = Uy. Now, if ue U and 
heH aresuch that uhe Go, then there is a symmetric neighbourhood V 
of e in G such that uVcU; since Vh is a neighbourhood of f in G, 
there exists zeV such that zhe Hy. But then we have uz eU, 
and uh = (ug )(zh); therefore UHnG,cUH,. But UH, = U, 
hence UHnGycUnG,=U,. This completes the proof. 

Let G be a topological group operating continuously on a topological 
space X, and let K be anormal subgroup of G which is contained in 
the stabilizer of each point of X. For each xeX, the relation 
§ == (mod K) therefore implies s.x = t.x, and passing to the quotient 
we define a mapping s—>s.x of G/K into X. It is immediately 
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verified that with respect to the external law (S, x) > 5.x, X has G/K 
as a group of operators. Moreover, G/K operates continuously on X 
with respect to this law; for the relation of equality on X and the rela- 
tion s=t (mod K) on G are both open equivalence relations, and 
therefore the result follows from the continuity of the mapping 


(s, x) >S.x = 5.x 


of G xX X into X (Chapter I, § 5, no. 3, Corollary to Proposition 8, 
and § 3, no. 4, Proposition 6). 

Now let G_ be a topological group operating continuously on a topo- 
logical space X, and let H_ be any normal subgroup of G; then H 
operates continuously on X. Let S_ be the equivalence relation defined 
by H on X; then S is open (no. 4, Lemma 2). The relation S is 
compatible with the group G (no. 4); for if y= x (mod S) then there 
exists t¢¢ H such that y= ¢.x; hence forall se G we have s.y = (sts!) .s.x, 
and sts"teH since H is normal in G; thus s.y=s.x (mod S). 
If y is the canonical mapping of X onto X/S, the group G therefore 
operates continuously on X/S with respect to the external law 


(s, p(%)) > Y(s-¥) 


(no. 4, Proposition 11). Moreover, the group H_ is contained in the 
stabilizer of each of the points of X/S; as we have seen above, G/H 
operates continuously on X/S = X/H_ with respect to the external law 
(Ss, y(x)) + U(s.x). If R denotes the equivalence relation on X defined 
y G, then the relation S implies R, and the equivalence relation 
R/S on X/S is that defined by the group G/H. Hence (Chapter I, 
§ 3, no. 4, Proposition 7): 


Proposition 22. Let G be a topological group operating continuously on a 
topological space X, and let H be a normal subgroup of G. Then the 
canonical bijection of X/G onto (X/H)/(G/H) is a homeomorphism. 


Coro.tiary. Let G be a topological group, H a normal subgroup of G, and 
K_ a normal subgroup of G which contains H. Then the canonical bijection 
of G/K onto (G/H)/(K/H) is an isomorphism of topological groups. 

We know already that this bijection is an isomorphism of groups, and 


Proposition 22 (applied to the group K operating on the right on G) 
shows that it is a homeomorphism. 


8. CONTINUOUS HOMOMORPHISMS AND STRICT MORPHISMS 


PROPOSITION 23. A homomorphism f of a topological group G into a topological 
group G' is continuous on G if and only tf it is continuous at one point of G. 
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Suppose /f is continuous ata point aeG; then if V’ is any neighbour- 
hood of f(a), V = f (V’) is a neighbourhood of a. Hence if x is 
any point of G, we have 

SF (xa* V) =F (LF (@IAS (VY) Cf (*) LF (@)]7 Vs, 
and therefore f is continuous at x. 

A continuous homomorphism of a topological group G into a topo- 
logical group G’ is also called a morphism of G into G’ for the topolo- 
gical group structures. 

Let f be a continuous homomorphism of a topological group G into 
a topological group G’; the inverse image H = / (e’) of the identity 
element ¢ of G’ is a normal subgroup of G, and f(G) is a subgroup 
of G’. Consider the canonical factorization f = yo fo, where 9g 
is the canonical mapping G->G/H, y is the canonical injection 
J (G) + G'’ and lastly f is a continuous bijective homomorphism of the quotient 
group G/H onto the subgroup f(G) (Chapter I, § 3, no. 5); f is said 
to be the bijective homomorphism associated with f. In general, f is 
not an isomorphism of topological groups. 

For example, let G’ be a non-discrete topological group, and G the 
topological group obtained by giving G’ the discrete topology; then the 
identity mapping of G into G’ is a continuous bijective homomorphism, 
but is not bicontinuous. 
DEFINITION 1. A continuous homomorphism of a topological group G into 
a topological group G' is said to be a strict morphism of G into G' if the bijec- 
tive homomorphism f of G/ f (e') onto f(G), associated with f, is an iso- 
morphism of topological groups (in other words, if f is bicontinuous). 
An isomorphism of a topological group G onto a topological group G’ 
is therefore a bijective strict morphism of G onto G’. 


Proposition 24. Let f be a continuous homomorphism of a topological group G 
into a topological group G'. Then the following three statements are equivalent : 
a) f is a strict morphism. 

b) The image under f of every open set in G is an open set in f (G). 

c) The image under f of every neighbourhood of the identity element in G is a 
neighbourhood of the identity element in G'. 

In view of Lemma 2 of no. 4, the equivalence of a) and b) follows 
immediately from the definitions (Chapter I, § 5, no. 3, Proposition 5). 
The equivalence of b) and c) is a particular case of Proposition 15 of no. 5, 
if we observe that G operates continuously on f(G) by the external 


law (s, f (t)) >f (st). 
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Remarks. 1) From condition b) of Proposition 24 it follows that every 
continuous homomorphism of a topological group into a discrete group is 
a strict morphism. 

If G is compact and f{(G) is Hausdorff, then the bijective homomor- 
phism f associated with f is bicontinuous (Chapter I, § 10, no. 2, Theo- 
rem 1, Corollary 2, and no. 1, Proposition 5, Corollary 4). Hence every conti- 
nuous homomorphism of a compact group into a Hausdorff group is a strict morphism. 


2) Let f be a strict morphism of G into G’ and let g be a strict 
morphism of G' into G". If f is surjective or if g is injective, it follows 
immediately from Proposition 24 that go/f is a strict morphism of G 
into G". But this conclusion is no longer necessarily valid if neither of 
the two preceding conditions is satisfied, even if f is injective and g sur- 
jective (Exercise 19). 


3) Let f be a continuous homomorphism of a topological group G into 
a topological group G’, and let H be a normal subgroup of G. f 
induces a homomorphism g of the group G/H onto the quotient group 
S(G)/f(H). This homomorphism g is continuous. Moreover, if f 
is a strict morphism of G into G’, then g isa strict morphism of G/H onto 
J(G)/f(H); for if U is open in G/H, and if 9 (resp. 9’) denotes 
the canonical mapping of G onto G/H [resp. of f(G) onto f(G)//(H)], 
then we have g(u) = 9'(f(¢(u))), and since @'(u) is open in G, it 
follows that g(u) is open in f/(G)/f(H), which proves our assertion. 


9. PRODUCTS OF TOPOLOGICAL GROUPS 


Let (G,),eq be a family of topological groups. Then we can define a 
group structure on the product set 
G=||[c, 
tel 
(the product of the group structures of the G,) by defining (x,).(y,) = (*.))- 
If ¢, is the identity element of G,, then e¢ = (¢,) is the identity element 
of G, and we have (x,)-! = (x71). The product topology (Chapter I, 
§ 2, no. 3) of the topologies of the G, is compatible with this group structure. 
For the mapping ((*,), (9.)) > (#977) of G x G into G is the compo- 
sition of the mapping ((x,,.».)) > (x74) of 
IIs. x G, into G, 


i § 
and the canonical mapping ((*,), (9.)) >((, »)) of 


GxG_ onto I[G, x G,); 


ter 


and both these mappings are continuous (Chapter I, § 4, 
no. 1, Corollary 1 of Proposition 1, and Proposition 2). 
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DEFINITION 2. The topological group obtained by giving the product set 


G=]|[G, 


tel 


the group structure which is the product of the group structures of the G, and the 
topology which is the product of the topologies of the G, is called the product of 
the topological groups G,,. 


If (Jx)xex is a partition of I, then G is isomorphic to the product of the 
topological groups I G, (associativity of the product). 


és, 
If H, isa subgroup of G,, then the product of the topological groups 
H, is isomorphic to the subgroup IL, of I[c.. In particular, 


t ¢ 
if J is any subset of I, and J’ = CJ, then the topological group Il G, 
: tas 
is isomorphic to the normal subgroup G5 = ([[ G,) x all fet) of G. 
es “eI 
Since the projection of every open set is an open set, the projection pry 
of G onto Il G, is a strict morphism, and consequently the quotient group 
63 
G/G' is isomorphic to Gj.; G isisomorphic to the product Gj x (G/G5). 
Proposirion 25. Let (G,),eq be a family of topological groups, and let H 
be the normal subgroup of G=|[G, consisting of all x = (x,) such that 


ei 
the x, are equal to the identity element e, of G, except for a finite number of 
indices. Then the subgroup His dense in G. 

This is a particular case of Chapter I, § 4, no. 3, Proposition 8. 


Let (X,),q be a family of topological spaces, and for each 1el 
let G, be a topological group operating continuously on X,. It is clear 


that the product group G = Il G, then operates continuously on the 
el 
product space X =|] x, according to the law 


((Se)> (%)) > (5) 


(Chapter I, § 4, no. 1, Proposition 1, Corollary 1, and Proposition 2). 
Moreover the orbit under G ofa point x = (x,) of X is the product 
of the orbits of the x, (with respect to the groups G,). Let 9», be the 
canonical mapping of X, onto X,/G,, and let 9 = (9,) be the product 


mapping of X onto Il (X%,/G,); then the preceding remark shows 


that the bijection canonically associated with g maps the orbit space 
X/G onto I (X,/G,). Moreover: 


238 


SEMI-DIRECT PRODUCTS § 2.10 


Proposition 26. The bijection of X/G onto a (X%,/G,) canonically asso- 
ciated with (9,) is a homeomorphism. 

For since the 9, are surjective and open, it {follows that 9 =(9,)_ is 
an open mapping (Chapter I, § 5, no. 3, Corollary to Proposition 8). 


Coroittary. Let (G,),e, be a family of topological groups, and for each 
vel let H, be anormal subgroup of G,; let 9, denote the canonical mapping 


of G, onto G/H, Le G=|[[G, H=[[H, Then the bijective 
el é1 
homomorphism of G/H_ onto Il (G/H,) associated with the continuous homo- 
a3 
morphism (x,) > (9,(%,)) ts an isomorphism of topological groups. 


For this homomorphism is an isomorphism of group structures. 


Remark. If G is a commutative topological group, written additively, 
then the mapping (*, y)—>*-+ » of G x G onto G isa strict morphism. 
For since (x + x’) + (y+ 9’) = (x+y) + (x + 9’) it is a homomorphism of 
G x G onto G; alsoit is continuous, and the image of a neighbourhood 
Vx V of the origin in Gx G under this mapping is the neigh- 
bourhood V + V of the origin in G. 


10. SEMI-DIRECT PRODUCTS 


Let L, N_ be two subgroups of a group G, such that LN = NL; 
then LN is a subgroup of G, since 


(LN) (LN)-? = LNN-?L-? = LNL = LLN = LN 


Moreover, the mapping 9: (x,y) >ay of N xX L into G is injective 
if and only if NnL= fe}. For it is clear that if 9 is injective, then 
NoL= fe et; and conversely, the relation x’ y' = xy, where x, x'eN 
and y, y'eL, implies that xx’ = yy’-teNnL; hence if Nn L = }e}, 
then ¢ is injective. Thus 9 is bijective if and only if LN=G and 
NoL= fe}. 

If N_ is a normal subgroup of G (or more generally is normal in 
some subgroup of G containing NuL), the condition LN = NL is 
automatically satisfied. Moreover, for each yeL the mapping 


gy: x —> yxy" is an automorphism of the group N, and for any two 
elements u, v of L we have 


(1) Say = Fy Oy5 
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Ul 


and for any x, x’ in N and y, y’ in L we have also 


(2) (ay ) (%' 9) = (xoy(2")) (9). 
Conversely : 


Proposirion 27. Let N and L be two groups, e' and e" their respective 
identity elements. Suppose that we are given a homomorphism y—>o, of L 
into the group YT’ of automorphisms of N. Then: 


1) On the product set S=N XL, the internal law of composition 
(3) (x, 9) (3'5 9") = (x0y(%'), 997’) 
defines a group structure, for which j,: x —> (x, e") 1s an tsomorphism of N 
onto a normal subgroup of S, jo: y —> (e',.y) is an isomorphism of L onto a 
subgroup of S, and prz: S—+L is a surjective homomorphism whose kernel 
is j,(N) and which is such that pra o jg is the identity automorphism of L. 
2) Let f: N-+G, g: L-G be two homomorphisms into a group G, 
such that i 
(4) SF (sy(%)) = (9) F (4) 8(97) 
forall xeN andall ye. Then there is a unique homomorphism h: S->G 
such that f=hoj, and g=ho jy. 
If x, x’, x" are elements of N and ¥y, 9’, y” are elements of L, then 
(Cs 9) (%'s 9) (29, 9") = (%ay(*"), wy)", 9") 
ae (xay (x ‘) Syy' (x ©) YY 'y") 
and (9) (C's D8" 9") = (% I) (oy (2") 99") 
= (xoy(x'oy:(x")), JY; J”) 
and therefore the associativity of the law (3) follows from the facts that 
Jy — sy is a homomorphism of L into [’ and that o, is an automor- 
phism of N. Clearly (¢’, e”) is the identity element of (3), and finally 
(%, 9) (Gy+(4), 9) = (ay-41(4), 97?) (*) 9) = (6, €”) 


so that (x, y) has an inverse in S. The other assertions of 1) are clear. 
On the other hand, since (x, y) = (x, e”) (e’, »), a homomorphism A 
which satisfies the conditions of 2) must necessarily satisfy 


A(x, y) =f (*)8(»)s 
hence is unique if it exists; moreover it is immediate from (4) that 


SF (xoy(x'))a( 99") = f (a(S (g(r) g(a) 800) =F (*) (0) SF (*)8(9’) 
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which shows that (x, y) >/(x)g(¥) is indeed a homomorphism of S 
into G_ satisfying the conditions of 2). 


CGoroLiary. The homomorphism h defined in 2) of Proposition 27 is injec- 
tive if and only if f and g are injective and f(N)ng(L) = fet; and h 
is surjective if and only if f(N)g(L) = G. 


Since h(x, y) =f (x)g(9), the second assertion is obvious; moreover 
it follows from (4) that f(N)g(L) = g(L)f(N), and the first assertion 
follows from the remarks at the beginning of this sub-section. 

The group S defined in Proposition 27 is said to be the external semi- 
direct product of N and L (relative to o); we shall generally identify 
N (resp. L) with the normal subgroup j,(N) [resp. the subgroup 
Jx(L)] of S. If co, is the identity element of [ for all yeL, we 
retrieve the usual notion of the product of two groups. 

Now let G_ be a group, and let L and N_ be two subgroups of G 
such that LN =NL and such that N is normal in NL, so that for 
each yeL, o,: x-> yxy) is an automorphism of N, and yoy 
is a homomorphism of L into the automorphism group I’ of N. It 
follows then from Proposition 27 that if S is the external semi-direct 
product of N and L (relative to c), then h: (x,y) > xy is a homo- 
morphism of S into G. hf is bijective if and only if we have Nn L = fel 
and NL =G (Corollary to Proposition 27); G is then said to be the 
semi-direct product of its normal subgroup N and its subgroup L, and 
we often identify G with S by means of &. 


Proposition 28. Let L,N_ be two topological groups, let y —> cy be a homo- 
morphism of L. into the group of automorphisms T of the (non-topological) group 
structure of N; and suppose that the mapping (x,y) ><«,(x) of N X L into 
Nis continuous. Then : 

1) On the external semi-direct product S of N and L, relative to o, the 
product of the topologies of N and 1. is compatible with the group structure; 
the canonical injections j,: N—->S and j,: L->S are isomorphisms of the 
topological groups N and 1. respectively onto the subgroups j,(N) and j2(L) 
of S, and pr, is a strict morphism of S onto L. 

2) Let f: N->G and g: LG _ be two continuous homomorphisms into 
a topological group G, satisfying (4); then the homomorphism 


(*, 9) >F (*)8(9) 
of S into G is continuous. 


This is an immediate consequence of the definitions and of the properties 
of the product topology. 


241 


il TOPOLOGICAL GROUPS 


The topological group S_ thus defined is said to be the external topolo- 
gical semi-direct product of N and L (relative to ¢); notice that the 
condition imposed on o¢ implies that L operates continuously on the left 
on N according to the external law (x, y) >o,(x) [no. 4]. 

Now let G bea topological group andlet N and L be two subgroups 
of G such that G is the semi-direct product of N and L, qua non-topo- 
logical group; it is then clear that the mapping (x, y) > o,(x) is contin- 
uous on N XL, and that the canonical bijective homomorphism 


hi: (x,y) > xy 


of S onto G is continuous. But this homomorphism is not necessarily 
bicontinuous; when it is bicontinuous, G is said to be the topological semi- 
direct product of N and L. For this to be so it is necessary and sufficient 
that, if : G—+N and ¢g: G->L are the mappings which make 
correspond to ze¢G the unique elements (z)e@N and ¢(z)eL such 
that z= p(z)q(z), then one of the mappings 9, g is continuous (in which 
case both are continuous). It comes to the same thing to say that the 
restriction to L of the canonical mapping G — G/N is an isomorphism 
of the topological group L onto the topological group G/N. 


3. UNIFORM STRUCTURES ON GROUPS . 


1, THE RIGHT AND LEFT UNIFORMITIES ON A TOPOLOGICAL GROUP 


In a topological group G we can perceive the possibility of defining 
a notion of “ sufficiently near points” and hence a uniform structure, 
by operating as follows: if x and y are any two points of G, we apply 
to both points the translation which sends one of them, say x, to the ident- 
ity element ¢; the ‘“‘ proximity ” of x and y is then evaluated in some 
sense by the neighbourhood V of e into which ¥y is translated. This 
translation, which consists in multiplying both x and y by x1, can 
be carried out on the right or on the left, and we shall see that in either case 
we obtain effectively a uniformity on G which is compatible with the topo- 
logy of G. Let us take the case in which the translations are performed 
on the right; then to each neighbourhood V of e there corresponds 
the set Vy of pairs (x, y)eG x G such that yxteV. Let G, be the 
family of sets Vj, as V runs through the neighbourhood filter % of e. 
Then Gq is a fundamental system of entourages (Chapter II, § 1, no. 1). For 
since e¢¢ V, the diagonal A of G x G is contained in Vy for each 
Vex, hence @, is a filter base and satisfies axiom (Uj); since the rela- 


: : 1 
tions yx-teV and xy-teV- are equivalent, we have Vg = (V-),, 
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hence VEG, by (GVy), so that (Uj,) is satisfied; and finally, the 
relations zx4eV and yzteV imply yee V.V; hence Vyo Vy 
is contained in (V.V)g, and (GV) shows that @, satisfies (Uj). 


The uniformity defined by Gj is compatible with the topology of G, 
for the relations ye V,(x) and ye V.x are equivalent by definition; 
in other words V,(x) = V.«. 

The argument is analogous when the translations are on the /eft, and 
we may therefore make the following definition: 


Derinition 1. The right (resp. left) uniformity on a topological group G is 
the uniformity for which a fundamental system of entourages is obtained by making 
correspond to each neighbourhood V of the identity element e, the set Vq (resp. Vs) 
of pairs (x, y) such that pote V (resp. xtyeV). 


If V_ runs through a fundamental system of neighbourhoods of e, the 
sets V, (resp. V,) form a fundamental system of entourages of the 
right (resp. left) uniformity. 


To each proposition on the topology of a uniform space there corresponds 
a proposition on the topology of a group; the translation is made according 
to Definition 1 and the formulae Vg(x) = V.x, Va(A) = V.A, 
V,(x) = *.V, V,(A) = A.V, which are immediate consequences of the 
definition. For example, if A is any non-empty subset of G then we 
have (Chapter II, § 1, no. 2, Corollary 1 to Proposition 2) 


(1) A=f)V.A= f)a.v. 
Ves Ves 


Again (Chapter II, § 1, no. 2, Corollary 3 to Proposition 2), every 
Hausdorff group is regular. 

The right and left uniformities on a topological group are in general 
distinct (see Exercise 4). Obviously they coincide if the group is commutative, 
for then Vy = V,; also they coincide if the group is compact (Chapter II, 
§ 4, no. 1, Theorem 1). 

In general, we shall denote by G, (resp. Gy) the uniform space obtained 
by giving the set G its left (resp. right) uniformity. 


Proposition 1. The left and right translations are isomorphisms of the right 
uniformity onto itself. 


As to the right translations, the result is clear, since the relation yx-1¢ V 
is equivalent to (ya)(xa)-"teV [in other words, the mapping 
(x, ) > (xa, ya) leaves Vy fixed]. For the left translations, the result 
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follows from (GVyy); for yx-teV if and only if (ay) (ax)-1e aVa-; 
hence x—> ax is uniformly continuous on Gy. 

Similarly, the right and left translations are isomorphisms of the left 
uniformity onto itself. 

Every inner automorphism x —> axa“! of G is therefore an automorphism 
for the group structure of G, for the topology of G, and for both the 
uniformities of G. 


Proposition 2. The symmetry x —> x-1 is an isomorphism of the right uniform- 
ity onto the left uniformity. 


This is an immediate consequence of Definition 1. 


The reader should beware of supposing that the mapping (x, y) —> xy 
of the uniform space G, x G, into the uniform space G, is in general 
uniformly continuous. Similarly, the symmetry *-» x71, considered 
as a mapping of G, onto G,, is not in general uniformly continuous 
(see Exercises 3 and 4). 


Proposition 3. very continuous homomorphism f of a topological group G 
into a topological group G' is uniformly continuous when considered as a mapping 
of Gq into Gi (or of G, into G)). 


For if V’ is a neighbourhood of the identity element in G‘, and 
V= ft (V’), then the relation yx-!eV_ implies 


FS (a) (SF (#)) 7 =f (9x7) eV’. 


2. UNIFORMITIES ON SUBGROUPS, 
QUOTIENT GROUPS AND PRODUCT GROUPS 


If H is a subgroup of a topological group G, then the uniformity in- 
duced on H by the right uniformity of G is none other than the right 
uniformity of the topological group H. 

If H is a normal subgroup of G, and if 9 is the canonical mapping 
of G onto G/H, we obtain a fundamental system of entourages of the 
right uniformity of the quotient group G/H_ by associating with each 
neighbourhood V_ of the identity element in G, the set of all pairs 
(x, 9) of G/H such that #jy-te 9(V) (§ 2, no. 6, Proposition 17). This 
condition means that there is at least one point xe and at least one 
point yey such that yx-1eV _ [i.e. such that (x, y)@ V4]. In parti- 
cular, if N is the closure of the subset je} of G, then the right uniform- 
ity on G/N is isomorphic to the Hausdorff uniformity associated with 
the right uniformity on G (cf. Chapter II, § 3, no. 8). 


244 


COMPLETE GROUPS § 3.3 


Finally, on a product of a family (G,) of topological groups, the 
right uniformity is the product of the right uniformities of the G, (cf. 
Chapter II, § 2, no. 6). 

There are analogous results for the left uniformity. 


The left and right uniformities on the product group ll G, are identical 


ter 
if and only if the left and right uniformities on each factor G, coincide. 
This will always be the case if some of the G, are commutative and the 
others are compact. 


3. COMPLETE GROUPS 


DEFINITION 2. A topological group is said to be complete if its left and right 
uniformities are structures of complete spaces. 


From Proposition 2 of no. 1, for a group to be complete it is sufficient 
that one of its uniformities is a structure of a complete space. G is complete 
if and only if its associated Hausdorff group (§ 2, no. 6) is complete. 

Every closed subgroup of a complete group is complete (Chapter IT, 
§ 3, no. 4, Proposition 8), Every product of complete groups is complete 
(Chapter IT, § 3, no. 5, Proposition 10). 

On the other hand, if G isa complete group and H isa closed normal 
subgroup of G, then the quotient group G/H is not necessarily complete 
(however, see Chapter IX, § 3, no. 1, Proposition 4). 


Proposition 4. If, in a topological group G, there is a neighbourhood V of e 
which is complete with respect to either the right or the left uniformity, then G is 
complete. 


Suppose for example that V is complete with respect to the right uniform- 
ity, and let § be a Cauchy filter on Gy; then § contains a V,-small 
set M, and if x,¢M we therefore have McVx,. Hence the trace of 
® on the complete subspace Vx, of Gy is a Cauchy filter, 
which converges to a point x9; since x, is a cluster point of §, it isa 
limit of § (Chapter II, § 3, no. 2, Corollary 2 to Proposition 5). 


CoroLuary 1. A locally compact group is complete. 


For every compact space is complete with respect to its unique uniformity 
(Chapter II, § 4, no. 1, Theorem 1). 


Corotuary 2. Every locally compact subgroup of a Hausdorff topological group 
G is closed in G. 
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For every complete subspace of a Hausdorff uniform space is closed (Chap- 
ter II, § 3, no. 4, Proposition 8). 


Proposition 5. Let G, be a topological group, let G, be a complete Hausdorff 
topological group, and let H, (resp. H,) be a dense subgroup of G, (resp. G,). 
Then every continuous homomorphism u of Hy, into Hg can be uniquely extended 
to a continuous homomorphism u of G, into Go. Furthermore, if Gy, is 


Hausdorff and complete, and if u is an isomorphism of H, onto Hy, then u 
is an isomorphism of G, onto Gg. 

uz is uniformly continuous with respect to the right uniformities of Hy, 
and H, (no. 1, Proposition 3), hence admits a unique extension to a 
mapping # of G, into G, which is uniformly continuous with respect 
to the right uniformities of these groups (Chapter IT, § 3, no. 6, Theorem 2). 
Moreover, by virtue of the principle of extension of identities (Chapter I, 
§ 8, no. 1, Corollary 1 to Proposition 2), # is a homomorphism of G, 
into G,, whence the first assertion of the Proposition. To prove the 
second assertion, it is enough to consider the isomorphism v of H, onto 
H,, which is the inverse of u, and its extension v to a continuous homo- 
morphism of G, into G,; by reason of the uniqueness of the extension, 
vou and w@o@ are the identity mappings of G, and Gz, respectively, 
and therefore (Set Theory, R, § 2, no. 12) w@ is bijective. 


Remark. If the continuous homomorphism wu is bijective, it does not 
follow in general that @ is either injective or surjective (cf. Exercise 12); 
but see no. 5, Proposition 9. 


4. COMPLETION OF A TOPOLOGICAL GROUP 


Let G be a Hausdorff topological group. The uniform space Gg may 
be considered as a dense subspace of its completion G4. We shall investigate 
whether G can be considered as a dense subgroup of a complete Hausdorff 
group G'. If so, then the uniform space G', must be isomorphic to Ga 
(Chapter II, § 3, no. 6, Corollary to Theorem 2), and we must therefore 
be able to define on Gy a topological group structure which induces the given 
topological group structure on G. Consequently we have to examine: 
1) Whether we can extend by continuity the functions xy and x-! to Ga x Gg 
and G, respectively; 2) whether the functions thus extended do indeed 
define a group structure on Gq (they will then necessarily define a topolo- 


gical group structure on G, inducing the given structure on G). We 
have next to establish that 3) when the preceding operations are possible, 
the topological group which they define is complete. Finally, we shall see 
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that 4) if there is a complete group satisfying the given conditions, then 
it is unique up to isomorphism. 

1) Extension of xy and x) by continuity. Since the functions xy and 
x7! are not in general uniformly continuous, we cannot apply the theorem 
of extension of uniformly continuous functions (Chapter II, § 3, no. 6, 
Theorem 2). Nevertheless, we can extend xy, by virtue of Proposition 11 
of Chapter II, § 3, no. 6 and the following Proposition: 


ProposiTion 6. Let § and @ be two Cauchy filters on Gy. Then the image 
of the filter §& X @ under the mapping (x,y) > xy is a Cauchy filier base on Gg. 


Let us evaluate the “ proximity ” of xy and +’y’ in Gy; in other words, 
let us form the product (x’y’)(xy)-} = x'y’y-4x-1, For each aeG, 
we can also write (x’y')(xy)~} = (x’a~1)(ay'y—4a7) (ax). We shall see 
that by suitable choice of a, each of the three factors of this product 
is very small whenever the pairs (x,y) and (x’, y’) belong to a sufficient- 
ly small set of § x G. Let V be any neighbourhood of e in G; 
then there is a V,z-small set Ae. Choose a in A, then if x and x’ 
are any two points of A, we have x’a@+¢V and axteV. On the 
other hand, the relation ay’y“la-!e V_ is equivalent to 


yy ea Va = W, 


and since W is a neighbourhood of e, there is a W,-small set Be G. 
Hence for all (x, y) and (x’, »’) in A x B, we have (x'y’)(xy)“1e V3, 
and this completes the proof. 

In order that x-! can be extended by continuity to Gy it is necessary 
and sufficient that the image, under the symmetry x —> x7, of a Cauchy filter 
on Gq ts a Cauchy filter on Gq (Chapter II, § 3, no. 6, Proposition 11). 
There are examples of topological groups in which this condition is not 
satisfied (cf. Chapter X, § 3, Exercise 16); we shall suppose that it is satis- 
fied for the remainder of this proof. 


2) The extended functions xy and x1 define a group structure on Gy For 
if we apply the principle of extension of identities (Chapter I, § 8, no. 1, 
Proposition 2, Corollary 1) to the functions x(z) and (xy)z, defined 
on Gy x Gy x Gy and equal on the dense subspace Gy x Gy x Gy, 
we see that the law of composition (x, y) — xy is associative on Gy. For 
the same reason, the functions x, ex, xe are identical on G,, and the 
functions e, xx7!, xx are identical on Gy. 

3) The topological group Gy is complete. Let U4 be its right uniformity, 
and let UW be the uniformity on G, obtained by completing the right 
uniformity of G. Then U and VU, induce the same uniformity on G, 
and therefore every Cauchy filter base $ on G with respect to U, 
is also a Cauchy filter base with respect to U. Now % convergesin Gy, 


247 


poet TOPOLOGICAL GROUPS 


since UL is a complete uniformity; and since U and U, induce the same 
topology on Gy, it follows (Chapter II, § 3, no. 4, Proposition 9) that Ug 
is a complete uniformity. This conclusion also shows that UW and Ug 
coincide (Chapter II, § 3, no. 6, Corollary to Theorem 2). 


4) Uniqueness. This follows from Proposition 5 of no. 3. 
To sum up, we have proved the following theorem: 


THEOREM 1. A Hausdorff topological group G is isomorphic to a dense subgroup 
of a complete group G if and only if the image, under the symmetry x —> x7, 
of a Cauchy filter with respect to the right uniformity of G is a Cauchy filter with 
respect to this uniformity. The complete group G (which is called the completion 
of G) is then unique (up to isomorphism). 


Proposition 7. Let G be a Hausdorff topological group which has a completion 
G. Then the closures in G of the neighbourhoods of the identity element in G 
form a fundamental system of neighbourhoods of the identity element in G. 


Since G is regular, every neighbourhood of the identity element in G 
contains the closure V ofan open neighbourhood U of e in G, and V 
is also the closure of the trace of U on G. 


Let G be a group which is not necessarily Hausdorff; let N = fel, 
and let G’ = G/N be the Hausdorff group associated with G (§ 2, no. 6). 
If G’ has acompletion G’, this completion is called the Hausdorff comple- 
tion of G and is denoted by G; Gi, (resp. G‘) is then the Hausdorff 
completion (Chapter IT, § 3, no. 7) of the uniform space Gy (resp. G,). 


Proposition 8. Let G be a topological group which has a Hausdorff comple- 
tion G'. Then every continuous homomorphism u of G into a complete Hausdorff 
group He can be uniquely factorized into u = v0 9, where v isa continuous 
homomorphism of G' into H and 9 ts the canonical mapping of G into G' 
(the composition of the canonical injection of G' into G' and the canonical homo- 
morphism y of G onto G/N =G’). 


Since the kernel of u isclosed and contains ¢, it contains N, and hence u 
can be written as u = wo, where w is a continuous homomorphism 
of G’ into H; now apply Proposition 5 of no. 3 to w. 


5. UNIFORMITY AND COMPLETION 
OF A COMMUTATIVE TOPOLOGICAL GROUP 


We have already remarked that the left and right uniformities coincide 
on a commutative topological group G; whenever we speak of the uniform- 
ity of G, it is this unique uniformity to which we refer. 
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THEOREM 2. Let G be a commutative topological group. Then the functions 
x) and xy are uniformly continuous on G and G X G respectively. Moreover 
G admits a Hausdorff completion G, and G is commutative. 


The uniform continuity of x-1 follows from Proposition 2 of no. 1, and 
that of xy from Proposition 3 of no. 1, since (%, y) > xy is a continuous 
homomorphism of G x G into G. If G is Hausdorff, it satisfies the 
condition of Theorem 1 of no. 4 (as does every Hausdorff group whose 
left and right uniformities coincide); moreover the functions xy and 
_yx are equal on Gxé by the principle of extension of identities; hence 
the second part of the theorem, by considering in the general case the 
Hausdorff group associated with G. 

It follows in particular from this theorem that if f and g are two 
uniformly continuous mappings of a uniform space X into a commutative 
group G, written additively, then the functions —f and f+ g are 
uniformly continuous. 


Proposition 9. Let G be a commutative group, and let ©,, ©» be two Haus- 
dorff topologies compatible with the group structure of G. Suppose that ©, ts 
finer than Gq and that there is a fundamental system of neighbourhoods of o for 
©, which are closed for ©. Let G,, Gg be the completions of G with respect 
to the topologies ©, ©, respectively, and let f: G,—->G, be the continuous 
homomorphism which extends the identity mapping of G (no. 3, Proposition 5). 
Then f is injective. 


Suppose that G is written additively. Let U, be the uniformity on G 
corresponding (no. 1) to the topology ©,: it will suffice to show that if 
§ and @ are two minimal Cauchy filters (Chapter IT, § 3, no. 2) with 
respect to U,, which converge in G, to the same point a, then § = §' 
(Chapter II, § 3, no. 7). For this, it is enough to show that §n§' is 
a Cauchy filter with respect to U,. Let V be a neighbourhood of o 
in G with respect to ©,, such that V is closed in ©, and let W be 
a symmetric neighbourhood of o in G with respect to ©,, such that 
W-+WceV. By hypothesis, there is a W,-small set M (resp. M’) 
in § (resp. 8’); if xeM and yeM we have y—wxeW, ie. 
yex+W. If W and V are the closures of W and V in Gg, it 
follows that yex + W, and therefore, since a is in the closure of M, 
that aex + W foreach xeM. Similarly, ae x’ + W foreach x’ eM’, 
and hence x —x'e@W + W; but since (x, y) >x + is a continuous 
mapping of G, x G, into G,, we have W+WeW-+ WeV. It 
follows that if xe M and x’eM’, then x —x/eVnG=V, because 
V is closed in ©,; and this completes the proof. 
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Corotuary 1. Under the hypotheses of Proposition 9, if A ts a subset of G 
which is a complete subspace with respect to the uniformity UW, corresponding to 
©., then A is also a complete subspace with respect to the uniformity UL, corresponding 
to G. 


If A, is the closure of A in G,, then f(A,) is contained in the closure 
of A in G,, which by hypothesis is equal to A. Since f(A) =A 
by definition and f is injective, we have A, = A. 


Coro.uary 2. Let G be a commutative group and let 6,, ©, be two topologies 
compatible with the group structure of G. Suppose that ©, is finer than ©, 
and that there is a fundamental system of neighbourhoods of 0 with respect 
to ©, which are complete with respect to the uniformity UW. corresponding to Gz. 
Then G is complete with respect to the uniformity Ul, corresponding to ©y. 


The sets of & are closed in the topology ©,, hence complete for the 
uniformity U, by Corollary 1; the result therefore follows from Propo- 
sition 4 of no. 3. 


4. GROUPS OPERATING PROPERLY 
ON A TOPOLOGICAL SPACE; 
COMPACTNESS IN TOPOLOGICAL GROUPS 
AND SPACES WITH OPERATORS 


1. GROUPS OPERATING PROPERLY ON A TOPOLOGICAL SPACE 


Derinition 1. Let G be a topological group operating continuously on a topo- 
logical space X. G is said to operate properly on X if the mapping 


6: (5s, *) > (x, 5.x) of G X X into X x X 
is proper (Chapter I, § 10, no. 1, Definition 1), 
Let 'cG X X X X be the graph of the mapping p: (s, x) >s.x. 
Since p is continuous, the mapping o: (s, x) > (s, x, s.x) is a homeo- 
morphism of G X X onto [, and the composite mapping 
Gx X+r*sxxx 


is just §. Definition 1 is therefore equivalent to saying that the restriction 
of prs3 to [’ is a proper mapping of [. into X x X. 
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Theorem 1 of Chapter I, § 10, no. 2 shows that G operates properly 
on X if and only if the following condition is satisfied: 
For each set A filtered by an ultrafilter §, and each mapping 


a —> (Sas Xa) 


of A into G x X, if the mapping a — (sy.%, xq) has a limit (8, a) 
with respect to §, then a—>s, has a limit teG with respect to §, 
such that t.a = b. 


Examples. 1) Let H_ be a closed subgroup of a topological group G. 
If G operates properly on X, then so does H, since H x X is closed 
in Gx X (Chapter I, § 10, no. 1, Proposition 5, Corollary 1). If 
for example we take X = G, with G operating on itself by left transla- 
tions, then the mapping G x X — X x X is a homeomorphism, hence 
proper; thus H_ operates properly on G by left translations. 


2) If G operates properly on X, then it operates properly on every 
subspace X’ of X which is a union of orbits of points of X (in other 
words, X‘ is saturated with respect to the equivalence relation defined 
by G). For the inverse image of X’ x X’ in GxX is Gx X’, 
and we can apply Proposition 3 of Chapter I, § ro, no. 1. 


Proposition 1. Let G be a topological group operating continuously on a topo- 
logical space X, and let K be a quasi-compact subset of G. Then the mapping 
p: (Ss, *)—>s.x of KX X into X is proper. 


e factorizes into K x X+>K x XX, where a(s, x) = (5, 5.x). @ 
is a homeomorphism, for a-!: (s, y) — (s, s~t.y) is continuous. Since 
K_ is quasi-compact, pr, is proper (Chapter I, § 10, no. 2, Theorem 1, 
Corollary 5); hence » is proper (Chapter I, § 10, no. 1, Propo- 
sition 5). 


Corotiary 1. Jf A is a closed (resp. compact) subset of X, then K.A 
is closed in X (resp. compact if X is Hausdorff). 


The assertion concerning closed sets follows from Proposition 1 and the 
fact that a proper mapping is closed (Chapter I, § 10, no. 1, Proposition 1). 
The assertion concerning compact sets is trivial. 


It should be noted that if L is a compact subset of X, and F a closed 
subset of G, then F. L is not necessarily closed in X (§ 2, Exercise 29; 
cf. no. 5, Corollary to Proposition 12). 


Corotiary 2. If K is a quasi-compact subgroup of a topological group G, 
then the equivalence relation x-lyeK is closed, and the canonical mapping 
eg: G—>GI/K is proper. 
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The first assertion follows from Corollary 1 applied to G acting by right 
translations on itself, and the second assertion then follows from Chap- 
ter I, § 10, no. 2, Theorem 1. 


Coro.iary 3. Let K be a quasi-compact normal subgroup of a topological 
group G, and let 9 be the canonical mapping G—>G/K. Then for each 
closed subgroup A of G the canonical bijection of A/AnK onto 9{A) is 
an isomorphism of topological groups. 


Since x~1yeK is a closed equivalence relation (Corollary 2), the Corol- 
lary follows from Chapter I, § 5, no. 2, Proposition 4. 


ProposiTion 2. Let K be a compact group operating continuously on a Hausdorff 
space X. Then: 


a) K operates properly on X. 
b) The mapping (s, «) >s.x of KX X into X is proper. 
c) The canonical mapping of X onto X/K is proper. 


b) is a consequence of Proposition 1. As to a), since K_ is compact, 
pr: (s,*) ->* is proper (Chapter I, § 10, no. 2, Theorem 1, Corollary 5) ; 
hence, X being Hausdorff, (s, x) — (x,s.x*) is proper (Chapter I, 
§ 10, no. 1, Proposition 5, Corollary 3). It remains to prove c). By 
Corollary 1 to Proposition 1, the canonical mapping 9: X— X/K is 
closed. If Z is any topological space and if we make K_ operate triv- 
ially on Z, then K_ operates continuously on X xX Z and hence the 
canonical mapping X x Z—>(X x Z)/K is closed. But (X x Z)/K 
can be canonically identified with (X/K) x Z (§ 2, no. 4, Lemma 2 and 
Chapter I, § 5, no. 3, Corollary to Proposition 8); hence the canonical 
mapping X xX Z->(X xX Z)/K can be identified with » x 1, and since 
it is closed for all Z it follows that 9 is proper. 


Coro.iary 1. Under the hypotheses of Proposition 2, X ts compact (resp. 
locally compact) if and only if X[K is compact (resp. locally compact). 


This follows from the fact that the canonical mapping X-—>X/K is 
proper, in view of Proposition 9 of Chapter I, § 10, no. 4. 


Corouiary 2. Let G be a Hausdorff topological group and let K be a compact 
subgroup of G. Then G is compact (resp. locally compact) if and only if G/K 
is compact (resp. locally compact). 


Apply Corollary 1 to K operating on G_ by right translations. 
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2. PROPERTIES OF GROUPS ACTING PROPERLY 


Proposition 3. If a topological group G operates properly on a topological 
space X, then the orbit space X/G is Hausdorff. If also G is Hausdorff, 
then X is Hausdorff: 


Let GcX x X be the graph of the equivalence relation R defined 
by G on X; then C is the image of G xX X under the mapping 
6: (s,%) —>(x,s5.x). Since @ is proper, C is closed in X xX X (Chap- 
ter I, § 10, no. 1, Proposition 1). Since the relation R_ is open (§ 2, no. 4, 
Lemma 2), it follows that X/G is Hausdorff (Chapter I, § 8, no. 3, Pro- 
position 8). 

Now suppose that G is Hausdorff. Then the mapping «x — (e, x) 
of X into G x X is a homeomorphism of X onto a closed subspace 
of G x X, and is therefore proper (Chapter I, § 10, no. 1, Proposition 2). 
If we compose this mapping with the mapping (s, x) — (x,5.x) of G x X 
into X x X, which by hypothesis is proper, we obtain a proper mapping 
of X into X x X, namely the diagonal mapping x — (x, x). Hence 
the diagonal A of X x X isclosedin X, and therefore X is Hausdorff. 


Proposition 4. Let G be a topological group operating properly on a topological 
space X, and let x be a point of X. Let G.x denote the orbit of x, and 
let K, denote the stabilizer of x. Then: 


a) The mapping s—>s.x of G into X is proper. 

b) K, ts quast-compact. 

c) The canonical mapping of G/K, onto G.x is a homeomorphism. 
d) The orbit G.x is closedin X. 


The inverse image of {x} x X under 6: (s,*) > (x, 5.*) is G x fxt3 
hence, by Proposition 3 of Chapter I, § 10, no. 1, the restriction of § to 
G x {x} is a proper mapping of G x {x} into {x} x X, whence a) 
follows. Since K, is the inverse image of x under s—>s.x, b) follows 
from Chapter I, § 10, no. 2, Theorem 1. c) and d) are consequences of a), 
by virtue of Chapter I, § 10, no. 1, Propositions 2 and 5 b). 


Remark. Proposition 4 shows that if a topological group G_ operates 
properly on a homogeneous space G/H, then the subgroup H_ is quasi- 
compact (and therefore compact if G is Hausdorff). It can be shown 


that this is also a sufficient condition for G to operate properly on G/H 
(Exercise 3). 


Proposition 5. Let G (resp. G’) be a topological group operating continuously 
on a topological space X (resp. X’). Let o be a continuous homomorphism 
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of G into G' and let y be a continuous mapping of X into X' compatible 
with » (§ 2, no. 4). Then: 

(i) If 9 ts surjective and y is surjective and proper, and if G operates properly 
on X, then G’ operates properly on X'. 

(ii) If 9 ts proper, if G' operates properly on X' and if X is Hausdorff, 
then G operates properly on X. 


To prove (i), consider the commutative diagram 


Gxx 2x xx 
a 1 8 
Gxx fx x x! 


where a=o xX and @ =x. By hypothesis, 6 is proper; so 
is @ [Chapter I, § 10, no. 1, Proposition 4a)]; hence 608 = 0’ oe 
is proper [Chapter I, § 10, no. 1, Proposition 5 a)]. Since a is surjective 
it follows that 6’ is proper [Chapter I, § 10, no. 1, Proposition 5 )]. 
To prove (ii) consider an ultrafilter 1 on G x X, such that the 
mappings 
(5, 4) > s.% and (s, x) > x 


converge with respect to 1 to yg and x9 respectively. It follows 
that (s, x) > 9(s).y(*) and (s, x) +(x) converge with respect to WU. 
Since G’ operates properly on X’, this implies (no. 1) that (s, x) — 9(s) 
converges with respect to 11 toa point sgeG’. Since 9 is proper, we 
deduce (Chapter I, § 10, no. 2, Theorem 1) that (s, x) +s converges 
with respect to 1 to a point s,¢G. The uniqueness of the limit in X 
then shows that yo = 59%o, and hence that G operates properly on 
X (no. 1). 


3. GROUPS OPERATING FREELY ON A TOPOLOGICAL SPACE 


Derinirion 2. Let G be a group operating on a set X. G is said to operate 
Sreely on X tf the stabilizer of every element of XK is fe} » in other words if 
the relations s.x =x, seG, xeX imply s=e. 


Example. Let G be a group and let H be a subgroup of G. Then 
H_ operates freely by (left or right) translations on G. 

Let G bea group operating freely on a set X, let R_ be the equiva- 
lence relation defined by G on X, and let CcX x X be the graph 
of R. If (x, »)@C, then there exists seG such that s.x = y; and s 
is unique, since s.x = s'.x implies s‘-!s.~ = x, and therefore s’—!5 = e 
(as G operates freely). If we make correspond to (x, y) eC the unique 
seG such that s.x =, we define a mapping 9: CG-—-G, which 
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we shall call the canonical mapping of C into G. With this notation: 


Proposition 6. Let G be a topological group operating continuously on a topo- 
logical space X, and suppose that G operates freely on X. Then G operates 
properly on X if and only if the following condition is satisfed: 


(FP) The graph C. of the equivalence relation defined by G ts closedin X X X, 
and the canonical mapping 9: CG —-G 1s continuous. 


The set C is the image of the mapping 0: (s, x) > (x, 5.x) of Gx X 
into X x X. We know (Chapter I, § 10, no. 1, Proposition 2) that 6 
is proper if and only if C is closed in X x X and (if 0’ denotes the 
mapping @ considered as a mapping of G x X into CQ) 0’ is a homeo- 
morphism. Now the hypothesis implies that 6’ is bijective and that 
its inverse is the mapping (x, y) > (p(x, 9), x). Hence @’ is a homeo- 
morphism if and only if @ is continuous. 


4. LOCALLY COMPACT GROUPS OPERATING PROPERLY 


Proposition 7. Let G be a locally compact group operating continuously on 
a Hausdorff space X. Then G operates properly on X if and only if, for each 
pair of points x,y of X, there is a neighbourhood V, of x and a neighbourhood 
Vy of y such that the set K of all seG for which s.V;nVyAOD ts 
relatively compact in G. 


Let F be the compact space obtained by adjoining a point at infinity 
@ to G, and let I’ be the graph of p: (s, x) ~s.x considered as a 
subset of F x X x X._ Let us show that if the restriction of prag to Tr 
is proper, then [ is closed in F x X x X. Indeed, this hypothesis 
implies that the map wu: (é, 5, x,y) > (t, x,y) of F x Tl into Fx XxX 
is closed. If IY is the set of points (s, s) in F x G, where seG, 
then I’ is closed in F x G, since it is the graph of the canonical injec-~ 
tion G->F (Chapter I, § 8, no. 1, Corollary 2 to Proposition 2); hence 
the intersection (IY x X x X)n(F xT) is closed in F x I, and it 
is immediately seen that its image under u is the set I’ considered as a 
subset of F x X x X; hence I" is closed in F x X x X. Now, 
we have ({o} x X xX X)nT=@. From the definition of F, therefore, 
for every point (x, y)¢@X x X there is a neighbourhood W of (x, ») 
in X x X anda compact subset K of G such that 


((G—K) x WoT; 


is empty; and since we may take W to be a neighbourhood V, x V,, 
where V, and V, are neighbourhoods of x and ¥y respectively in X, 
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the statement “((G—K) x W)nT=@” becomes “if s@K, then 
5.V,n Vy = ©”. We have thus proved the necessity of the condition 
stated in the proposition. Conversely, suppose this condition is satisfied ; 
let A be a set filtered by an ultrafilter %, and let « — (s,, x,) bea 
mapping of A into G X X such that limg x, = « and lim gs,.%, =». 
Suppose that K, V, and V, satisfy the condition of the proposition. 
By hypothesis there is a set Me such that if «eM then x,€V, 
and 5,.x,€V,, hence s,@K. This shows that «->s, converges with 
respect to §, and the proof is complete. 


If G is compact, the condition of Proposition 7 is trivially satisfied; we 
thus retrieve Proposition 2 a). 


Proposition 7 shows in particular that a discrete group G, operating 
continuously on a Hausdorff space X, operates properly on X if and 
only if, for each pair (x,y) of points of X, there is a neighbourhood V,, 
of x and a neighbourhood V, of » such that the set of points seG 
for which s.V,nV,#@ is finite. 


Proposition 8. Let G be a discrete group operating properly on a Hausdorff 
Space X. Let x bea point of X and let K, be the stabilizer of x. Then: 


a) The subgroup K,, is finite and there is an open set UGX, containing x, 
which is stable under K,, and on which the equivalence relation induced by the 
relation defined by G is the equivalence relation defined by XK. 


e 
b) The canonical mapping U/K, > X/G is a homeomorphism of U/K, onto 
an open neighbourhood of the class of x in X/G. 


By Proposition 7, K, is finite. To construct an open set U which satis- 
fies the required conditions, notice first that by Proposition 7 there is an 
open set Uy containing x and such that the set K of seG for which 
5.Ugn Up #® is finite. Clearly K,cK; let 51, ..., 5, be the elements 
of K—K,. IRfwe put +; =s5;.% (1<i<n), then x;%x for each 7; 
since X is Hausdorff, there is for each index i an open neighbourhood 
V; of x and an open neighbourhood V; of s;.x such that V;n V; = @. 
Let U; = V;n571.V;; then U; is clearly open and contains x, and 
we have Ujns;.U;c Vin V;=@. Let U’ = UgnUyn...nU,; U’ 
is open, contains x and issuch that U’ns.U’ = @ for s¢K,. Putting 
U= nN t.U’ we finally obtain an open set, stable under K,, containing 


=i 
x and pack that Uns.U=@ for s¢K,: U is the open set required. 
The fact that the canonical mapping U/K, — X/G is a homeomor- 
phism of U/K, onto an open set in X/G follows from Chapter I, § 5, 
no. 2, Proposition 4, since U is open and the equivalence relation defined 
by G is open (§ 2, no. 4, Lemma 2). 
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Coro.tuary. If we suppose in addition that K, = fet, then the point x 
has an open neighbourhood U such that the restriction to U of the canonical 
mapping X -—> X/G ts a homeomorphism of U onto an open subset of X/G. 


5. GROUPS OPERATING CONTINUOUSLY 
ON A LOCALLY COMPACT SPACE 


Proposition 9. Let G be a topological group operating continuously on a 
locally compact space X. Then if X/G is Hausdorff it is locally compact. 


Since the equivalence relation on X defined by G is open (§ 2, no. 4, 


Lemma 2), the proposition results from Chapter I, § 10, no. 4, Propo- 
sition 10. 


Proposition 10. Let G_ be a topological group operating continuously on a 
locally compact space X, and suppose that X/G is Hausdorff. Let 9 be the 
canonical mapping of X onto X/G. Thenif K’' is any compact subset of X/G, 
there 1s a compact subset K of X such that 9(K) = K’. 


Since the equivalence relation defined by G is open (§ 2, no. 4, Lemma a), 


the proposition is a particular case of Proposition 10 of Chapter I, § 10, 
no. 4. 


Proposition 11. Let G be a Hausdorff topological group operating properly 


on a non-empty space X. If X is compact (resp. locally compact) then so are G 
and XG. 


By hypothesis, the mapping 6: (s, x) — (x,s5.x) of G x X into X x X 
is proper; if X x X is compact (resp. locally compact) then the Corollary 
to Proposition 9 of Chapter I, § 10, no. 4 shows that G xX X is also compact 
(resp. locally compact), and therefore so is G since X~@. Since 
X/G is Hausdorff (no. 2, Proposition 3), the compactness (resp. local 
compactness) of X implies the compactness (resp. local compactness) 
of X/G [Chapter I, § 10, no. 4, Proposition 8 (resp. Proposition 9)] 
(see § 2, Exercise 29). 

We shall now give criteria which allow us to assert that a Hausdorff 
topological group G operates properly on a locally compact space X. 
For each pair of subsets K, L of X we denote by P(K, L) the set of 
all seG such that sKnL<@. 


Tueorem 1. Let G be a Hausdorff topological group which operates continuously 
on a topological space X. Let K be a compact subset of X and let L bea 
closed subset of X. Then: 


a) The set P(K, L) its closed in G. 
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b) If G operates properly on X and if L is compact, then P(K, L) 
1s compact. 

c) Conversely, if X is locally compact and if, for each pair K, L of compact 
subsets of X, P(K, L) is relatively compact in G [and therefore compact by a)]; 
then G_ operates properly on X (and if X is not empty, G is locally com- 
pact by Proposition 11). 


The mapping (s, x) >s.x of Gx K into X is continuous, and the 
inverse image L’ of L under this mapping is therefore closed. Since 
K is compact, the projection pr,;: G x K->G is proper (Chapter I, 
§ 10, no. 2, Corollary 5 of Theorem 1) and the image of L’ under pr, 
is therefore closed. This image is P(K, L), hence a) is proved. 

To prove b) : X is Hausdorff (no. 2, Proposition 3). By hypothesis 
the mapping 0: (s, x) > (x, s.x) of Gx X into X xX X is proper; 

-1 

since K x L is compact, sois @(K x L) since X is Hausdorff (Chap- 
ter I, § 10, no. 2, Proposition 6). Hence the projection P(K, L) of 
6(K x L) into G is a compact set. 

To prove c): since K x L is closed in X x X, it follows that 


6(K x L) is closed in P(K, L) x K and is therefore compact under 
the hypotheses of c). Since every compact subset of X x X is contained 
in a compact subset of the form K x L, it follows that the inverse image of 
any compact subset of X x X under @ is compact, and since X xX X 
is locally compact, this shows that 8 is proper (Chapter I, § 10, no. 3, 
Proposition 7) [see Chapter IV, § 1, Exercise 4c)]. 


Remark. Clearly, we have P(K, L)c P(KuL, KuL); therefore for G 
to operate properly on a locally compact space X, it is sufficient that, 
for each compact subset K of X, the set P(K, K) is relatively compact 
in G. In particular, a discrete group G operates properly on a locally 
compact space X if and only if, for each compact subset K of X, 
the set of seG suchthat s.KnK4¢@ is finite. 


Example. * Let X be a complex analytic manifold, analytically isomor- 
phic to a bounded open subset of C", and let G be the group of analytic 
automorphisms of X. The topology of compact convergence is compat- 
ible with the group structure of G, and it can be shown that G operates 
properly on X. In particular, every discrete subgroup of G operates 
properly on X. 

Take for example X to be the upper half-plane 3J(z) > 0, which 
is analytically isomorphic to an open disc in C. Then G is the group 
of all transformations z—> (az + 6)/(cz + d), where a, 6, c, d are real 
and ad—be~0. The subgroup H of G which consists of all such 
transformations for which a, 6, c,d are integers and ad—be=1 isa 
discrete subgroup of G, called the modular group. By what has been 
said above, it operates properly on the upper half-plane 5(z) > 0. 4 
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Proposition 12. Let G be a Hausdorff topological group which operates contin- 
uously on a topological space X. Let K be a compact subset of X, and let 
px be the mapping (s, x) >s.x of GX K into X. Then: 


a) If G operates properly on X, py 1s proper. 


b) Jf X is locally compact and px, is proper for each compact subset K of X, 
G operates properly on X. 


The mapping ox factorizes as G xX K®Kxx% X, where 0x 
is the restriction to G x K of the mapping 6: (s, x) > (x, 5.x) of 


1 
GxX into X x X. Since 6(K xX X)=Gx K, 6, is proper if 
@ is proper (Chapter I, § 10, no. 1, Proposition 3). On the other hand, 
since K is compact, the projection pr, : K x X -> X is proper (Chap- 
ter I, § 10, no. 2, Theorem 1, Corollary 5), hence pg is proper (cbid., 
no. 1, Proposition 5). 
Suppose conversely that px is proper for each compact Kc X. If 
—1 


L is a compact subset of X, then p,(L) is a compact subset of G x K, 
whose projection into G is P(K, L); therefore P(K, L) is compact. 
Hence if X is locally compact it follows from Theorem 1 that G operates 
properly on X. 


Corotitary. Let G be a Hausdorff topological group operating properly on 
a topological space X. If K is any compact subset of X and if F is any 
closed subset of G, then F.K is closed in X. 


This follows from Proposition 12 and from Chapter I, § 10, no. 1, Pro- 
position 1. 


6. LOCALLY COMPACT HOMOGENEOUS SPACES 


Proposition 13. Let G be a locally compact group and let H_ be a closed 
subgroup of G. Then the homogeneous space G/H_ is locally compact and 
paracompact. 


Since G/H is Hausdorff (§ 2, no. 5, Proposition 13) it is locally compact, 
by Proposition 9 of no. 5 applied to H operating on G on the right. 
Thus it remains to show that G/H is paracompact. Let V_ be a sym- 
metric compact neighbourhood of e in G, and let Gp» = V® be the 
subgroup of G generated by V. G, is open (§ 2, no. 1, Corollary 
to Proposition 4) and operates continuously on G/H (§ 2, no. 5, Proposi- 
tion 12). If we can show that each of the orbits Go.z (¢¢G/H) is an 
epen subset of G/H and a countable union of compact sets, then it will 
follow that G/H is the topological sum of the distinct orbits G,.z and is 
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therefore paracompact (Chapter I, § 9, no. 10, Theorem 5). That Gy.z 
is open in G/H follows from the facts that G, is open in G and the 
equivalence relation x~lye H is open (§ 2, no. 4, Lemma 2). On the 
other hand, Gyz is the union of the sets V".z (n> 1), andsince V" is 
compact in G and G/H is Hausdorff, V".z iscompact. This completes 
the proof. 


Proposition 14. In a locally compact group G, the identity component C 
is the intersection of the open subgroups of G. 


C is a closed normal subgroup of G (§ 2, no. 2, Proposition 7), and 
hence G/C is locally compact (Proposition 13) and totally disconnected 
(Chapter I, § 11, no. 5, Proposition 9). Since the inverse image of an 
open subgroup of G/C, under the canonical mapping of G onto G/C, 
is an open subgroup of G containing C, we see that we can restrict 
ourselves to proving the proposition for the group G/C. In other words, 
we may assume that G is totally disconnected. We know then (Chapter 
IT, § 4, no. 4, Corollary to Proposition 6) that every compact neighbourhood 
V of e contains a neighbourhood U of e which is both open and closed. 
Since U is compact and B = Cu is closed, there is a symmetric open 
neighbourhood W of ¢ such that WcU and UWnBW=@ (§ 3, 
no. 1 and Chapter IT, § 4, no. 3, Proposition 4), and a fortiori UW U. 
By induction on n it follows that W"cU for every integer n> o. 


Hence the subgroup W® = U W", generated by W, is contained in U; 


n>0 
but W®” is open in G (§ 2, no. 1, Corollary to Proposition 4). This 
completes the proof. 


We have also proved : 


Corotiary 1. Jf G is a totally disconnected locally compact group, then 
every neighbourhood of e in G_ contains an open subgroup of G. 


Corotiary 2. A locally compact group is connected if it is generated by each 
neighbourhood of the identity element. 


Corotiary 3. Let G be a locally compact group, let H be a closed subgroup 
of G, and let 9 be the canonical mapping of G onto G/H. Then the 
components of G/H are the closures of the images under 9 of the components of G. 


Let C be the identity component of G. The components of G are the 
sets sC, where seG (§ 2, no. 2, Proposition 7); 9(sC) is clearly connect- 
ed, hence so is 9(sC) (Chapter I, § 11, no. 1, Proposition 1). But 
9(sC) = 9(sCH), and since sCH is saturated with respect to the equi- 
valence relation defined by H, and since this equivalence relation is open 
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(§ 2, no. 4, Lemma 2), we have 9(sGH) = 9(sCH) = 9(s.CH) (Chapter I, 
§ 5, no. 3, Proposition 7). 

Put L = CH. L isa closed subgroup of G which contains C and 
H; hence to prove that the sets 9(s.L) =5.9(L) are the components 
of G/H it is enough to show that the quotient space of G/H_ by the equi- 
valence relation whose classes are the sets s.¢(L) is totally disconnected. 
Now this quotient space is homeomorphic to the homogeneous space 
G/L (Chapter I, § 3, no. 4, Proposition 7); we are thus reduced to proving 
that when CcH, G/H is totally disconnected. Since G/H may be 
identified with (G/C)/(H/C) (§ 2, no. 7, Proposition 22), we may even 
assume that G itself is totally disconnected. Every neighbourhood of 
g(e) in G/H contains a neighbourhood of the form 9(V), where V 
is a neighbourhood of ¢ in G, and therefore (Corollary 1) contains a 
neighbourhood of the form 9(K), where K_ is a compact open subgroup 
of G. 9(K) is therefore both open and closed in G/H, and this shows 
that the component of 9(e) in G/H consists of 9(e) alone. By transla- 
tion, the same is true for the component of every point of G/H, and the 
corollary is proved. 


5. INFINITE SUMS 
IN COMMUTATIVE GROUPS 


1. SUMMABLE FAMILIES IN A COMMUTATIVE GROUP 


In this section we shall be concerned only with Hausdorff commutative topo- 
logical groups, whose law of composition is written additively. Only 
the most important results will be translated into multiplicative 
notation. 

Let G be a Hausdorff commutative group, let I be any index set 
and let (x,),¢, be a family of points of G, indexed by I. With each 


finite subset J of I we associate the element sy = > x, of G, which 


ted 
we call the finite partial sum of the family (x,),e, corresponding to the 
set J. If &(1) denotes the set of finite subsets of I, we have thus a mapping 
J — 5; of &(1) into G. Now §(I) is a directed set with respect to the 
relation c; forif J and J’ are two elements of §(I), then JcJu J’ 
and J’cJuJ’, and JuJ’ is a finite subset of I. Let @ be the section 
filter of the directed set §(I) (Chapter I, § 6, no. 3). 
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Derinition 1. Let (%)req be a family of points of a Hausdorff commutative 
group G; let &(I) be the set of finite subsets of the index set I, and for each 
finite subset J of I, let 5; be the sum of those x, such that veJ. The 
family (%,),eq is Said to be summable if the mapping J — sy has a limit with 
respect to the section filter ® of the set §(I) directed by the relation <3; this 


limit is then said to be the sum of the family (%,),e, and is denoted by Y, x, 
tel 
(or simply >, x, or even jx, when there is no risk of ambiguity). 


i 
Definition 1 is equivalent to the following: the family (x,) is summable 
and its sumis s if, for each neighbourhood V of the origin in G, there ts a finite 
subset J, of I such that for each finite subset JoJq of 1 we have syes+V. 


If G is written multiplicatively, and if we put py = II x, for each finite 


tes 
subset J of I, the family (x*,) will be said to be multipliable if the mapping 
J—> 5; has a limit with respect to the filter ©; this limit is called the 


product of the family (x.), and is denoted by II «. 
ter 


Remarks. 1) When I is finite, Definition 1 reduces to the ordinary 
definition of the sum of a finite family. More generally, if I is arbitrary 
and x, =o except when the index 1 belongs to a finite subset J of I, 
then the sum )) x, isequalto ¥ x,. 
tel ves 

2) The definition of a summable family does not involve any ordering 
of the index set I, and we may therefore say that the notion of a sum 
thus defined is commutative. More precisely, we have the following pro- 
perty : let (x,),e, be a summable family and let 9 be a bijective mapping 
of an index set K onto the set I; then if we put 9, = xg), the family 


(yx)xex is summable and has the same sum as (x,). For if s= x, 
eI 
and if >, x,e5-+V for every finite subset J containing the finite subset 


EJ 
Jo then we shall have » »,¢5+V for every finite subset L of K 


containing “¢(Jq). a 


3) Definition 1 applies, more generally, to every family of points in a 
Hausdorff topological space X on which has been defined an associative 
and commutative law of composition, written additively; for it does not make 
use of the axioms of topological groups. 


2. CAUCHY’S CRITERION 


Let (x,),ex be a summable family in G. Then for each neighbour- 
hood V of the origin in G there is a finite subset Jy of I such that, 
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for each finite subset K of I which does not meet Jy, we have s, <V. 
For J = J,u K is an arbitrary finite subset containing J,; let s = yy, 


and let W be asymmetric neighbourhood of o such that W -+ wev; 
then, by Definition 1, we may choose Jy such that syes-++ W and 
5y,€ S + W, which means that sx = 5; —5,,eW-+WcV. 

Conversely, suppose that the family (x,) has this property. Then the 
image of the filter @, under the mapping J >5,, is a Cauchy filter base 
in G. For if J is a finite subset containing J,, and if K denotes 
Jn CJos then KnJo=@ and sy =s;—s5,, so that syes;,+ V. 
If J’ is another finite subset containing Jy, then s,; —s,eV + V, 
and the result follows. Consequently : 


Tueorem 1 (Cauchy’s criterion). Jn a Hausdorff commutative group G, 
in order that a family (%,),ex should be summable it is necessary that, for each 
neighbourhood V of the originin G, there is a finite subset Jy of I such that 


x x,<V for all finite subsets K of I which do not meet Jy. This necessary 


tek 
condition is also sufficient if G is complete. 


Thus by taking away a (sufficiently large) finite number of terms from the 
family (x.), every finite partial sum of the surviving subfamily has to be 
as close too as we please. 


An immediate consequence of the first part of Theorem 1 is the following 
proposition : 


Proposition 1. If the family (x,) is summable, then every neighbourhood 
of © contains all the x, except for a finite subfamily (in other words, if I is 
infinite, we have lim x, = 0 with respect to the filter of complements of 
finite subsets of IT). 


This necessary condition for a family (x.) to be summable is by no means 
sufficient in general, even if G is complete; we shall see many examples 
later (see Chapter IV, § 7). 


Corouuary. Let (x,),eq be a summable family in a commutative group whose 
identity element has a countable fundamental system of neighbourhoods. Then 
the set of indices . such that x,340 is countable. 


Let (V,) be a countable fundamental system of neighbourhoods of o. 
If H, is the set of all indices , such that x,¢V,, then the set H of 
indices 1 such that x,40 is the union of the sets H,, and each of 
the H, is finite by Proposition 1. 
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This corollary is no longer necessarily valid if we do not assume that the 
origin has a countable fundamental system of neighbourhoods. * Consi- 
der, for example, the product group RF [the additive group of all finite 
real-valued functions of a real variable, with the topology of pointwise 
convergence (cf. Chapter X, § 1, no. 3)], and let f, be the element of 
Rs such that f,(@2) = 1 and f(x) =o if xa; then the family 
(faaeR is summable and its sum is the function whose value at each point 
of R is 1.4 


Remark. When G is written multiplicatively, Cauchy’s criterion takes 
the following form : for the family (x.),eq_ to be multipliable it is necessary 
that, for each neighbourhood V of the identity element, there should 
exist a finite subset J, of I such that, for each finite subset K of I which 


does not meet J, we have IT xev; and this condition is sufficient 
te 


provided that G is complete. We deduce that if I is infinite and (x.) 
is multipliable, then lim x, = 1 with respect to the filter of complements 
of finite subsets of I; if in addition the identity element has a countable 
fundamental system of neighbourhoods, then the set of indices « such 
that x,1 is countable. 


3. PARTIAL SUMS; ASSOCIATIVITY 


ProposiTion 2. Jn a complete group G, every subfamily of a summable family 
is summable. 


For if Gauchy’s criterion is satisfied by a family (x,),e, then it is trivially 
satisfied by every subfamily. 
If (x,),e, is summable, it follows therefore that the sum >, x, is 
es 
defined for every subset J of I, finite or not: it is again called the partial 
sum of the family (x,), corresponding to the subset J of the index set. 


The set of partial sums of a summable family is evidently contained in the 
closure of the set of finite partial sums. 


THEOREM 2 (Associativity of the sum). Let (%),e bea summable family in a 

complete group G, and let ())yeq, be any partitionof I. Ifs, denotes >, x, 
ter 

then the family (5))yex, 7s summable and has the same sum as the family (%.) ter 

Thus if we have a summable family in a complete group, we can associate 

its terms arbitrarily into subfamilies and form the sum of each subfamily 


thus obtained; the family of these partial sums is again summable and 
its sum is equal to that of the given family. 
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Let s = )) x, and let V be any closed neighbourhood of 0 in G. 
Then there is a finite subset J, of I such that, for each finite subset 
J of I which contains J,, we have )\x,es-+V. Let Ky be the 
subset of L consisting of indices } such that Jn =1,.NJo is not empty: 
K, isclearly finite. Let K be any finite subset of L which contains Kg; 


we shall show that >) s,es-+ V, which will establish the theorem. 
AEK 


Now 5) is very close to a finite partial sum of (x%,), whose indices all 
belong to I,; more precisely, given any symmetric neighbourhood W 
of o, there exists for each }e©K a finite subset H, of I,, containing 


Jy and such that s, — »y seu Let J = x H); then J is a finite 
rE 


.e€H 
subset of I containing ce and we have 


La= é a= Bd a) 


es *e Un, AEK 1H, 
EK * 


by the associativity of finite sums. Hence by reason of the choice of Jy 
and the H,, we have 


SM nes+V+2W 
EK 
where n is the number of elements in K; this relation holds for each W, 
hence also }, s,es5-+V, since V (being closed) is the intersection 
EK 


€ 
of the neighbourhoods V + nW [§ 3, no. 1, formula (1)]. 
Q.E.D. 


We can thus write the associativity formula for sums : 


(1) eos ( x *) = py xy 


which is valid whenever the family (I,) is a partition of its union and the 
right-hand side is defined. In particular, if the index set is a product 
I=LxM, and if the “double” family (Apa, wetx<m is summable, 
we have the formula of change of order of summation 


(2) by op = 2 ay = » (3a) 
QO. pyeLxM AEL peM PEM EL 


It should be remarked that the left-hand side of (1) can have a meaning, 
without the right-hand side being defined. Consider for example the case 
where I= LX{1, 2} and L is infinite, and 1, consists of the two 
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elements (A, 1) and (2,2); ifwe take m,) =a, m,.=—a, where a 
is any non-zero element of G, then all the partial sums corresponding 
to the I, are zero, and therefore the left-hand side of (1) is defined 
and equal to o, whereas the right-hand side of (1) has no meaning, 
as Proposition 1 shows. 

Likewise, it can happen that the left-hand side of (2) is not defined 
but that each of the two ‘double sums” in (2) has a meaning; and the 
elements of G which they represent need not be equal (see Chapter IV, 
§7, Exercise 17). 

Thus although it is always possible to ‘associate’ the terms of 
a sum, it is not possible, on the other hand, to “dissociate” into their 
elements those terms of a sum which appear themselves as sums. Never- 
theless, this operation is legitimate whenever the number of these “disso- 
ciable’”’ terms is finite. 


Proposition 3. Let (x,).e, be a family of points of a group G, and 
let (I,),e, Ge @ finite partition of I. If each of the subfamilies (*)rex, as 
summable, then the family (x,),eq is summable and the formula (1) is valid. 


It is enough to prove the proposition when L = (1,2); having done 

so, we then proceed by induction on the number of elements of L. Let 

5, = Dx, and s,= >) x, For each neighbourhood V of the origin, 

there js 2 finite subset 7 (resp. J.) of I, (resp. I,) such that, for each 

finite subset H, (resp. Hg) of I, (resp. I,) containing J, (resp. J), 

we have x x,eS,+V (resp. 3) x,e5,+V). If we put Jo =J,uJe, 
te 


: ‘ tet: ; 
it follows that, for each finite subset H of I which contains J, we 


have » x,eS8,-+ Sg +V+V, and the result follows. 
1E€H 


4. SUMMABLE FAMILIES IN A PRODUCT OF GROUPS 


Proposition 4. Let G= Il G, be the product of a family of Hausdorff 


AEL 

commutative groups. Then a family (x,),e_ of points of G is summable if and 
only tf, for each KEL, the family (pr) %,),eq is summable; and if s, is the 
sum of this family, then s = (s,) is the sum of the family (x,). 


This follows immediately from the condition for convergence, with respect 
to a filter, of a function which takes its values in a product space (Chapter 
I, § 1, no. 6, Corollary 1 to Proposition 10); in effect, for each finite subset 


J of I, we have 
Pr ( x x) = ¥ pn. 


ted ced 
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5. IMAGE OF A SUMMABLE FAMILY UNDER 
A CONTINUOUS HOMOMORPHISM 


PROPOSITION 5. Let f be a continuous homomorphism of a commutative group 
G into a commutative group G'. If (x,) ts a summable family in G, then 
(f (x,)) ts a summable family in G', and we have 


(3) Lf (%) =f (2m). 
If J is any finite subset of the index set, then f ( S *) = VS («), 
ves 


: J 
and the image under / of a convergent filter base is @ convergent filter 
base (Chapter I, § 7, no. 4, Corollary 1 to Proposition 9). 


Proposition 6. Let (x,), (»,) be two summable families, with the same 
index set, in a group G. Then the families (—x,), (nx,) (ne Z), (x, +.) 
are summable, and we have 


(4) x(—-*,) = — Da, 
(5) Z(nx,) = nDx, 
(6) U(*%, +») = TH + DH. 


For *—->—x and *->nx are continuous homomorphisms of G 
into G; on the other hand, if (x,) and (¥y,) are summable, then the 
family (*,,.y,) is summable in G x G, and since (x,y) >x-+ yisa 
continuous homomorphism of G x G into G, we deduce (6). 


Remark. Propositions 4 and 5 again apply to the case, mentioned earlier, 
of summable families in a topological space X which has an associative 
and commutative law of composition; the same holds for Proposition 3 
and formula (6) if we suppose in addition that x -+ y is continuous on 
x x X. 


6. SERIES 
Consider a sequence of points (%,)nen in a Hausdorff commutative group, 
Rn 


and form the sequence of partial sums 5s, = > «, (néN). The mapping 
=0 


p= 

(x,) > (s,) is a bijection of the set GN of sequences (*,) of points of G, 
onto itself; for if the sequence (s,) is given, the sequence (x,) is deter- 
mined by the relations x) = 59, %. = Sn Sn—a (12 I). 

The series defined by the sequence (x,), or the series whose general term is 
x, [or simply the series (x,), by abuse of language, if there is no risk of 
confusion] is defined to be the pair of sequences (x,) and (s,) thus asso- 
ciated. The series defined by the sequence (x,) is said to be convergent 
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if the sequence (s,) is convergent; the limit of this sequence is called the 


sum of the series and is written S x, (or >) *,, by abuse of notation). 
n=0 n=0 


If the series whose general term is x, is convergent, we shall sometimes 
00 


allow ourselves, by abuse of language, to refer to it as “the series S x? 
or “the series xg +x, + ++: $a,toee”. n=0 


A necessary condition for the convergence of the series whose general term 
is x, is that the sequence (s,) should be a Cauchy sequence, that is to say, 
that for each neighbourhood V of the origin in G there is an integer 
n, such that for each pair of integers n 21, p > 0, we have 


n+p 


Sntp — Sa = SM x eV. 
i=n+1 


If G is complete, this condition is also sufficient (Cauchy's criterion for series). 


If the series whose general term is x, is convergent, we have in parti- 


cular lim (s,—5j-;) = lim x, = 0; but this necessary condition for conver- 
n> wz ner wo 
gence is by no means sufficient in general, even if G is complete (see 


Chapter IV, § 7). 


Proposition 7. Jf the series defined by the sequences (x,) and (3,) are conver- 
gent, then so are the series defined by the sequences (—x,) and (x, + ,), and 
we have 


(7) Ny (—*,) = 5. es 
(8) Ss (%_ +n) = . + S 


This is an obvious consequence of the continuity of —x on G, and of 
x+y on GXG. 


Corouiary. If (x%,), (dn) are two sequences of points of G such that x, = Jp 
except for a finite number of indices, and if the sertes whose general term is x, con- 
verges, then so does the series whose general term is pn. 


For the series whose general term is x, —y, has all its terms zero from 
a certain index onwards. 


This corollary may be put in the form that we may alter arbitrarily a finite 
number of terms of a convergent series without it ceasing to be convergent. 
In particular, if »y, =o for n<m, and », =x, for n>m, 
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we see that the series whose general term is », converges ifand only - the 


series whose general term is x, converges; its sum is denoted by S Xn 


and is called the residue of index m of theseries (x,). Since n=m 
S x, = S Xn — Sm-v 
mm n=0 


the residue of index m of a convergent series tends to 0 as m tends to 
+o. 

If a sequence (x,),e; has as index set an infinite subset I of N, 
and if 9 denotes the strictly order-preserving bijection of N_ onto I, 
then the series defined by the sequence (xe,)),en is called, by abuse of 
language, the series defined by the sequence (x,),e1; if this series is conver- 


gent, its sum is denoted by S x, It is immediately verified that this 
nel 

series converges if and only if the series whose general term is (z,) converges, 

where z,= x, if nel and z,=o0 if neGl. 

It is important to notice that if the series defined by a sequence (*,),EN 
converges, there can exist infinite subsets I of N_ such that the series 
defined by the subsequence (x,),e; does not converge (see Exercise 5 and 
Chapter IV, § 7). 


Propositions 4 and 5 extend immediately to series, and we leave their 
formulation in this case to the reader. 


Proposition 8 (Restricted associativity of series). Let (k,) be a strictly increa- 
sing sequence of integers > 0. [If the series whose general termis x, converges, and 
kn—l 


if we put u,= >, Xp, then the series whose general term is un is convergent, 
P=kn—1 
co] eo 
and we have S uy, = S Xn 
n=0 n=0 


For the sequence of partial sums of the series (u,) is a subsequence (54,1) 
of the sequence (s,) of partial sums of the series (x,). 


7. COMMUTATIVELY CONVERGENT SERIES 


Let (x,) be a summable sequence in G, and let s = a, x, be its sum. 


Then for each neighbourhood V of o, there ine *y€ 8(N) such 
that SyEs + V_ whenever ee and JycJ. Let m be the largest 
integer in Jj; then if n>m we have s,es-+V, and therefore the 
series (x,) is convergent and its sum is s. But the converse is false: 
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the sequence of terms of a convergent series can very well fail to be 
summable (see Chapter IV, § 7). 

Moreover, the definition of a convergent series essentially involves 
the order structure of N. Ifthe series (x,) is convergent, and if o isa 
permutation of N, then the series (xg) is not necessarily convergent 


(cf. Chapter IV, § 7, Exercise 15). 


DEFINITION 2. A series defined by a sequence (x,) is said to be commutatively 
convergent if, for each permutation « of N, the series defined by the sequence 
(Xgcny) #8 convergent. 


Proposition 9. The series defined by the sequence (x,) is commutatively conver- 
gent if and only if the sequence (x,) is summable; and then, for each permutation 
o of N, we have 


S XX >= py Xn. 

n=0 néeN 
If the sequence is summable, then clearly the series is commutatively 
convergent. To prove the reverse implication we shall argue by reductio 
ad absurdum and suppose that the series (x,) is commutatively convergent 
but that the sequence (x*,) is not summable. The image of the filter 
® under the mapping H sy therefore cannot be a Cauchy filter base 
in G, otherwise this filter base would converge, since by hypothesis it has a 
cluster point (Chapter ITI, § 3, no. 2, Proposition 5, Corollary 2). Hence 
there is a neighbourhood V of o in G such that, for each finite subset 
J of N, there is a finite subset H of N which does not meet J and is 


such that )) x,¢V. Hence, by induction, we can define a partition of 


nen 
N into finite subsets H, (ke N) suchthat )! x,¢V for an infinite 
néHk 
number of indices k. Clearly there is a permutation a of N such that 


for each k, the values of n for which o(n) eH, are consecutive. If 
¢ is such a permutation, then the series whose general term is xg) cannot 
be convergent, and we have a contradiction. 


If the group G is written multiplicatively, the infinite product defined by a 

sequence (x,) of points of G (or infinite product whose general term is x,, 

or even product x, if there is no possibility of confusion) is defined to be 

the pair formed by the sequence (x,) and the sequence of partial products 
n 


dP, = II «.. The infinite product is said to converge if the sequence (p,) 
k=0 2 ros) 
converges, and the limit of this sequence is denoted by P x, (or IL, 
n=0 n=0 
by abuse of notation). We leave to the reader the task of transcribing into 
multiplicative notation the properties of series which we have established. 
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6. TOPOLOGICAL GROUPS WITH OPERATORS; 
TOPOLOGICAL RINGS, DIVISION RINGS 
AND FIELDS 


1. TOPOLOGICAL GROUPS WITH OPERATORS 


On a set G, a structure of a group with operators and a topology are said 
to be compatible if the topology and the group structure of G are compa- 
tible (§ 1, no. 1) and if in addition the endomorphisms of G produced 
by the operators are continuous. The set G, together with the given topo- 
logy and structure of group with operators, is then said to be a topological 
group with operators. 

If H is a stable subgroup of a topological group G with operators, 
then the topology induced on H by the topology of G is compatible 
with the structure of group with operatorson H. Furthermore: 


Proposition 1. Jf H is a stable subgroup of a topological group G with 
operators, then the closure H of H in G isa stable subgroup of G. 


We know already (§ 2, no. 1, Proposition 1) that H_ is a subgroup of G. 
Also if « is any operator on G, the image of H under the continuous 
mapping x->x* is contained in H, and therefore the image of H is 
contained in H (Chapter I, § 2, no. 1, Theorem 1), 

Let H be a stable normal subgroup of a topological group G with 
operators. Then for each operator a on G, the mapping of G/H into 
itself induced by x —>x* is continuous (§ 2, no. 8, Remark 3), and 
the structure of group with operators on G/H is therefore compatible 
with the quotient topology on G/H. 

Let (G,),ey be a family of topological groups with operators, where 
each G, is assumed to have the same operator set Q. For each aeQ, 
the mapping x ->((pr,x)*) of G =|[[G, into itself is continuous 

tel 


(Chapter I, § 4, no. 1, Proposition 1), and the structure of groups with 
operators on G is therefore compatible with the product topology on G. 

If G is a Hausdorff topological group with operators and if G has 
a completion G (§ 3, no. 4), then every endomorphism x —>«* of G 
defined by an operator on G can be extended by continuity to an endo- 
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morphism of G (§ 3, no. 3, Proposition 5). Hence G has the structure 
of a topological group with operators, and the operator set is the same for 
6 as for G. 


2. TOPOLOGICAL DIRECT SUM OF STABLE SUBGROUPS 


Since the study of commutative groups with operators is equivalent to 
the study of modules we shall sometimes allow ourselves to use the termi- 
nology proper to modules for arbitrary commutative groups with opera- 
tors; thus we may speak of linear mappings instead of homomorphisms of 
commutative groups with operators, and we may use the word projector to 
denote an idempotent endomorphism of a commutative group with 
operators. 

If a commutative topological group E with operators (written addi- 
tively) is the direct sum of a finite family (M;), <i¢, of stable subgroups, 

n n 


then the canonical bijection (x;) > }} x; of the product group Ul M; 
i=1 i=1 
onto E is continuous, but is not necessarily a homeomorphism. 


Derinition 1. Let E be a commutative topological group with operators, and 

let (Mi)rcicn be a finite family of stable subgroups of E, such that E is the 

direct sum of the M;. Then E is said to be the topological direct sum of the 
Rn nr 


M; if the canonical mapping (x;) > >, x; of the product group Il M;_ onto 


i=1 =1 
E is a homeomorphism (and therefore an isomorphism of topological groups 
with operators). 


Proposition 2. Let E be a commutative topological group with operators which 
is the direct sum of stable subgroups M; (1 <i<n). Let (piicicn be the 
n 


family of projectors associated with the decomposition E = >, M;. Then E 
=. 
ts the topological direct sum of the M; if and only if the p; “are continuous. 
a 
For the mapping x -> (p; (x)) isthe inverse ofthe mapping (x;) > > x;. 
i=1 


n 


Since 1 = >) P; (where 1 denotes the identity mapping of E) it is 
i=1 

sufficient for n—1 of the projectors , to be continuous in order that 

the n th should also be continuous. 


If E is the topological direct sum of two stable subgroups M, N, then 
N is said to be a topological complement of M in E; this is the case if 
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and only if the canonical mapping of E/M_ onto is an isomorphism of 
topological groups with operators. 


Corotiary. Let E be a commutative topological group with operators, and 
let M bea stable subgroup of E. Then the following conditions are equivalent: 


a) M has a topological complement in E. 
b) There is a continuous projector p of E into E such that p(E) = M. 


c) The identity mapping of M_ can be extended to a continuous linear mapping 
of E onto M. 


It follows from Proposition 2 that a) implies b), and it is clear that b) implies 
c). Finally, if p is a continuous linear mapping of E onto M which 
extends the identity mapping of M, then / is a continuous projector, 
and the projectors and 1—pf are associated with the direct sum 


decomposition E=M +N, where N = ? (0). 


Remarks. 1) To avoid confusion, we shall sometimes say that a stable 
subgroup of E which is a complement of M (in the sense of the structure 
of group with operators, without a topology) is an algebraic complement 
of M. 

2) If a Hausdorff commutative topological group with operators is the 
topological direct sum of a family (M,)1<;<, of stable subgroups, then 
each of the subgroups M, is closed in E, for M, is the set ofall xeE 
such that p(x) =x (Chapter I, § 8, no. 1, Proposition 2). 


Proposition 3. Let E, F be two commutative topological groups with operators, 
and let u be a continuous linear mapping of E into F. In order that there 
should exist a continuous linear mapping v of F into E such that uo v is the 
identity mapping of F (in which case w is said to be right invertible and v 
is said to be a right inverse of u) it is necessary and sufficient that u is a strict 
morphism (§ 2, no. 8) of E onto F and that “é(o) has a topological complement 
in E. 


The conditions are necessary, For we have then u(o(F)) =F and a 
Jfortiort u(E) =F; furthermore, if p= vou, then p is a continuous 
linear mapping of E into itself such that p? = p; therefore (Corollary 
to Proposition 2) p(E) = v(u(E)) = o(F) has a topological complement 
ry (0) in E; but since u(p(x))) = u(x) by hypothesis, we have 
(o) = plo). Finally, the bijective mapping of E/f(o) onto F, 
associated with u, is the composition of the bijective mapping of E/d (0) 
onto o(F), associated with g, and the restriction of u to v(F); since v 
is continuous, both these mappings are isomorphisms, and therefore u 
is a strict morphism of E onto F. 

The conditions are sufficient. For if 9 is the canonical homomorphism 
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of E onto Ef (0), to say that @(o) has a topological complement 
M in E is to say that the restriction of » to M _ is an isomorphism of 
M onto E/d@(o). Since on the other hand u = wo g, Where w is 
an isomorphism of Efa (0) onto F, we see that the restriction of u 
to M is an isomorphism of M onto F, and the inverse isomorphism 
v is therefore such that uov is the identity mapping of F onto itself. 


Proposition 4. Let E, F be two commutative topological groups with operators, 
and let u be a continuous linear mapping of E inio F. In order that there 
should exist a continuous linear mapping v of F into E such that vou is 
the identity mapping of E. onto itself (in which case u is said to be left invertible 
and v is said to be a left inverse of u) it is necessary and sufficient that u is 
a (topological) isomorphism of E onto u(E), and that u(E) has a topological 
complement in F. 


The conditions are sufficient, for if they are satisfied we obtain a left inverse 
v of u by taking the composition of the isomorphism of u(E) onto E 
which is the inverse of u, with a continuous projector of F onto u(E). 

The conditions are necessary. For the relation o(u(x)) =x shows 
that “(o) = fo} 3 u is therefore a bijection of E onto u(E), and since 
the restriction of v to u(E) is continuous, it follows that u is an isomor- 
phism of E onto u(E). On the other hand, if we put q = uo, then 
g is a continuous linear mapping of F onto u(E) such that g? = gq, 
which proves (Corollary to Proposition 2) that u(E) has a topological 
complement in F. 


3. TOPOLOGICAL RINGS 


DeFmniTion 2. A topological ring is a set A which carries a ring structure and 
a topology satisfying the following axioms: 

(AT,). The mapping (x,y) >x+y» of AX A into A is continuous. 
(AT). The mapping x->—x of A into A is continuous. 

(ATi). The mapping (x,y) > xy of AX A into A is continuous. 


The first two axioms express that the topology of A is compatible with its 
additive group structure (§ 1, no. 1). 

If a ring structure and a topology are given on aset A, they are said 
to be compatible if they satisfy axioms (AT;), (ATy) and (ATy,). 


Examples. 1) On any ring A, the discrete topology is compatible with the 
ring structure. A topological ring whose topology is discrete is called 
a discrete ring. 

* 2) We shall see in Chapter IV that the topology of the rational line 
Q (resp. the real line R) is compatible with the ring structure of Q 
(resp. R). 
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In a topological ring every left homothety x > ax (resp. every right homo- 
thety x-—>.xa) is continuous (and is a homeomorphism if a is a unit 


of A). 
Since we can write identically 


XY — Ko Iq = (% — Xo) (9 — Jo) + (% — X0)%0 + X0(¥ — D0) 
the axiom (AT) [in view of (AT,) and (AT,,)] is equivalent to the 
conjunction of the following two axioms : 


(ATi). Given any xjeA, the mappings x—>xgx and x—xxy are 
continuous at the point x =o. 

(ATyy; 4). The mapping (x, y)—>xy of Ax A into A_ is continuous at 
the point (0, 0). 

From this we can deduce a necessary and sufficient set of conditions 
which the filter 98 of neighbourhoods of o in a ring A must satisfy in 
order to define a topology on A compatible with its ring structure: %B 
must satisfy axioms (GA,) and (GA,,) of §1, and also the following 
two axioms : 


(AV,). Forall xyeA andall VEX, there exists WES such that xxWcV 
and WxycV. 


(AV,,). For all VES, there exists We such that WWcV. 


Remark. In analysis one fairly often meets rings which satisfy axioms 
(AT,), (AT,,) and (AT, ,), but not (AT\,,;,). * An example is the 
ring of measures on a compact group, where multiplication is convolution 
and the topology is the vague topology. , 

Example 3). Let 9% be a filter base on a ring A, consisting of two-sided 
ideals, % is a fundamental system of neigbourhoods of o for a topology 
compatible with the additive group structure of A, and it follows imme- 
diately from (AV,) and (AV,,) that this topology is compatible with 
the ring structure of A. 


Let X be a topological space, and let f and g be two mappings of 
X into a topological ring A. If f and g are continuous at a point 
xeX, then f+g, —f and fg are continuous at this point. It 
follows that the continuous mappings of X into A form a subring of 
the ring A* of all mappings of X into A. We see also that, if A is 
commutative, then every polynomial in n variables, with coefficients in A 
and defined on A”, is continuous on A", Again, let f and g be two 
mappings of a set X, filtered by a filter §, into a Hausdorff topological 
ring A; if limg f and limgg exist, then sodo limg (f+ g), lims(—/) 
and limg (fg), and we have (Chapter I, § 7, no. 4, Proposition g, Corollary 
1, and § 8, no. 1, Proposition 1) 


(1) limg(f + g) = limg f + limg g, 
(2) limg (—f) = —limg f, 
(3) limg (fg) = (limgf) (limg g). 
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4. SUBRINGS; IDEALS; QUOTIENT RINGS; PRODUCTS OF RINGS 


If H_ is a subring of a topological ring A, then the topology induced 
on H by that of A is compatible with the ring structure of H. The 
topological ring structure thus defined on H_ is said to be induced by that 
of A. 


ProposiTion 5. Let H be a dense subring of a topological ring A, and let 
K be a subring (resp. left ideal, right ideal, two-sided ideal) of H. Then the 
closure K of K in A is a subring (resp. left ideal, right ideal, two-sided ideal) 
of A. 


The proof is the same as for Proposition 8 of § 2, n. 3: if for example K 
isaleftidealin H, then the mapping (z, x) > zx is continuouson A x A 
and maps H x K into K; hence it maps AX K=H x K into H. 

Let H_ be a éwo-sided ideal in a topological ring A. By the same 
argument as for quotient groups, we see that the quotient of the topology 
of A by the relation x—-yeH is compatible with the ring structure of 
A/H. In particular, if A is not Hausdorff, then the closure N of fo} 
in A is a closed two-sided ideal, by Proposition 5; the quotient ring, which 
is Hausdorff (§ 2, no. 5, Proposition 13) is called the Hausdorff ring associated 
with A, 

Let (A,),e, be a family of topological rings. On the set A = Il A. 


éI 
the product of the topologies of the A, is compatible with the product of 
the ring structures of the A, (same proof as for product groups); the 
topological ring A thus defined is called the product of the topological 
rings A,. 


5. COMPLETION OF A TOPOLOGICAL RING 


When we speak of the uniformity of a topological ring, we always mean the 
uniformity of its additive group, unless the contrary is expressly stated; in 
particular, A is said to be a complete ring if the additive group of A is 
complete. 

Let A be a Hausdorff topological ring; as an additive group A can 
be considered as a dense subgroup of a complete Hausdorff commutative group 
A, which is determined up to isomorphism (§ 3, no. 5, Theorem 2). In 
order that we should be able to consider A as a subring of a complete ring, 
it is necessary to be able to extend the function xy by continuity to the 
space A x A. The possibility of this extension will follow from the 
following more general theorem : 
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TueroremM 1. Let E, F, G_ be three complete Hausdorff commutative groups; 
let A be a dense subgroup of E and let B be a dense subgroup of F. If f 
ts a Z continuous Z-bilinear (*) mapping of A X B into G, then f can be 
extended by continuity to a continuous Z-bilinear mapping of E x F into G. 


Let (x ;.y9) be an arbitrary point of E x F, and let 1, % be the traces 
on A, B respectively of the neighbourhood filters of x9, yo (Ul, B are 
filters, by hypothesis). To show that jf can be extended by continuity, 
it is enough to show that f (WU x %) is a Cauchy filter-baseon G (Chapter II, 
§ 3, no. 6, Proposition 11). Consider the identity 


SF (49) —S (45.9) =F (e! — 391) +S Op 9 — 9) +S (2! — 4, 9" —y,)- 


We shall show that by taking (x, y) and (x’, y’) in a sufficiently small 
set of 0 x %, and by choosing x, and y, suitably, we can make each 
of the terms on the right-hand side very small. Let W_ be any neigh- 
bourhood of o in G; since f is continuous at (0, 0)e¢A x B, there 
isaset Ue% andaset Ve such that f(x’ — x, y’ —y) e W whenever 
xeU, x'eU, yeV, »'eV. Take a point x,e¢U anda point »,€V; 
then for all x, x’ in U andall », y’ in V we shall have 


SF (x! — x, 9' — 1) +f (x — 4,9 —y) EW + W. 


On the other hand, the partial mapping x f(x, »,) is continuous 
on A; hence there is a set U’cU, belonging to U, and such that, 
whenever x and x’ belongto U’, wehave f(x’ —x,»,)e@W. Likewise 
there exists V’cV _ belonging to % such that, whenever y and y’ 
belong to V’, we have f(x, 9’ —y)e@W. Consequently, if (x, y) and 
(x’, y') are any two points of U’ x V’, then 


SF (#9) —F (#9) EW + W + W + W; 


this proves the existence of the extension f of f. The fact that f is 
Z-bilinear is an immediate consequence of the principle of extension of 
identities (Chapter I, § 8, no. 1, Corollary 1 to Proposition 2). 

Q.E.D. 


In the application of this theorem to a Hausdorff topological ring A, 
we take E, F and G to be A, A and B to be the ring A, and f to be 


(*) f is said to be Z-bilinear if, for all elements x, x’ of A and all elements 
9, 97’€B we have 
fet 59) =f le») +f (9) 
and FH IFN) =f + FH): 
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the Z-bilinear mapping (x, y) > xy, which by hypothesis is continuous. 
We denote again by xy the value of the extended function on A x A; 


this function is a law of composition on A, and to say that it is Z-bilinear 
means that it is distributive on both sides with respect to addition; and it 
is also associative, by the principle of extension of identities. Consequently : 


Proposition 6. A Hausdorff topological ring A is isomorphic to a dense subring 
of a complete Hausdorff ring A, which is determined up to isomorphism (and is 
called the completion of A). 


If A is commutative (resp. has an identity element) then the same is true of 
A (principle of extension of identities). 

Let A be a topological ring, not necessarily Hausdorff; let N be the 
closure of fo} in A, andlet A’ = A/N be the Hausdorff ring associated 
with A. Then A’, the completion of A’, is called the Hausdorff comple- 
tion of A and is also denoted by A. One shows as in § 3, no. 4, Proposition 
8 that every continuous ring homomorphism u of A with a complete 
Hausdorff topological ring C can be uniquely factorized as u=vo 9, 
where v is a continuous homomorphism of A into C and g is the 
canonical mapping of A into A. If A,B are two topological rings, and 
u: A->B is a continuous homomorphism, there is therefore a unique 
continuous homomorphism é: A 8 such that the diagram 


u 


A — B 
¢ 
Wao! 


is commutative (p and y being the canonical mappings); we have only 
to apply the preceding result to  o u. 


6. TOPOLOGICAL MODULES 

DEFINITION 3. Given a topological ring A with an identity element, a topological 
left A-module is a set E, together with: 

1) a left A-module structure; 


2) 4 topology compatible with the additive group structure of E, and satisfying 
the following axiom: 


(MT) The mapping (d, x) >2« of AXE into E is continuous. 
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We define similarly the notion of a topological right A-module; since every 
right A-module can be considered as a left A°-module, where A® is the 
opposite ring of A, and since the topology of A is compatible with the 
ring structure of A®°, there is no need to distinguish between topological 
right A-modules and topological left A°-modules. 


Examples. * 1) A topological vector space over R (resp. C) is a topo- 
logical R (resp. C) module. 

2) Let A bearing and let 8 be a filter base on A consisting of two- 
sided ideals of A; let E bealeft A-module. If we give A the topology 
(compatible with its ring structure) for which Q is a fundamental system 
of neighbourhoods of o (no. 3, Example 3), and E the topology (compat- 
ible with its additive group structure) in which the sets aE, as a runs 
through %, form a fundamental system of neighbourhoods of o (§ 1, 
no. 2, Example), it is immediately verified that E is a topological A-module. 


Remark. Given a topological ring A, consider, on a left A-module 
E, a topology compatible with the additive group structure of E. By 
virtue of the identity 


Ax — Roxg = (2 — Ag)Xo + Ag(x — Xo) + (A — do) (* — 40) 


the axiom (MT) is equivalent to the conjunction of the following three 


axioms : 

(MT). For each xgeE, the mapping \}—>dx_ is continuous at the point 
A= 0. 

(MT\,). For each AgEeA, the mapping x—> Xox is continuous at the point 
x= 0. 


(MT,j,). The mapping (A, x) > 4x 1s continuous at the point (0, 0). 

We deduce from this a necessary and sufficient set of conditions that 
the filter % of neighbourhoods of o in an A-module E must satisfy in 
order to define a topology on E compatible with its module structure; 
% must satisfy the axioms (GA,) and (GA,;) of § 1, no. 2, and in addi- 
tion must satisfy the following three axioms: 


(MV,). For each xyeE and Ve, there is a neighbourhood S of o in 
A such that S.xgcV. 
(MV,,). Foreach ,GA and Ve, there exists We such that ig WcV. 


(MV). For each VEX there exists UE and a neighbourhood T of o 
in A such that T.UcV. 


Every commutative topological group is a topological Z-module when 
the ring Z is given the discrete topology. 

If M_ is asubmodule of a topological A-module E, it is clear that the 
topology induced on M by the topology of E is compatible with the 
module structure of M. Moreover, on the quotient A-module E/M, 
the topology which is the quotient by M of the topology of E is compat- 
ible with the A-module structure. To see this it is enough to show that 


279 


Il TOPOLOGICAL GROUPS 


the mapping (, %)—>2# of A x (E/M) onto E/M_ is continuous 
(where x-»>% denotes the canonical mapping of E onto E/M). Now, 
since we may identify the additive topological groups A x (E/M) and 
(A x E)/ (fo i x M) (§2, no. 9, Corollary to Proposition 26), it is enough 
to show that the mapping (2, x) > 2* of A x E into E/M is continuous; 
and this is immediate, since the mapping in question is the composition 
of xx and (), x) >. 

Let (E,),e, be an arbitrary family of topological A-modules, and let 
E= Il E, be the A-module which is the product of the E,. Then the 


product topology on E is compatible with the A-module structure of 
E. To prove this it is enough to show that the mapping (2, x) > (A. pr,x) er 
of A x E into E is continuous, or (by Proposition 1 of Chapter I, § 4, 
no. 1) that for each index »eI the mapping (2, x) > .pr,x is a 
continuous mapping of A x E into E,; but this mapping is the 
composition of (), *,) > 2*, and (), x) > (2, pryx), both of which are 
continuous. 

Let A be a Hausdorff topological ring and E a Hausdorff topological 
A-module. Let £ be the additive group which is the completion of the 
commutative topological group E (§ 3, no.5, Theorem 2). The Z-bilinear 
mapping (}, *) > )« of the product A x E of the additive groups A, E 
into the additive group E can be extended by continuity to a Z-bilinear 
mapping of A x & into f (no. 5, Theorem 1), and this mapping we 
continue to denote by (i, x) > %*. By virtue of the principle of extension 
of identities, we have }(ux) = (Au)x for 7e A, pe A and xe fi, and 
1.x = for all xeE; the external law (4, x) - 2« therefore defines 
an A-module structure on £ compatible with its topology. The topolog- 
ical A-module & thus defined is called the completion of the topological 
A-module E. 

Let E be a topological module over a topological ring A, where 
neither A nor E is necessarily Hausdorff. Let N (resp. F) be the 
closure of fo} in A (resp. E). N is a two-sided ideal of A (no. 4, 
Proposition 5) and F is a sub-A-module of E (no. 1, Proposition 1); 
furthermore, by continuity we have }xe@F whenever }EN or xeF, 
We can therefore define, by passing to the quotients, a mapping (2, 2) > A< 
of (A/N) x (E/F) into E/F; it is easily verified (by use of the Corollary 
to Proposition 26 of § 2, no. 9) that this mapping is continuous, and therefore 
defines a structure of a topological (A/N)-module on E/F. If we put 
B=A/N and L= E/F, then the B-module L is called the Hausdorff 
module associated with E; its completion {. is a topological module over 
the Hausdorff completion A (equal by definition to 8) of A (no. 5)» 
and this module { is called the Hausdorff completion of E and is denoted 
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by E. We see as in § 3, no. 4, Proposition 8 that every continuous homo- 
morphism uw: E->G of E into a complete Hausdorff A-module G 
factorizes uniquely into u = vo 9, where v isa continuous homomorphism 
of into G and 9 is the canonical mapping of E into &. We 
conclude that if E, E’ are two topological A-modules and u: E — E’ 
is a continuous homomorphism, then there is a unique continuous homo- 
morphism & : & - &’ such that the diagram 


u 


E — FE 
| : \r 
Boe ok! 


is commutative, » and 9g’ being the canonical mappings. 

The definitions and results of this section apply equally well to pseudo- 
modules over an arbitrary topological ring, by deleting all mention of the 
identity element of the ring. 


7. TOPOLOGICAL DIVISION RINGS AND FIELDS 


In what follows, and in Chapters IV and V, if K_ is a division ring we shall 
denote by K* the multiplicative group of non-zero elements of K. 


DEFINITION 4. A topological division ring is a set K carrying a division ring 
structure and a topology compatible with the ring structure of K, and satisfying in 
addition the following axiom: 


(KT) The mapping x —~>x-1 of K* into K* is continuous. 
A commutative topological division ring is called a topological field. 


A division ring structure and a topology on a set K are said to be compat- 
ible if the corresponding ring structure and the topology are compatible 
and if in addition axiom (KT) is satisfied. 


Examples. 1) On any division ring K, the discrete topology is compatible 
with the division ring structure. A topological division ring whose topol- 
ogy is discrete is called a discrete division ring. 

* 2) The topology of the rational line Q (resp. the real line R) is 
compatible with the field structure of R (resp. R) (see Chapter IV, 
§ 3)+ « 


Definition 4 shows that, if K is a topological division ring, then the topol- 


ogy induced by that of K on the multiplicative group K* is compatible 
with the group structure of K*. 
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If ao, the homotheties x -—> ax and x -—»xa are homeomorphisms 
of K_ onto itself; and so is the mapping x —>ax +6 forall eK. Note 
that the homotheties x —> ax and x-—>xa are automorphisms of the (topolog- 
ical) additive group of K if ao. If V_ is any neighbourhood of o 
in K, it follows therefore that aV and Vea are neighbourhoods of o 
for all a0. 

Let X be a topological space, and let f be a mapping of X into a 
topological division ring K. If / is continuous at a point xy¢ X and 
if f(x) 40, then f-! is continuous at x». In particular, if K is a 
topological field, then every rational function in n variables with coefficients 
in K_ is continuous at every point of K" where its denominator does not 
vanish, 

Likewise, if f{ is a mapping of a set X, filtered by a filter §, into 
a Hausdorff topological division ring K, and if limg/f exists and is 
not o, then limg f-! exists and we have 


(4) limg f 1 = (limg f)—1. 


If H is a division subring of a topological division ring K, then the 
topology induced on H by the topology of K_ is compatible with the 
division ring structure of H. The structure of a topological division ring 
thus defined on H_ is said to be induced by that of K. Furthermore, 
His also a division subring of K (the proof is analogous to that of Proposi- 
tion 5). 


In a topological division ring K, the closure of the set {0} is a two- 
sided ideal, by Proposition 5, and hence must be either {0} or K. 
In other words, ifthe topology of K_ is not the coarsest topology (Chapter I, 
§ 2, no. 2) then it is Hausdorff (§ 1, no. 2, Proposition 2). 


8. UNIFORMITIES ON A TOPOLOGICAL DIVISION RING 


If K_ is a topological division ring it is necessary to distinguish between : 
1) the uniformity of the additive group of K, which is defined on K 
and is called the additive uniformity of K; and 2) the left and right 
uniformities of the multiplicative group K*, which are defined on K* 
and are called (by abuse of language) the multiplicative uniformities of K. 


The uniformity induced on K* by the additive uniformity of K_ is in 
general distinct from the multiplicative uniformities of K (see Exercise 17). 


By Proposition 6, a Hausdorff topological division ring K can be 
considered as a dense subring of a complete Hausdorff ring RK. In order 
that K should be a topological division ring it is necessary that the mapping 


282 


UNIFORMITIES ON A TOPOLOGICAL DIVISION RING § 6.8 


x —>x71 be extendable by continuity to (R)*; and this necessary condi- 
tion is also sufficient, for the functions xx—1, x-1x and 1 are then 
equal on (R)* by reason of the principle of extension of identities, 
and therefore the value of the extended function is the inverse of x for 
each x = 0 in K. In other words (cf. Chapter IJ, § 3, no. 6, 
Proposition 11): 


Proposition 7. The completion K of a Hausdorff topological division ring 
Kis a topological division ring if and only if the image under the mapping x —> x} 
of every Cauchy filter (with respect to the additive structure) which does not have a 
cluster point at 0, is a Cauchy filter (with respect to the additive structure). 


There are topological division rings in which this condition is not satisfied 
and in which the ring K_ has zero divisors (see Exercise 26). Moreover, 
even if the completion K_ is a topological division ring, there is no a priori 
reason to assume that the multiplicative structures of K are structures of a 
complete space. However, this will be the case for division rings K such 


that K is locally compact (see Chapter I, § 9, no. 7, Proposition 13, and 
Chapter III, § 3, no. 3, Proposition 4) and for topological fields; for the 
latter, we have the following proposition : 


Proposition 8. If the additive uniform structure of a topological field K 1s a 
structure of a complete Hausdorff space, then the multiplicative structure on K* 
is a structure of a complete space. 


We shall show that if § is a Cauchy filter with respect to the multiplicative 
structure on K*, then § is a Cauchy filter with respect to the additive 
structure on K, and does not converge to 0; this will establish the 
result. Let U be any neighbourhood of o in K, let V bea closed 
neighbourhood of o such that VcU, VVcU [axiom (AV,)] and 
—1¢€V; then by hypothesis there is a set Ae ®& such that, for all «eA 
and yeA, we have «tyer+V. Let aeA, then Aca+aV, 
and a-+aV isa closed set which does not contain 0; hence o is not 
in the closure of A and is therefore not a cluster point of §. Let W 
be a neighbourhood of o such that aWeV [axiom (AV,)]; then by 
hypothesis there is a set Be ® such that BcA and, forall «eB and 
yeB, we have «1lye1-+ W; hence y—xexWeAWcaW + aVW; 
but K_ is commutative, and therefore aVW = aWVcVVcU; conse- 
quently y—x*xeU + U and the Proposition is proved. 


The same proof shows that Proposition 8 can be extended to the case in 
which every Cauchy filter with respect to one of the multiplicative structures 
of K_ is also a Cauchy filter with respect to the other multiplicative struc- 
ture. 
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7. INVERSE LIMITS OF TOPOLOGICAL 
GROUPS AND RINGS 


Throughout this section, I denotes a non-empty directed set (*) and a <Q denotes 
the partial order relation in 1. Unless the contrary is expressly stated, all the 
inverse systems considered are indexed by I. 


1. INVERSE LIMITS OF ALGEBRAIC STRUCTURES 


Let (X,, fag) be an inverse system of sets, and suppose that each X, is 
endowed with an internal law of composition, everywhere defined, and 
written multiplicatively. Suppose also that the f,, are homomorphisms 
with respect to these internal laws. Since 


Sup (*g- 8) =Sup(*p) -Sap( 7p) 


whenever a < @ and xg and yg belongto Xg, itisclear that X = lim X, 
is a stable subset of the product Il X,, with respect to the internal law 
a 


(a) (Ia) = (a+ Ha). Let (Ag, 94g) be another inverse system of sets, 
indexed by I, and suppose that each X, carries an external law of 
composition, everywhere defined, written multiplicatively and having A, 
as a set of operators, such that whenever « < 8 we have 


Sup(hg-%s) = ap(dp) Sap (*g) 
for Age Ag and xgeXg. Then we can define an external law on ll Ms 
having Il A,, asaset of operators, by defining (Ay) - (%a) = (Aa-*a) 3 restrict- 
ing the set of operators to A = lim A,, we have an external law on 
Ix. with respect to which X is again a stable subset. The internal 
(resp. external) law thus defined on X is said to be the inverse limit of the 


internal (resp. external) laws of the X,. In the case of external laws, it 
may happen that all the A, are identical with the same set Ay and 


(*) The reader may easily verify that most of the definitions and results 
which precede Proposition 1 in this section remain valid if I is merely partially 
ordered. 
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that all the 9,g are identity mappings; then, since I is a directed set, 
A. can be identified with Ag. 

It is immediately verified that the usual properties of associativity, 
commutativity, existence of an identity element for an internal law 
(provided that the fig map identity element to identity element), distri- 
butivity of an external aw with respect to an internal law, etc., are preserved 
under passage to the inverse limit. 

Let = bea species of algebraic structure and let Ly be the impoverished 
structure corresponding to &. Whenever we speak of an inverse system 
of sets (X,, fag) endowed with structures of species 2%, we shall always 
suppose that the f,g are homomorphisms for these structures. If we endow 
X=lim X, with the internal and external laws which are the 
respective inverse limits of the internal and external laws of the X,, 
then X carries an algebraic structure of species Sy. Naturally it 
remains to be seen in each particular case whether or not this structure 
is of species J. 

For example, if (G,; fag) is an inverse system of groups (resp. rings), 
then lim G, is a subgroup (resp. subring) of Il G,, and is called the inverse 

a 


limit of the system (G,, Sug) of groups (resp. rings). 

Let (Xq; Zag) be an inverse system of sets and let (G,, fyg) be an 
inverse system of groups; suppose that each X, has G, as a group of 
operators and that whenever a < @ we have 


(1) &ap(se-*p) = Sup(Sp) -Sap(%8) 


for xgeXg and sgeGg. Then X=lim X, has G=lim G, as 
group of operators. It follows from (1) that, if «<, the mappings 
Jug and gag are compatible (§ 2, no. 4) and hence define a mapping 
gap: Xg/Gg—> X,/G, of the quotient sets, such that (X,/G,, ag) is an 
inverse system. Moreover, if fy: GG, and g,: X—-X, are the 
canonical mappings, then f, and g, are compatible and consequently 
define a mapping 4, : X/G > X,/G, of the quotient sets; it is clear that 
the A, form an inverse system of mappings, whose inverse limit is therefore 
a mapping 4: X/G->lim X,/G,, which is not necessarily either injective 
or surjective (Exercise 1). 

Again, let (Ag, 9xg) be an inverse system of rings and let (M4, f,g) 
be an inverse system of commutative groups; and suppose that each M, 
carries a left A,-module structure in such a way that whenever «a < 8 
we have 


(2) Fupp-*p) = Gap (Ag) Sap (*e) 


for xg « Mg and ig Ag; then lim M, hasa structure ofa left module over 
lim A,. If we suppose in addition that, for each «, A, is commutative 
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and that each M, hasan A,-algebra structure, and finally that (M,, fag) 
is an inverse system of rings, then lim M, has a structure of an algebra 
over lim A,. 

Let (G4, fag) be an inverse system of groups, and for each a let 
H, be a subgroup of Gg. If fyg(Hg)¢H, whenever « <@, then 
the inverse system of subsets H, of G, is an inverse system of groups 
with respect to the restrictions of the fig, and H = lim H, is a subgroup 
of G=lim G,. Ifeach H, is a normal subgroup of G,, then H isa 
normal subgroup of G. If (Gz, fag) is another inverse system of groups 
and, for each a, u, : G, — Gy is a homomorphism such that the u, form 
an inverse system of mappings, then, if H, is the kernel of u,, we have 
Sug(Hg) ¢ H, whenever « < 8; «= lim 4, isa homomorphism of G 
into G’=lim G,, and H=lim H, is the kernel of u. If we put 
K, = u,(G,), then we have f,(K,) ¢ K, whenever « < 8, so that the 
K, form an inverse system of subgroups of the Gz; but K = lim K, 
is not necessarily the image of G under u [Exercise I c)]. 

We obtain analogous results by replacing “ group” by “‘ring”’, “ subgroup ” 
by “ ideal ” (left or right); we leave to the reader the task of stating the 
analogous results for modules and algebras. 


2. INVERSE LIMITS OF TOPOLOGICAL GROUPS 
AND SPACES WITH OPERATORS 


We shall say that an inverse system (Gy, fxg) is an inverse system of topological 
groups if the G, are topological groups and the f,g are continuous homo- 
morphisms. Then G= lim G, is a subgroup of the product group 


likes if we endow G with the topological group structure induced by 
a 
that of Il G,, then the topological group so obtained is called the inverse 


a 
limit of the inverse system of topological groups (Ga, fag). If the G, 
are Hausdorff (resp. Hausdorff and complete) then G is Hausdorff and 


closed in IIc, (resp. Hausdorff and complete) (Chapter I, § 8, no. 2, 


a 
Proposition 7, Corollary 2 and Chapter IT, § 3, no. 5, Corollary to Proposi- 
tion 10). 

If ik Jag) is another inverse system of topological groups and if, 
for each a, u,: G,—>G% is a continuous homomorphism such that the 
u, form an inverse system of mappings, then u = lim 4, is a continuous 
homomorphism of G into G’ = lim G, (Chapter I, § 4, no. 4). The 
same results are valid when “ topological group ” is replaced by 
“ topological ring ”; we leave to the reader the task of stating the 
analogous results for topological modules (§ 6, no. 6). 
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Let (X,, gag) be an inverse system of topological spaces, and let 
(Gy, fag) be an inverse system of topological groups. Suppose that 
each G, operates continuously on X, (§ 2, no. 4) and that the relations (1) 
hold for all xgeXg, sgeGg and a<f. We have seen (no. 1) that 
X= lim X, has G=lim G, as group of operators; furthermore, G 
operates continuouslyon X. Forif ga (resp. f,) is the canonical mapping 
X—>X, (resp. G—+>G,), then by definition 


8a(s-*) = fa(s) -Sa(*) 


and therefore the mappings (s.x) > g,(s.*) are continuous on X x G, 
which shows the continuity of (s, x) + (s.*) (Chapter I, § 4, no. 4). 

The mapping fA, : X/G +> X,/G, induced by f, and g, is therefore 
continuous (§ 2, no. 4), and sois the mapping h: X/G lim X,/G, defined 
by the A, (Chapter I, § 2, no. 3, Proposition 4). 


Proposition 1. Suppose that the X, and the Gq satisfy the above hypotheses. 
a) Uf the stabilizer of each point of X. is a compact subgroup of G, for each 
ael, then the stabilizer of each point x = (xy) of X is a compact subgroup 
of G; the orbit of x (with respect to G) is canonically homeomorphic to the 
inverse limit of the orbits of the x. (with respect to Gq); and the canonical mapping 
h: X/G > lim X,/G, is injective. 

b) Jf, for each wel, every orbit of a point of X. (with respect to G,) is 
compact, then every orbit of a point of X (with respect to G) ts relatively compact, 
and h ts surjective. If also h ts bijective, then every orbit of a point of X is 
compact. 


Let x = (x,) eX, and for each wel let X, = G,.x, be the orbit 
of x. If «<6, it follows from (1) and the relation gyg(xg) = x, that 
Sap(Xg) ¢ X,, and hence that (Xj) is an inverse system of subsets of the 
X,. For each ael let u,: G,—-X, be the continuous mapping 
Sq, > Sq+%q; the ug, form an inverse system of mappings, and u = lim u, 
is the continuous mapping s—>s.x of G into the subspace X’ = lim X, 


of X. The hypothesis of a) implies that “ta( Xa) is compact for each 
Jae X',. Since also u, is surjective, the conditions of Chapter I, § 9, 
no. 6, Proposition 8, Corollary 2 are satisfied, and the first two assertions 
of a) are therefore established. Hence, if x = (xz) and » = (yq) 
are such that x, and y, belong to the same orbit with respect to G, 
for each aelI, then x and y belong to the same orbit with respect 
to G, and therefore fA is injective. 

Likewise, the hypothesis of b) implies that the inverse system of 
canonical mappings v7, : X, —> X,/G,, satisfies the conditions of Chapter I, 
§ g, no. 6, Proposition 8, Corollary 2, and therefore its inverse limit 
v =limz,:X >lim X,/G, is surjective, and the inverse image under 
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v of every point of lim X,/G, is compact. Since » factorizes into 
X4x/G+ lim X,/G,, 
where ¥ is the canonical mapping, the assertions of b) follow. 


Corotiary 1. If the G, are compact and the X, Hausdorff, then the conclu- 
sions of a) and b) are valid. 


For the hypotheses of a) and b) are satisfied, since every closed subgroup 
of G, iscompact and uy : 5, —> Sq.%,, isa continuous mapping of a compact 
space into a Hausdorff space. 


Corotuary 2. If, for each ael, the group Gy operates transitively on the 
Space X,, and if the stabilizer of each point of Xz is a compact subgroup of Ga, 
then G operates transitively on X and the stabilizer of each point of X is a 
compact subgroup of G. 


For hypothesis a) is satisfied, and X, = X, for each a. 


COROLLARY 3. Suppose that the G, are Herre For each ael, let 
K, be a compact subgroup of Gy, such that Sag )oK, whenever a < 8. 
Then, if K = lim K,, the canonical mapping h a re homogeneous space G/K 
into lim G,/K, is a homeomorphism. 


The fact that h is bijective follows from Corollary 1, applied by replacing 
X, by G,, and G, by K, operating by right translations (§ 2, no. 5). 
Let 9 be the canonical mapping G->G/K, and for each a let f, 
be the canonical mapping G->G,. If, for each a, V, runs through a 
fundamental system of open neighbourhoods of the identity element e, 
of G,, then thesets V = fa a(Va) (« and V, variable) form a fundamental 
system of neighbourhoods of the identity element e in G (Chapter I, 
§ 4, no. 4, Proposition 9), and the sets 9(V.K) form a fundamental system 
of neighbourhoods of 9{e) in G/K. We have to show that the image 
of 9(V. K) under fh contains a neighbourhood of h(o(e)), that is that 
there exists § 2 a and a neighbourhood Wg of 6 in Gg such that 


7 a(We. Kg) c V.K. Now, the relation xe V.K_ is equivalent to the 
existence of y in K such that f,(xy)eV,, ie. fy(x) e Va. 4,(K); 
so that V.K = f(Va. f(K)). Let U, = Vx . fa(K); we shall see 
that there exists @ 2 a such that if we put Ug = f «p(Ua), we have 
Kgc Ug; it will then follow that there is a neighbourhood Wg of eg 
in Gg such that Wg.KgcUg (Chapter II, § 4, no. 3, Corollary to 
Proposition 4), and this will establish the desired relation 
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We proceed by reductio ad absurdum: for each @ 2a, let Mg denote 
Kgn GUs; since F ay(Ug) =U, if a<6<y, the Mg form an inverse 
system of compact subsets of the Gg (for @ 2a). If they were all non- 
empty, then their inverse limit M would also be non-empty (Chapter I, 
§ 9, no. 6, Proposition 8). It is clear that McK and f,(M)cM,; 
but this is absurd since f,(K) c U,, and the proof is therefore complete. 


3. APPROXIMATION OF TOPOLOGICAL GROUPS 


Let G be a group and let (Hy)aeq be a family of normal subgroups of 
G such that H,> Hg whenever a<@. For each ael let G, = G/H,, 
and for a<@ let f,g be the canonical homomorphism G/Hg -> G/H,, 
which therefore maps a coset T of Hg in G to the coset TH, of Hy 
in G. Clearly (G,, fag) is an inverse system of groups; the elements 
of G= lim G, are families (T,)zeq, where T, is a coset of H, in G 
foreach a, and T,> Tg, whenever «<@. The mapping 7: s > (sH,) 
of G into G is the inverse limit of the canonical homomorphisms 
G—+G/H, and is therefore a homomorphism of G into G, and the 
inverse image under i of an element (T,) ¢G is equal to (\T- The 
ae 


kernel of 7 is therefore N H,, and the image of 7 consists of all families 
aed 


(T,) ¢G whose intersection is non-empty. 

Now suppose that G is a topological group ; if we give each G, = G/H, 
the quotient topology, it is clear that (G,, fag) is an inverse system of 
topological groups, and that 7: G > G is a continuous homomorphism. 


Proposition 2. Let G be a topological group and let (Ha)aex be a family 
of normal subgroups of G such that H,>Hg whenever a <8, and which 
satisfy the following condition: 

(AP) For each ael, Hy is closed in G and every neighbourhood of the identity 
element e in G contains one of the H, (in other words, the filter base formed 
by the H, converges to e¢). 

Then the mapping 1: G—> G= lim G/H, is a strict morphism of G onto 
i(G); G is Hausdorff and i(G) is dense in G; and finally the kernel of i is 
the closure of fe} in G. If in addition one of the H, is complete, theni is 


surjective. 


Clearly the G, = G/H, are Hausdorff (§ 2, no. 5, Proposition 13), hence 
so is G (since it is a subspace of Il G,). The kernel H of 7 is the 


ael 
intersection of the H, and is therefore a closed subgroup of G. Since 
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each neighbourhood of e contains some H,, it contains H and therefore 
(§ 3, no. 1, formula (1)] H_ is the closure of fe ef. Let us next show that 
i(G) is deine 3 in G. Let f, be the canonical mapping G-—>G,, which 
is the restriction to G of the projection prg; 9¢=jf,°i is the 
canonical mapping G-—>G/H,. If U is any non-empty open set of 
G, then there is an index aeI and a non-empty open set U, in G, 


such that Fal U,) «U (Chapter I, § 4, no. 4, Proposition 9); therefore 
7(U)> Pa(Ua); 


but since 9, is surjective, 7'(U) is not empty, and therefore i(G) n Ux@. 

To see that i is a strict morphism of G onto i(G), consider a neigh- 
bourhood V of ¢ in G. There isa neighbourhood W of e in G such 
that W?cV, and an index eeI such that H,cW; it follows that 


V_ contains WH, = @'a(~a(W)) = 7 F «(¢a(W)). Since F a(¢a(W)) 
is a neighbourhood of the identity element in G, the result follows. 


Finally, suppose that there is an index y¢I such that H, is complete. 
Toshow that i is surjective itis enough to prove that every family (T,)zer¢ G 
has a non-empty intersection. Since T, is obtained by translation from 
H,, it is a complete subspace of G (with respect to both the right and the 
left uniformities). Moreover, since every neighbourhood U of ¢ in G 
contains one of the H,, the corresponding set T, is Ug (or U,_) small, 
and hence the set of T, contained in T, isa Cauchy filter base; therefore 
it converges in T,, and since the T, are closed in G (since they are 
translations of the’ H,), their intersection is not empty. 

Q.E.D. 


Corotiary 1. If the condition (AP) is satisfied and if in addition the (Haus- 
dorff) groups G/H, are complete, then the group G has a Hausdorff completion 
which can be identified with G; and the mapping i: G—+G is then identified 
with the canonical mapping (§ 3, no. 3, Proposition 5). 


For G is then complete (no. 2), and Proposition 2 shows that i(G) 
is isomorphic with the Hausdorff group associated with G; since it is 
dense in G, the corollary follows (§ 3, no. 3, Proposition 5). In particular: 


Corotiary 2. Let G bea group and let (H,) be a family of normal subgroups 
of G, directed with respect to the relation H,>Hg. If we endow G with the 
group topology for which the H, form a fundamental system of neighbourhoods 
of the identity element e, then the Hausdorff group associated with G is isomorphic 


to G,=G/(f\H.); G, has a completion G,=G; and the canonical 
mapping G, > & = lim G/H, extends to an isomorphism of 6 = G, onto G. 
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The subgroup H, of G is open and therefore also closed (§ 2, no. 1, 
Corollary to Proposition 4), and G/H, is discrete (§ 2, no. 6, Proposition 
18); hence the conditions of Corollary 1 are satisfied. 

For the remainder of this sub-section we shall assume that G is Haus- 
dorff and that (H,) is a family of compact normal subgroups of G, which 
is directed with respect to the relation H,>Hg and which satisfies the 
condition (AP); by virtue of Proposition 2, the mapping 


i: G>G = limG/H, 


is then an isomorphism of topological groups which permits us to identify G 
and G. We denote by f, the canonical mapping G —> G/H,. 


Lemma 1. Under the hypotheses of Proposition 2, if E is any closed subset of 
G wehae E= N EH,. 
a 


For E. is the intersection of the sets EV where V_ runs through the 
neighbourhood filter of ¢ [§ 3, no. 1, formula (1)], and every neighbour- 
hood of e contains an H,; whence the result, since Ec EH,. 


Proposition 3. Suppose that G is Hausdorff and that the Hy, are compact 
and satisfy (AP). 


a) Let L be a closed subgroup of G; then, for each ael, the subgroup 
L, =fa(L) of Gy, = G/H, is closed, and the isomorphism i of G_ onto 
lim G, gives by restriction an isomorphism of L onto limL,. If also L is 
normal in G, then L, is normal in G, for eachael, and by passing to the 
quotients, 1 induces an isomorphism of G/L onto lim G,/L,. 

b) Conversely, for each ae let L, be a closed subgroup of Gy, such that 
Ly =fap(La) whenever a<@. Then there is a unique closed subgroup L 
of G such that Ly =fy(L) for each ae1; and tf in addition L, is normal 
in G,, foreach ael, then L is normal in G. 


a) Since H, is compact, LH, is closed in G (§ 4, no. 1, Proposition 1, 

Corollary 1) and therefore L, is closed in G,. Since i identifies the 

topological groups G and lim G,, and since lim L, may be identified 

with a (topological) subgroup of lim G,, 7 identifies the subgroup N LH, 
a 

of G with lim L,, and to prove the first assertion it is enough to remark 

that L=f)LH, by Lemma 1. On the other hand, if L is normal, 


a 
then for each «eI the mapping f,: G/L->G,/L, induced by f, 
is a surjective strict morphism (§ 2, no. 8, Remark 3), whose kernel is the 
compact normal subgroup H,L/L of G/L, the canonical image of the 
compact subgroup H, of G. Since the subgroups H,L/L of G/L 
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satisfy condition (AP) (§ 2, no. 8, Proposition 24), and since G/L is 
Hausdorff, the last assertion of a) is a consequence of Proposition 2. 

b) Let fgg be the restriction of fig to Lg (a <@). Then (L,, fag) 
is an inverse system of topological groups, whose inverse limit L can be 
identified with the subgroup Gn T[L. of G. By hypothesis, fag is 


a 
surjective and its kernel is the compact subgroup /g (H,)n Lg of Lg; 
consequently (Chapter I, § 9, no. 6, Corollary 1 to Proposition 8) we have 
L, =/f/.(L) for all @el. If L’ is another closed subgroup of G such 


that f,(L') = L, forall «el, then L’'H, = F a(Ln)s whence (Lemma 1) 
L’ = NUH, = AVF ala) = L. Finally, the last assertion of b) follows 


from the formula. L= N rn (L,), since the fi a(lig) are now normal 
subgroups of G. 


ProposiTIon 4. Suppose that G is Hausdorff, the HH, are compact and that 
(AP) is satisfied. If Cy, is the identity component of G, = G/H,, then the 
identity component C. of G can be identified with lim C,, and we have f,(C) = 


The proposition is a consequence of the following lemma : 


Lemma 2. Let G be a Hausdorff topological group and let H be a compact 
normal subgroup of G, and 9 the canonical mapping G—->G/H. If C its 
the identity component of G, then 9(C) 1s the identity component of G' = G/H. 


Once this lemma is established, we shall have /,(C) =(C, for each 
aeéI, andsince C is a closed subgroup of G (§ 2, no. 2, Proposition 7) 
it suffices to apply Proposition 3 a). 

To prove the lemma, notice first that if C’ is the component of the 
identity element e’ in G’, then ¢(CQ)cC’ since 9(C) is connected. 
Suppose that 9(C) #C’. Since C is a closed normal subgroup of 
G (§2, no. 2, Proposition 7), 9(C) is a normal subgroup of G’; if & 
is the canonical mapping G’— G'/p(C), then (C’) is connected and 
does not consist of the identity element alone; hence the identity component 
of G’/g(C) does not consist of the identity element alone. But G’/9(C) 
is isomorphic to (G/H)/(HC/H), hence to G/HC, and consequently 
also to (G/C)/(HC/C) (§ 2, no. 7, Corollary to Proposition 22, and Propo- 
sition 20). Now, G/C is Hausdorff and totally disconnected (Chapter I, 
§ 11, no. 5, Proposition 9), and HC/C, being the canonical image of the 
compact normal subgroup H of G, is a compact subgroup of G/C. 
It is therefore sufficient to prove Lemma 2 under the additional hypothesis 
that G is totally disconnected, i.e. C = fe t. 

Suppose then that C’ 4 fe aes replacing G by its subgroup ra (C’), 
which is totally disconnected and contains H, we may suppose that G’ 
is connected and does not consist of a single point. 
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Let §R be the set of closed subgroups L of G such that LH =G. 
We shall show that the set $M, ordered by the relation >, is inductive. 
Indeed, if & is a linearly ordered subset of Mt, then for each xeG 
the set of sets xHnL with Le is a filter base formed of closed sets 
in the compact space xH; hence the intersection of these sets is not 
empty, which shows that the intersection of the subgroups Le belongs 
to M. Applying Zorn’s lemma, we see therefore that MM has a minimal 
element Ly. Since H is compact, G/H = L,H/H is isomorphic 
to L,/(L>n H) (§ 4, no. 1, Proposition 1, Corollary 3); since Ly is totally 
disconnected and L,nH_ is compact, we see that we may replace G 
by Lo; in other words, we may suppose in addition that there is no 
closed subgroup L~G such that LH = G. 

Now let F be the intersection of the neighbourhoods of the identity 
element which are both open and closed in G, and let us show that 
F is a closed subgroup of G. Clearly F is closed in G; hence it is 
enough to show that F-1.FcF. But if xe F andif V is an open and 
closed neighbourhood of e in G, then sois xV; for otherwise ¢ would 
belong to the complement W of xV in G, which is again open and 
closed, and we should have *¢@W; hence x¢F, contrary to hypothesis. 
It follows that xF, the intersection of the sets xV as V_ runs through 
the open and closed neighbourhoods of e¢ in G, contains F; in other 
words, x 1F cF, which proves our assertion. Since G is totally discon- 
nected and GA fe} , wehave FAG. Butif V is an open and closed 
neighbourhood of e in G, then WH _ is also open and closed in G 
(§ 4, no. 1, Corollary 1 to Proposition 1), hence »(V) is both open and 
closed in G/H, and this implies that 9(V) = G/H by virtue of the hypo- 
thesis. We shall conclude from this that FH = G, which will give us 
the desired contradiction and complete the proof of the lemma. Indeed, 
for each xe G, xH meets every neighbourhood V of e which is both 
open and closed, hence also meets the intersection F of these neighbour- 
hoods, since the sets VxnH form a filter base consisting of closed sets 
in the compact space *H. 


Q.E.D. 


Remark. If the subgroup H, is compact for some cel, then Hg is 
compact for all @ > a, because it is a closed subgroup of H,. Since the 
set of all @eI such that 6 >a is cofinal in I, it makes essentially no 
difference, in the study of the group G, whether we suppose that one of 
the H, is compact or that all the H, are compact. 


4, APPLICATION TO INVERSE LIMITS 


ProposiTion 5. Let (Gy, fag) be an inverse system of Hausdorff topological 
groups such that the fg are surjective strict morphisms with compact kernels. Then 
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Sor each ae the canonical mapping f, of G = lim G, into Gy ts a surjec- 
tive strict morphism whose kernel is compact. 


The facts that f, is surjective and that its kernel is compact are conse- 
quences of Chapter I, § g, no. 6, Corollary 1 to Proposition 8. It remains 
to show that f, is a strict morphism. Let e¢ (resp. ¢,) denote the 
identity element of G (resp. G,). Each neighbourhood V of e¢ in 


G contains a set of the form ft (Vg), where Vg is a neighbourhood 
of eg in Gg, and we may suppose that @ >a; since fyg is a surjective 
strict morphism, f,g(Vg) is a neighbourhood of ¢, in G,, and since 
Jp is surjective, we have Vgc jfg(V), whence 


fa(V) = fap fp(V)) >Saa(Ve) 5 
this shows that f,(V) is a neighbourhood of e¢, in Gg. 


If H, = fa a(€,), then each H, is a compact normal subgroup of 
G; the H, clearly satisfy the condition (AP) of no. 3; and G, can be 
identified with G/H,. In particular Propositions 3 and 4 of no. 3 apply 
to G andthe Hy. 


Corotiary 1. Let (Gy, fag) be an inverse system of topological groups which 
satisfies the hypotheses of Proposition 5; let (Gy, fag) be an inverse system of 
topological groups, and for each « let ug: Go, > Gy be a surjective strict morphism 
with compact kernel, such that the u, from an inverse system of mappings. Then 
u= lim u, ts a strict morphism of G = lim G, onto G’ = lim Gy, and its 
kernel is compact. 


Let N, be the kernel of w,. L, = 7 a(N,) is then the kernel of the surjective 
strict morphism v, = u,o fy: G—>G; since L,/H, is isomorphic to 
N, (§ 2, no. 7, Proposition 20), L, is a compact normal subgroup of G 
(§ 4, no. 1, Corollary 2 to Proposition 2). Thekernel L of w is the inter- 
section of the L,. Let 9 denote the canonical mapping G— G/L; 
then we can write v, = W,°9, where w, is astrict morphism of G/L 
onto Gj,, whose kernel is L,/L. Since the intersection of the L,/L is 
the identity element of G/L, and since the L,/L form a filter base and 
are compact, this filter base converges to the identity element of G/L 
(Chapter I, § 9, no. 1, Corollary to Theorem 1). Proposition 2 of no. 3 
then shows that w = lim w, is an isomorphism of G/L onto G’‘; it follows 
that wo is a strict morphism of G onto G’, with kernel L. But 
it is clear that u = wo 9, and thus the corollary is proved. 


Corotiary 2. Let (Ga; fag) be an inverse system of topological groups which 


Satisfies the conditions of Proposition 5, and let G' be a topological group in which 
there is a neighbourhood V' of the identity element e' which contains no subgroup 
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of G' other than fe! i . Thenif 0: G@-—->G' is any continuous homomorphism, 
there is an index «eI and a continuous homomorphism v,: Gy, —>G' such that 
v= dy o fy 

For since “¢(V’) is a neighbourhood of ¢ in G, there is an index a 
anda neighbourhood V, of ¢, in G, such that F (Vo) cu(V’). Hence 
2(H,) ¢ V’, and since v(H,) is a subgroup of G’, it follows that 
v(H,) = fe'}. Since /f,, may be identified with the canonical mapping 
G +> G/H,, the corollary is a consequence of the canonical factorization of 
a continuous homomorphism (§ 2, no. 8). 
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§ 1 


1) Every topology compatible with the group structure of a finite group 
G may be obtained by taking as neighbourhoods of the identity element 
the sets containing a normal subgroup H of G. 


2) A semi-topological group is a group G endowed with a topology such 
that, foreach aeG, the translations «ax and x —xa are continuous 
on G, and such that the symmetry x — x7 is continuous on G (*). 

a) A filter % on a group G is the neighbourhood filter of e in a 
topology which makes G a semi-topological group if and only if % 
satisfies axioms (GVy) and (GV) and the family of filters 


B(x) = «x. B= Bx (xe G) 


satisfies axiom (V,y) of Chapter I, § 1, no. 2. 


+) If G is an infinite group, show that the topology in which the open 
sets are © and the complements of finite subsets of G makes G a non- 
Hausdorff semi-topological group in which fe} is closed, but is not 
compatible with the group structure of G. 


*c) Define a topology on R, finer than the usual topology, for which 
R_ is a semi-topological but not topological group [consider a decreasing 
sequence (7,) of numbers > 0, tending to 0, and take the intersections 
of symmetric intervals ]—a, a[ and of the complement of the set of 
points +7,). 


(*) If G_ is locally compact these conditions imply that the topology of G is 
compatible with its group structure (Chapter X, § 3, Exercise 25). 
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3) Let A_ be a subset of a semi-topological (resp. topological) group 
G. If V runs through the neighbourhood filter of e in G, then the 
intersection of the sets AV, or of the sets VA (or of the sets VAV), 


is the closure A of A. 


4) A paratopological group is a group G endowed with a topology satis- 
fying axiom (GT,) (*). 

a) A filter 8 on a group G is the neighbourhood filter of e for a 
topology which makes G a paratopological group if and only if & satisfies 
axioms (GV,) and (GVy,) and ee V for all Ve. The correspond- 
ing topology is then unique; it is Hausdorff if and only if the intersection 
of the sets V.V~-1, where V runs through %, consists of the point ¢ 
alone. 

6) Onthe group Z of integers, let V, be the set consisting of o and 
all integers m2n, for each n>o. Show that the V, form a funda- 
mental system of neighbourhoods of o for a non-Hausdorff topology 
on Z, and that with this topology Z is a paratopological group in which 
{0} is closed. 

c) A paratopological group G is a topological group if and only if, 
for each subset A of G, the intersection of the sets AV (or of the sets 
VA) is the closure A of A (as V runs through the neighbourhood 
filter of ¢) (to see that the condition is sufficient, take A to be the comple- 
ment of an open neighbourhood of ¢). 


5) Let & be a filter on a group G, satisfying axioms (GV) and 
(GVq)- 
a) There is a unique topology 6, (resp. G3) on G such that, for each 
aeG, the neighbourhood filter of a with respect to 6, (resp. G4) is 
a.B (resp. B.a). 

Let G, (resp. Gy) be the topological space obtained by endowing 
G with the topology 6, (resp. 64). Foreach a@eG, the left translation 
x->ax (resp. the right translation x -— xa) is a continuous mapping 
of G, into G, (resp. of Gy into Gy). The symmetry + —x-1 isa 
continuous mapping of G, into Gg and of G, into G,. 
6) The following conditions are equivalent: 1) V satisfies (GVyqy); 
2) for each aeG, x->xa is a continuous mapping of G, into G,; 
3) x —> x71 is a continuous mapping of G, into G,. 


*c) Let G be the group GL(2, Q,) of 2 X 2 square matrices over 
the p-adic field Q,. For each integer n>o0, let H, be the set of 


(*) If G_ is locally compact, this condition implies that the topology of G is 
compatible with its group structure (Chapter X, § 3, Exercise 25). 
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matrices of the form J + p"U, where U isa 2 X 2 matrix whose elements 
are p-adic integers. Show that the H, are subgroups of G whose inter- 
section consists only of the identity element. Deduce that if @ is the 
filter which has the H, as a base, then the corresponding topologies 
T, and Tz on G are Hausdorff. Show that these topologies are dis- 
tinct.,, 


6) Let G bea topological group and let V_ be an open neighbourhood 
of e in G. Show that the set of «eG such that «?e¢V is the union 
of the neighbourhood W of ¢ such that W?cV. 


*7) Let g be the canonical mapping of R onto T= R/Z, and let 
f be the mapping x-—> 9(3x), restricted to the neighbourhood 
V =[-- 1/8, + 1/8] of o in R. Show that f is a homeomorphism 
of V onto f(V) and satisfies condition 1) of Definition 2 of no. 3, but 
is not a local isomorphism from R to T. , 


@ 8) Let G be a Hausdorff topological group, and let se bea 
point of G. Show that there is a symmetric neighbourhood V of e 
such that s¢V?, and that G can be covered by at most 17 sets of the 
form a,Vb, (1 <k<17). (Consider a maximal element in the set of 
symmetric neighbourhoods V of e such that s¢@V*. We are thus 
led to consider the set S of xeG such that x? = 5; observe that if 
x,y are two elements of S such that xy~1e6S, then we musthave x? = e, 
and if zis a third element of S such that xzeS and yz1eS, then 
Z must commute with xy-1, and xy-!z-1¢8.) If G is commutative, 
the number 17 may be replaced by 5. : 


9) Show that on a group G, the least upper bound of a family of 
topologies compatible with the group structure of G is compatible with 
the group structure of G. 


§ 2 


1) Extend Propositions 3, 6, 7 and 9, and the corollary to Proposition 4, 
to semi-topological groups (§ 1, Exercise 2) and paratopological groups 
(§ 1, Exercise 4). 


2) a) Extend Propositions 1, 2 and 4 to semi-topological groups (§ 1, 
Exercise 2). (To prove that the closure H ofasubgroup H isa subgroup 
start by remarking that SH c H for all se H). 

b) Let G be the group Z™, and let e¢; (¢e@N) be the element of G 
all of whose coordinates are zero except the ith, and whose ith coordi- 
nate is 1. For each neN, let V, be the set of all z= (z,) eG such 
that z=o for k<n and z, 20 for k>n. The V, form a funda- 
mental system of neighbourhoods of o for a topology which makes G 
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into a Hausdorff paratopological group. Let H_ be the subgroup of G 
generated by the elements ¢) + ¢, (221) Show that H is discrete but 
not closed in G, and that H is not a subgroup of G. 


3) Give an example of a non-Hausdorff topological group in which the 
centre is not closed and the closure of the centre is a non-commutative 
subgroup (cf. § 1, Exercise 1). Give an example of a semi-topological 
group having the same properties and in which every set consisting of a 
single point is closed [cf. § 1, Exercise 2 6)]. 


§/ 4) a) Ina semi-topological group G, the intersection of the neighbour- 
hoods of e¢ which are both open and closed is a closed subgroup H which 
is invariant under all automorphisms of G (remark that there can be 
no partition of G into two open and closed subsets, each of which meets 
H). 

b) On the set © of all subgroups of G, define a mapping 9: 6 >@ 
as follows: if H is any subgroup of G, then 9(H) is the subgroup of 
H_ which is the intersection of all the simultaneously open and closed 
neighbourhoods of ¢ in H. In the set G, ordered by the relation >, 
consider the chain [’ of G with respect to the mapping 9 (Set Theory, 
Chapter III, § 2, Exercise 6); show that the smallest subgroup of [' is 
the connected component of ¢ in G (remark that this smallest subgroup 
must be connected). 


5) A semi-topological group G is quasi-topological if, for each aeG, 
the mapping x + xax-1 of G into G is continuous. Every commuta- 
tive semi-topological group is quasi-topological. 

a) Show that the normalizer of a closed subgroup of a quasi-topological 
group is closed. 


6) Let G be a quasi-topological group which is generated by each 
neighbourhood of e¢ (resp. which is connected). Show that every 
discrete (resp. totally disconnected) normal subgroup D of G is contained 
in the centre of G (if ae D, show that there is a neighbourhood V of ¢ 
such that xax-1 =a for each xe V). 
*c) Let G be the group ‘of matrices rf 
numbers and x>o. If we identify G with a subset of R? by means of 


co) 
), where x and y are real 


the mapping (x, 7) +(7 °); then the topology 6) induced on G by 
the topology of R? is compatible with the group structure of G. Let H 


a and 
let H* be the complement of the identity element in H. Define a 


topology 6, finer than Go, by taking as a fundamental system of neigh- 
bourhoods of e¢ in G the intersections of neighbourhoods of ¢ in the 


be the normal subgroup of G consisting of all matrices 
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topology 6, with the complement of H* in G. With respect to this 
topology ©, show that G is a connected semi-topological group which 
is not quasi-topological and which has H as a discrete subgroup not 
contained in the centre. , 


*6) Let G be the orthogonal group O,(Q), identified with a subspace 
of the space Q‘ ofall 2 X 2 matrices over Q. Show that the topology 
induced on G by the topology of Q* is compatible with the group struc- 
ture of G. Show that the commutator subgroup of G is not closed and 
that its closure in G is the group SO,(Q). , 


7) a) Showthatif G isa connected quasi-topological group (Exercise 5) 
then the commutator subgroup of G is connected. (Let P, be the set 
of all products of k commutators x7ly"1xy; show that P, is a union of 
connected sets each of which meets P,-,). 


b) Let G be a non-commutative infinite group whose commutator 
subgroup is finite (for example, the product of a non-commutative finite 
group and an infinite commutative group). If G carries the topology 
defined in Exercise 2 b) of § 1, show that G is a connected semi-topological 
group whose commutator subgroup is not connected. 


§/ 8) Let G bea quasi-topological group (Exercise 5). 


a) Extend Proposition 8 to G (show first that xKx-1cK if «eH). 
Give an example of semi-topological group which is not quasi-topological 
and for which Proposition 8 is not valid [cf. § 1, Exercice 2 6)]. 

b) Let H, K be two subgroups of G suchthat H>K and K contains 
the commutator subgroup of H. Show that K contains the commutator 
subgroup of H (analogous method). 


c) Deduce from 8) that if every subset of G consisting of a single point 
is closed, then the closure of every solvable (resp. commutative) subgroup 
in G is solvable (resp. commutative) (argue on the length of the derived 
series of the subgroup under consideration). 


9g) Let G be a quasi-topological group, and let H_ be a closed normal 
subgroup of G which contains the commutator subgroup of G. Show 
that if the component K of ¢ in H_ is solvable, then so is the component 
L of e in G {show by use of Exercise 7 a) that K contains the commuta- 
tor subgroup of L]. 


10) Let G bea quasi-topological group in which every subset consisting 
of a single point is closed and whose identity component C is such that 
G/C is finite. Show that if G/C has k elements, then the set of conju- 
gates xax-! of an element aeG is either infinite or else has at most k 
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elements (consider the mapping x-—>xax-1 of G onto this set). In 
particular, if G is connected, the set of conjugates of every element not 
in the centre of G is infinite. 


11) Let G be agroup, topologized or not, which operates on a topolog- 
ical space X in such a way that each of the mappings x —>s.x (s eG) 
of X into X iscontinuous. Extend the results of no. 4 to this situation. 


12) Let G be a semi-topological (resp. paratopological, quasi-topolo- 
gical) group and let H_ be a normal subgroup of G. 

a) Show that if G/H is endowed with the quotient topology of G by H, 
then G/H_ is a semi-topological (resp. paratopological, quasi-topological) 
group. 

b) Extend the results of no. 7 to semi-topological (resp. paratopological, 
quasi-topological) groups. 


13) Let G be a semi-topological (resp. paratopological) group and let 
H_ bea dense subgroup of G. What is the topology of the homogeneous 
space G/H? 


14) Let G be a semi-topological group and let H_ be a normal sub- 
group of G. Show that the semi-topological group G/H_ is isomorphic 
to the Hausdorff group associated with G/H. 


§] 15) Let G be a quasi-topological group in which every set consisting 
of a single point is closed. Show that if G is solvable then there is a compo- 
sition series of G consisting of closed subgroups such that the successive 
quotient groups of the series are commutative [argue by induction on the 
length of the derived series of G, using Exercise 8 c)]. 


§| 16) Let H_ be a subgroup of a semi-topological group G, contained 
in the component K of e¢. Show that the components of the space G/H 
are the images of the components of G under the canonical mapping St 
of G onto G/H [if L is a component of G/H, show that f(L) is 
connected, by reductio ad absurdum]. Show that K_ is the smallest of the 
closed subgroups H of G such that G/H is totally disconnected. 


*17) Let G be the additive group of mappings n->f(n) of N into 
Q such that lim J (n) existsin R. For each a>o, let V, be the set 
of feG such that | f(n)| <a forall neN. Show that the V, satisfy 
axioms (GV,) and (GV,,) and that with the topology defined by the 
V,, the group G is Hausdorff and totally disconnected. Let H_ be the 
subgroup of all fe G such that lim J (n) =o. Show that H_ is closed 


and that G/H is isomorphic to R and therefore connected. , 
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18) A continuous homomorphism / of a topological group G_ into 
a topological group G’ is a strict morphism if and only if the image under 
J of every open set in G_ has at least one interior point with respect to 


J (G). 


19) Let G,G’,G" be three topological groups; let f be a strict morphism 
of G into G’, and let g bea strict morphism of F’ into G". Show 
that if f(G) contains the kernel ¢(e”) of g (e” being the identity element 
of G"), then go /f isastrict morphism of G into G” (cf. no. 7, Corollary 
to Proposition 21). Give an example in which /f is injective and the 
preceding condition is not satisfied, and go f is not a strict morphism 
of G into G" (cf. no. 7, Remark following Proposition 20). 


20) Let H, H’ be two subgroups of a semi-topological group G, such 
that H’cH. Show thatif ff’ are the canonical mappings of G onto 
G/H and G/H’ respectively, then there is a unique mapping 9 of G/H’ 
onto G/H such that f= 9 0 f'; 9 is continuous and open. If moreover 
H’ is open in H, then every point x of G/H’ has a neighbourhood 
V such that the restriction of 9 to V is a homeomorphism of V onto 
a neighbourhood of 9(*) in G/H. 


21) Let G be a topological group and let H, K be two subgroups 
of G such that G=HK and HnK= fet. Each xeG can be 
written uniquely in the form x = f(x) g(x), where f(x) eH and g(x) eK. 
The mapping (9, z)->yz of H x K onto G is a homeomorphism 
if and only if one of the mappings f, g is continuous. Show that this 
condition is always satisfied if one of the subgroups H, K is compact 
and closed, and the other is closed (remark that if H and K are closed, 


Jf and g can have no cluster point other than e when «x tends to ¢ 
in G). 


22) Let G be the product of a family (G,),<, of topological groups, 
and let G’ be a topological group such that there is a neighbourhood 
V' of the identity element e’ in G’ which contains no normal subgroup 
of G’ other than fe! ¥ If f is a continuous homomorphism of G into 
G’, show that there is a subset J of I whose complement J’ is finite, 


such that f is equal to e’ on the subgroup I[c. x Il fe} of G. 
ser res’ 


23) Consider, on the product set of a family (G,),q of topological 
groups, the group structure which is the product of the group structures 


of the G, and the topology generated by the set of products ITA. 


el 

where A, is open in G, for each 1.eI and where the set of 1e I such 
that A, G, has cardinal <¢, where ¢ is a given infinite cardinal 
(Chapter I, § 4, Exercise g). Show that this topology is compatible with 
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the group structure of G. Hence construct an example of a non-discrete 
Hausdorff topological group in which every compact subset is finite (cf. 
Chapter I, § 9, Exercise 4). 


§/ 24) Let G and G’ be two locally isomorphic connected groups. 


a) Let f bea local isomorphism of G with G’, defined on a neighbour- 
hood V of the identity element of G. Let H be the subgroup of the 
product G x G’ generated by the set of points (x, f(x)) where xe V. 
Consider the filter base on H consisting of the images of neighbourhoods 
of e contained in V under the mapping « — (x, f(x)). Show that 
this filter base is a fundamental system of neighbourhoods of the identity 


element of H for a topology © compatible with the group structure 
of H. 


6) Show that there exist two discrete normal subgroups K, K’ contained 
in the centre of H, such that G is isomorphic to H/K and G' is 
isomorphic to H/K’ [use Exercise 5 4)]. 

*c) Take G and G’ each to be the group T; let 9 be the canonical 
homomorphism of R onto T = R/Z, and let f be the local isomorphism 
which maps each point 9(x), where — 1/4 <x < 1/4, to 9(0x), @ being 
an irrational number such that o<@<1. Show that for this local 
isomorphism, the topology © defined on H_ is distinct from the topology 
induced on H by the product topology on G xX G’ y. 


§§ 25) Let G be a topological group, K a normal subgroup of G, 
g the canonical mapping G->G/K. Let f be a continuous homomor- 
phism of a topological group H into G, such that every element of / (H) 
commutes with every element of K. Then (9, z) >/f(»)z is a contin- 
uous homomorphism g of H x K into G. g is a strict morphism 
of H x K into G if and only if 9 of isa strict morphism of H into 
G/K. 


26) Let (G,,e, be a family of topological groups, and for each 1el 
let K, be an open normal subgroup of G,. Let % denote the neighbour- 
hood filter of the identity element in the product topological group 


K= IIK.. Show that in the product group G = lf G,, B is a base 


Le tel 

of the neighbourhood filter of ¢ for a topology compatible with the group 
structure of G. The group G, endowed with this topology, is called the 
local product of the G, (relative to the K,); K is then an open normal 
subgroup of G, and G/K is isomorphic to the (discrete) product of 
the groups G,/K,. If, for each 1eI, K{ is another open normal sub- 
group of G,, then the local product topologies on G, defined by the 
families (K,) and (Ki), coincide if and only if K; = K, for all but 
a finite number of indices. 
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For each xeI, let G, be the normal subgroup of G consisting of 
all x = (x,) such that x,=¢, whenever 1.~%x. Then Gj, with the 
topology induced by a local product topology on G, is canonically 
isomorphic to G,. The closure in G of the subgroup generated by 
the G; is the normal subgroup G, of G which consists of all x = (x,) 
such that x,eK, for all but a finite number of indices. Gy is said to 
be the local direct product of the G, (relative to the K’); G,/K is then a 
discrete group isomorphic to the direct product ofthe G,/K,. 


§/27) Agroup G is said to have the property P(n) (n an integer > 0) 
if, for each system (5,,...,5,) of n elements of G, there is a permutation 
oéG,, other than the identity permutation (but depending on 5, ...,5,) 
such that Sg). - -Socny = S4-+ «Sn 


a) Show that the non-commutative group G6, satisfies P(4). 


b) Let G be a connected Hausdorff topological group. Show that 
if G satisfies P(n) for some integer n>1, then G is commutative. 


[Show that G satisfies P(n—1): given n—1 elements 5, ..., Sy4 
of G, reduce to the case where there is a neighbourhood U of e such 
that, foreach xe U, we have 51... Syy% = Sy... SiXSj41---Sp-y for some 


index 1 = i(x); deduce that the centralizer in G of one of the elements 
Sjst+++Sn-y (0 <J <n—2) is both open and closed and therefore equal 
to G. Hence the result if j > 1; if 7 = 0, show that 


545g Spay = Sqe + -Sn—45z]- 


§] 28) a) Let S be a stable subset of a topological group G. Show 
that S and S are stable and that SScS and SScS. Ifalso S is 
open and eeS, then S=S (if xeS— S, show that »x is a frontier 
point of S). 

6) From now on in this exercise, G is a commutative topological group, 
written additively. For every non-empty subset A of G, let s5(A) 
denote the set of all xeG such that x -+ AeA, i.e. the intersection 
of the sets A—y as y runs through A; let 6(A) = s(A) ns(— A), 
The set s(A) is a stable subset of G, and 4(A) is a subgroup of G 
consisting of all «eG such that x-+ A= A. Show that if F is any 
non-empty closed subset of G, then s(F) is closed. For every non- 
empty subset A of G, we have s(A) <s(A) and s(A)cs(A); and if 
A =A, then s(A) = s(A). 

c) Let © be the set of all stable open subsets S of G such that 0€S, 


and suppose that © A@. Then the set G, ordered by inclusion, is 
inductive; let M34 @ be the set of its maximal elements. Show that 
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if MeM, then M=M [use a)] and that, for each integer n> 0, 
M_ is equal to the set of all «eG such that nxeM. In addition, the 
subgroup 6(M) is equal to the complement of Mu(—M) in G (if 
*¢M and —*¢éM, consider the union of the sets kx -+ M_ for integers 
& 20); deduce that G=M—M. 

A closed subgroup B of G is said to be residual if there exists Me M 
such that B = 5(M). 
d) The intersection of all the residual subgroups of G is called the 
radical of G and is denoted by Tg. If Tg=G (resp. Tg =J0}) 
then G is said to be a radical group (resp. a group without radical). For x 
to belong to Tg it is necessary and sufficient that every stable open subset 
of G which contains x should also contain o. Deduce that if G 
is discrete, then Tg is the torsion subgroup of G. If f is any continuous 
homomorphism of G into a commutative topological group G’, then 
S (Te) ¢Tg. If H isasubgroup of G contained in Tg, then Tgy=T,/H. 
The subgroup Tg is the smallest of the subgroups H of G such that 
G/H_ is without radical. 
é) Show that, among the subgroups H of G such that Ty =H, 
there is a largest, H,¢ Tg, which is closed. 
JS) Wf Tg ¥G, then Tg is open if and only if there is a residual 
open subgroup in G [show that if 6(M) is open forsome Me QM, then 
Tg>26(M), by using e)]. 


* 29) Let G be the topological group R, let 9 be the canonical mapping 
of R onto its quotient group T = R/Z, and let 6 be an irrational 
number. The group G operates continuously on E = T* by the rule 
(s, (x, y)) > (x + o(s), » + ¢(05)). Show that the stabilizer of each 
zeéE consists of o alone, that the orbit of z is dense in E and that 
it is not a topological homogeneous space relative to G., 


30) A topological group G is said to have no arbitrarily small subgroups 
if there is a neighbourhood V of e in G such that fe i is the only 
subgroup of G contained in V. 

a) Let G bea topological group, H a normal subgroup of G. Show 
that if H and G/H have no arbitrarily small subgroups, then neither 
does G. 

b) Deduce from a) that if H,, H, are two normal subgroups of a topo- 
logical group G such that G/H, and G/H, have no arbitrarily small 
subgroups, then neither does G/(H, n H,). 


§/ 31) Let G be a connected topological group, H a subgroup of 
G, U an open subset of G such that H = UH. Let V=Hn(U-'U); 


show that H = V” [show that if A= Hn ((V~), then the sets U.V* 
and U.A do not intersect]. 
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§ 3 


1) On a topological group G, the right uniformity is the only uni- 
formity compatible with the topology of G which has a fundamental 
system of entourages each of which is invariant under all translations 


(x,y) —> (xa, ya). 


2) The definition of the left and right uniformities on a topological 
group G uses only the properties (GV;) and (GV) of the neighbour- 
hood filter % of ¢ in G. If we suppose that % is a filter satisfying 
these two axioms, but not necessarily satisfying axiom (GVyq), show 
that the left and right uniformities are respectively compatible with the 
topologies 6, and G4 defined in Exercise 5 a) of § 1. 


3) Show that the following conditions on a topological group G are 
equivalent : 


a) The left and right uniformities on G are the same. 

6) If V is any neighbourhood of e¢ in G, there is a neighbourhood 
W of ¢ such that «Wx-!cV forall «eG. 

y) The symmetry x*->x7! is a uniformly continuous mapping of Gy 
onto Gy (or of G, onto G,). 

8) The mapping (x,y) xy is a uniformly continuous mapping of 
one of the four spaces Gy x Gy, G, x G,, Gg X G,, G, x Gg into one 
of the two spaces Gy, G,. 


*4) Let G=GL(2, R) be the multiplicative group of invertible 
square 2 X 2 matrices with real elements. For each integer n> 0, let 
V, be the set of matrices X = q eG such that |x— 1| <1/a, 
|9| <1/n, |z] <1/n, |t—1| <1/n. Show that the family of the V, 
is a fundamental system of neighbourhoods of the identity element for a 
topology compatible with the group structure of G. With respect to this 
topology, G is locally compact and the left and right uniformities on G 
are distinct. , 


5) Let G bea topological group and let K be a normal subgroup of G. 
Considering G/K as a subset of {8(G), show that the right uniformity 
on the topological group G/K is induced by the uniformity on ‘(G) 
constructed from the right uniformity on G by the procedure of Exercise 5 
of Chapter I], § 1. 


6) Show that the least upper bound of the right and left uniformities 
on a topological group G (Chapter II, §2, no. 5) is a uniformity compat- 
ible with the topology of G: it is called the two-sided uniformity on G. 
Show that every Hausdorff topological group is isomorphic to a dense 
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subgroup of a topological group which is complete with respect to its two- 
sided uniformity. 


§ 7) a) Let G bea Hausdorff topological group. If there is a neighbour- 
hood V, of ¢ in G such that the symmetry x — x-1, considered as a 
mapping of Gg into Gy, is uniformly continuous on Vo, show that 
G_ has a completion (show that the condition of Theorem 1 of § 4 is satis- 
fied). 

*b) Show that if G is an infinite product of groups each identical 
with the topological group defined in Exercise 4, then G is complete but 
there is no neighbourhood of e on which «x ->.«~1, considered as a 
mapping of Gg into Gy, is uniformly continuous ,. 


8) A Hausdorff topological group G_ is said to be locally precompact if 
there is a neighbourhood V, of e which is precompact with respect 
to the right (or left) uniformity on G. Show that every locally precompact 
group has a locally compact completion (use Exercise 7). 


9) Let G be a Hausdorff topological group and let K_ be a closed 
normal] subgroup of G. Show that if the topological groups K and G/K 
are complete, then so is G [consider a minimal Cauchy filter on G with 
respect to the left (or right) uniformity on G, and its image in G/K]. 


10) Let (G,),e, be a family of topological groups and let G = Il G, 


i 
be the product group endowed with the topology defined in Exercise 23 of 
§ 2. Show that ifthe G, are complete, then so is G. 


11) With the hypotheses and notation of Exercise 26 of § 2, suppose 
that each of the groups G, is Hausdorff and has a completion. Show that 
the local product G of the G,, relative to a family (K,) of open normal 
subgroups, has a completion G which is isomorphic to the local product 
of the G,, relative to the closures K, of the K,. 


12) a) Let G’ be a complete Hausdorff group; let Gy be a dense 
subgroup of G’, distinct from G’; and let G be the topological group 
obtained by giving G, the discrete topology. The identity mapping 
G->G, is then a bijective continuous homomorphism, but its continuous 
extension G -> G, is not surjective. 

* >) Let G be the group Q%, 6 an irrational number, u the continuous 
homomorphism (x,y) > x + 6» of G into R, andlet G’ = u(G). Then 
u: G->G’ is bijective, but its continuous extension G +6’ is not 
injective. 

c) From a) and 6) construct an example of a bijective continuous homo- 
morphism G->G! of Hausdorff commutative groups whose continuous 
extension G-»G’ is neither injective nor surjective ,. 
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§ 4 


1) a) Asubgroup H ofa topological group G operates properly on G 
according to the external law (s, x) > sxs-! ifand only if G is Hausdorff 
and H is compact (use Propositions 2 and 4). 


b) Let G bea topological group and let H bea subgroup of G. Then 
the mapping (x,y) > «y of H x G into G is proper ifand only if H is 
quasi-compact (consider the inverse image of e under this mapping). 


2) Give an example of a compact group operating continuously (and 
hence not properly, cf. Proposition 3) on a non-Hausdorff space (cf. § 2, 
Exercise 13). 


§/3) A topological group G operates properly on a homogeneous space 
G/K if and only if K is quasi-compact. (To show that the condition 
is sufficient, show that the canonical mapping of G onto G/K is proper 
and use Chapter I, § 10, no. 1, Proposition 5.) 


4) Give an example of a Hausdorff topological group G_ operating 
properly on a Hausdorff topological space X, such that the mapping 
(s, x) +s5.x% is not closed and the canonical mapping X -—> X/G is not 
closed [cf. Exercise 1 5)]. 


5) Asubgroup H ofa topological group G operates properly on G by 
left translations if and only if H is closed in G. 


*6) For each real number a > 1, put 


felt) =(# + ate, ==) fee 
a a 
Salt) = (a, t) if — eer 
a 
hat aa+2) a _ ‘ a 
Salt) ‘ t+ rar a) if ara 


Let C, denote the set of all points f,(¢) as ¢ runs through R, and 
let X ¢ R? be the union of the sets C, for a1 and the lines D’ and 
D‘, where D’ (resp. D") is the set of points (¢4, —1) (resp. (t, 1)) 
for teR. 


a) The group R operates on X according to the law (s, z) >5.z 
such that : 


(i) s.(4—1) =(s+4,—1); 
(ii) s.(t, 1) = (t—s, 1); 
(ii) s. f(t) =fA(s +t) for a>1. 
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Show that R operates continuously on X and that the four condi- 
tions of Proposition 4 are satisfied, but that X/R is not Hausdorff. 


b) Let S_ be the equivalence relation on X whose classes consist of 
a single point z if z¢D'’uD", and are of the form (z, —z) if zeD’ 
or zeD". Let X’ be the quotient space X/S. The relation Sis 
compatible with the group R_ operating on X (§ 2, no. 4); show that 
R_ operates continuously on X’, that the four conditions of Proposition 4 
are satisfied and that X’'/R is Hausdorff, but that R does not operate 
properly on X’. , 


7) Let G be a Hausdorff group operating continuously on a locally 
compact space X, and suppose that (i) for every compact subset K of 
X, the restriction to G x K of the mapping (s, x) >s.x is a closed 
mapping of G x K into X; (ii) foreach xe X,5—5.x is a proper 
mapping of G into X. Show that G operates properly on X (use 
Proposition 12). 


8) Let Gy be a non-discrete Hausdorff topological group in which 
every compact subset is finite (§ 2, Exercise 23). Let G be the group 
G, with the discrete topology. Show that G _ operates continuously 
but not properly on Gy by left translation, and is such that P(K, L) 
is compact for all compact subsets K, L of Gg (Theorem 1). 


§{/9) Let G be a topological group operating continuously on two 
spaces X and X’', and let f: X—X’ bea continuous mapping compat- 
ible with the identity mapping of G (§ 2, no. 4). Let f : X/G—> X'/G 
be the continuous mapping induced by f on the quotient spaces. 

a) Show that if f is open (resp. closed, proper, injective, surjective) 
then sois f. (To prove that if f is proper then f is proper, show that the 
inverse image of a point of X’'/G under f is quasi-compact.) 

b) Suppose that G acts properly and freely on both X and X’. Show 
that if f is proper, then so is f [observe that the restriction of f to an 
orbit G.x is a homeomorphism onto G. f (x«)]. 


§ 10) Let G be a topological group and let X, Y be two topological 
spaces on which G operates continuously. Then G operates continuously 
on X xX Y according to the law (s, (x, y)) > (s.x*, s.y). Let (Xx Y)/G 
be denoted by X x GY. 

a) Show that Xx°G (G operating by left translations on itself) is 
canonically homeomorphic to X. (Remark that if U is open in X, 
then the union of the orbits of the points of U x fe} isopenin X x G). 


b) Let Y’ be a third topological space on which G operates contin- 
uously, and let f{: Y— Y’ be a continuous mapping compatible with 
the identity mapping of G. The mapping 1x x f induces a continuous 
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mapping f: Xx S°Y>Xx&Y’. If f is open (resp. proper, injective, 
surjective) then so is f (Exercise g). Give an example in which f is 
closed, G operates properly on X, but f is not closed [take XK = G, 
X' = P (a space consisting of a single point) and use Exercise 4]. 


c) Show that if G operates properly on X, then G operates properly 
on Xx Y. 

d) Show that, if Y is compact, the canonical mapping X x SY > X/G 
is proper [use 5)]. 

e) Suppose that G is locally compact, and let G’ be the one-point 
compactification of G. If ow is the point at infinity in G’, then G 
operates continuously on G/’ according to the external law given by 
5.t=st if teG, and s.w =w; X is then homeomorphic to an open 
subspace of X x SG’ (use 6)). Deduce that if G operates properly 
on X and if in addition X/G is locally compact, then X_ is locally 
compact [use ¢) toshow that XxG’ is Hausdorff]. 

*f) Give an example of a locally compact group G operating contin- 
uously on a space X which is not locally compact, such that X/G 
consists of a single point (cf. § 2, Exercise 29). , 


§ 11) Let G bea topological group and let H, K be two closed sub- 
groups of G. 

a) Show that the following three conditions are equivalent: (i) H x K 
operates properly on G according to the external law ((h, k), s) > Ask7); 
(ii) H_ operates properly on the homogeneous space G/K; (iii) K 
operates properly on the homogeneous space G/H. 

b) If G is locally compact, then the (equivalent) conditions of a) 
are also equivalent to the following: for every pair of compact subsets 
A, B of G, the intersection HAnBK is compact. In particular these 
conditions are satisfied if one of the subgroups H, K is compact. 

c) Suppose that G_ is locally compact, and show that the following 
conditions are equivalent: (i) for each xeG the mapping h—>h.xK 
of H into G/K is proper; (ii) for each xeG the mapping k —>k.xH 
of K into G/H is proper; (iii) for each xe@G and each compact subset 
A_of G, Hxn AK is compact; (iv) for each xeG and each compact 
subset A of G, Kxn AH is compact. If one of the subgroups H, K 
is normal or if the left and right uniformities on G coincide (§ 3, Exercise 3), 
show that these conditions imply those of a). 


12) a) Let X beacompact space and G a topological group operating 
continuously on X. Suppose that each orbit A with respect to G 
has a non-empty interior relative to its closure A. Show that there 
is at least one compact orbit (consider a minimal element in the set of 
compact subsets of X which are stable under G). 
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*b) Give an example of a locally compact group operating continu- 
ously on a compact space, such that none of the orbits is compact (§ 2, 
Exercise 29). » 


§ 13) Let G be a locally compact group and let D be a discrete 
subgroup of G such that the homogeneous space G/D is compact. 
Show that, for each deD, the set of all sds“, as s runs through G, 
is closed in G. (Prove first, with the help of Proposition 10, that there 
is a compact subset K of G such that G = K.D; then use Corollary 1 
to Proposition 1). 


14) a) Let G be a topological group operating continuously on a 
topological space X, and let x9 be a point of X such that s.x9 = x» 
for all se G, For each neighbourhood V of xg and each quasi-compact 
subset K of G, show that the set Ns. V is a neighbourhood of xp. 
sek 

b) Deduce from a) thatif G is a locally compact group, V a neighbour- 
hood of e, K acompact subset of G, then the set (sVsn is a neighbour- 
hood of ¢. seK 


§/ 15) Let G be a locally compact group and let Gp» be the identity 
component in G; suppose that the quotient group G/G, is compact. 


a) Show that G is o-compact (remark that G, is o-compact and use 
Proposition 10). 

b) Let (U,) be a decreasing sequence of neighbourhoods of ¢ in G. 
Show that there is a compact normal subgroup K of G, contained in 
the intersection of the U,, and such that the identity element of G/K 
has a countable fundamental system of neighbourhoods. [There exists 
a compact symmetric neighbourhood Vy, of ¢ in G suchthat G= V,Gy. 
Define recursively a sequence of compact symmetric neighbourhoods V, 
of e such that V2cV,..nU, and xV,x1cV,_,. for each xe Vo 
(Exercise 145); show that the intersection K of the V, answers 
the question]. 

c) Let X bea locally compact space which has a countable base; suppose 
G operates continuously on X in such a way that there is no se 
in G for which s.< =x for all xeX. Show that the identity element 
of G has a countable fundamental system of neighbourhoods. [Let 
(W,) be a countable base of the topology of X, consisting of relatively 
compact sets; for each pair of integers (m, n) such that W,,cW,, let 
Un, be the set of all seG such that s.W,,¢ W,; show that the U,, 
are open in G and apply the result of 5).] 


16) Let G bea locally compact connected group, let K be a compact 
normal subgroup of G and let N be a closed normal subgroup of K 
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such that K/N_ has no arbitrarily small subgroups (§ 2, Exercise 30). 
Show that in this case N is a normal subgroup of G. (The hypothesis 
on K/N implies that there is a compact neighbourhood U of e in G 
such that *xNx-!cN for each xe U). 


417) Let G be a locally compact group with no arbitrarily small 
subgroups [§ 2, Exercise 30]. 

a) Show that every point of G has a countable fundamental system 
of neighbourhoods (Exercise 15 )). 


b) There is a compact neighbourhood V of e¢ such that for any two 
points x, y of V, the relation x? = y? implies «=y. (We may 
suppose G not commutative. If the result were false, there would exist 
two sequences (x,), (¥,) of points of G, tending to e, such that x? = 9? 
and x,j;' =a@,%e. Let U be a compact neighbourhood of e which 
contains no subgroup of G other than fe} » and let #, be the smallest 
integer >o such that ait+¢@U: show (by passing to a subsequence 
if necessary) that we may suppose that a = lim a? exists, is not equal 


NP 

to e and belongs to U. Show that a-! =a and thus obtain a contra- 
diction). 

c) Let U bea compact symmetric neighbourhood of e which does not 
contain any subgroup of G other than fet, and let V bea neighbourhood 
of e, Show that there exists a number c(V) > such that, for each pair 
of integers p >0,q>0 such that p<c(V)g, and each element xeG 
such that x, x?, ..., x7 belong to U, we have xPeV. [Argue by 
contradiction, by supposing that there exist two sequences of integers 
(Pa)> (qn) such that lim (,/g,) =o and for each n an element a,eG 

00 


n 
such that ate U for 1<h<q,, but a%¢@V; we may also suppose 
that the sequence (af) has a limit ae lying in U. Show that we 
should then have a"e U for every integer m>o and hence arrive at a 
contradiction]. 


18) Let G bea locally compact totally disconnected topological group 
whose left and right uniformities coincide. Show that every neighbourhood 
of ¢ in G contains a compact open normal subgroup of G (use Corollary 1 
to Proposition 14 of no. 6, and Exercise 3 of § 3). 


§[ 19) Let G bea locally compact group, let G, be the identity compo- 
nent of G, and let H_ be a closed subgroup of G. Show that if the 
homogeneous space G/H is locally connected, then G,H is open in 
G. Let Hy be the identity component of H; then there is an open 
subgroup L of H such that L/Hy is compact (no. 6, Corollary 1 to 
Proposition 14); show that on the one hand LG, is closed in G, by 
using Corollary 1 of Proposition 1, and on the other hand that LG, is 


312 


EXERCISES 


open in G, by considering the canonical image of Gy in G/L and 
using Corollary 3 of Proposition 14 and the fact that a quotient space 
of a locally connected space is locally connected [Chapter I, § 11, no. 6, 
Proposition 12)]. 


*20) Let 9 be the canonical homomorphism R->T and let 6 be 
an irrational number. Define a group structure on the topological space 


R? x T? by the law 


(%15 %a5 t15 fg) (X15 Xa, t1, ba) ; 
= (% + x, Xp + Ma, ty + tL + (%—x1), te + te + 9(O%Q%1)). 


G thus becomes a locally compact topological group (and even a Lie 
group). Show that the commutator subgroup of G is not closed. , 


§/21) Let M bea compact space endowed with a semigroup structure 
such that (i) the mapping (x, y) «xy of M x M into M is continuous; 
(ii) for each ae M the relation ax = ay implies x = ». 
a) Show that if F is a closed subset of M and xeM_ is such that 
xFcF, then xF = F. [Let y bea cluster point of the sequence (x"),>, in 
M; show that yF =) «°F, and deduce that yxF = pF]. 

api 
b) Deduce from a) that if, in addition, for each ae™M_ the relation 
xa = ya implies x=y, then M is a compact topological group. 
(Start by showing that there is an identity element ¢; toshow that x > x-1 
is continuous, argue by reductio ad absurdum, considering an ultrafilter on 
M which converges to e). 


§ 22) a) Let G be a Hausdorff topological group. Show that every 
stable subset S of G which is either compact, or open and relatively 
compact, is a subgroup of G [use Exercise 21 above, and Exercise 28 a) 
of § 2]. Deduce that a compact commutative group is a radical group 
[§ 2, Exercise 28 d)]. 

b) Deduce from a) that every locally compact stable subset of a compact 
group K is a subgroup of K. 

c) Let G be a Hausdorff topological group and let S_ be a stable 
closed subset of G with the property that there is a subset K of G 
which is precompact with respect to the right uniformity of G, and 
such that SK = G. Show that S is a subgroup of G. (Given seS, 
define recursively a sequence of elements x; _K and a sequence of elements. 
s,¢S such that sly; = 5;4,%;4,3 observe thatif i<j then s-txx1,658, 
and that for every neighbourhood V of e¢ in G there isa pair of elements 
xj, x; such that i<j and x,x"1,eV). 

23) Let p be a prime number, let (G,) be an infinite sequence of 
topological groups each identical with the discrete group Z/(p*), and 
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let H, be the subgroup ()/(p2) of G,. Let G be the local direct 
product of the G, relative to the H, (§ 2, Exercise 26); then G is 
a locally compact group but is not compact. Show that the continuous 
homomorphism u: x—>px of G into itself is not a strict morphism 
of G onto u(G), and that «(G) is not closed in G. 


85 


1) Let (x,),e. be a summable family in a complete Hausdorff commuta- 
tive group G, and let © be a set of subsets of I, directed with respect 
to the relation c and forming a covering of I. Show that >) x,=lim ¥ x, 


tel J .es 
where the limit is taken with respect to the section filter of 6. 


2) Let G be a complete Hausdorff commutative group such that 
every neighbourhood of o in G contains an open subgroup of G (this 
is the case in particular if G is locally compact and totally disconnected; 
cf. § 4, Exercise 18). A family (%,),¢, of points of G is summable 
if and only if lim x, = 0 with respect to the filter of complements of 
finite subsets of I. Hence show that every convergent series in G is 
commutatively convergent. 


93) Let (%),e, be a family of points of a Hausdorff commutative 
group G. For every finite subset H of I, let sq denote > x, and 
\eH 


let A be the set of cluster points of the mapping H-—->sg with respect 
to the directed set (I). For every finite subset J of I, let &(J) denote 
the closure of the set of points sg, where H_ runs through the finite 
subsets of I such that HnJ =@. Show that if A@ then the set 
A—A (ie. the set of all »— x’ where xe A and x'eA) is the same 


as the set B= (} ®(J); and that in any case B+BcB. Deduce 
Jes 


that if A is not empty, then B is a closed subgroup of G and that A 
is a coset of B in G. 


4) With the notation of Exercise 3, take G to be the discrete additive 
group Z of rational integers and I to be the set N. Give an example 
of a non-summable sequence (x,) for which the set A consists of the 
single point o (choose the x, so that every finite partial sum, all of 
whose terms have indices 2 m, is an integral multiple of m). 


G5) Let (x,) be a sequence of points of a Hausdorff commutative 
group. If, for every infinite subset I of N, the series defined by the 
sequence (%,),eq is convergent, then the sequence (x,) is summable 
(argue by reductio ad absurdum as in the proof of Proposition 9). 
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§/6) a) Let o bea permutation of N and let 9(n) be the smallest 
number of intervals of N whose union is o(f[o, n]). Suppose that 9(n) 
is bounded as n runs through N. Then if (u,) is any convergent series 
whose terms belong to a Hausdorff commutative group G, the series 
(ug) is convergent and has the same sum as (u,). 

* 5) Suppose that 9(n) is not bounded in N. Construct a series (u,) 
whose terms belong to the additive group R and which converges in R 
but is such that the series (ug,,)) does not converge. [Consider a strictly 
increasing sequence (m,) of integers, defined by induction on k, satisfying 
the following conditions: (i) if [o, m,] is the largest interval of N with 
left-hand extremity o which is contained in o([o, m,]), then 


a([0, m,]) < [0, mp+1]5 


(ii) g(m,) >k+ 1. Thendefine u, appropriately for n, <n < m4]. 
Generalize to the case of a complete Hausdorff commutative group G 
which is generated by every neighbourhood of o. , 


7) Let (%p,) be a double sequence of points of a Hausdorff commutative 
group G, satisfying the following conditions: 

(a) The series defined by the sequence (%ma)nen is convergent for each 
m>o; let y, be its sum. 


(b) If we put 7,, = S Xmp, then the series defined by the sequence 
p=n 


(‘mn)meN iS convergent for each n> 0; let é, be its sum. 


Show that for each n > o the series defined by the sequence (%mn)meN 
is convergent, and let z, be its sum. The series whose general term is 
3m has the same sum as the series whose general term is z, if and only 
if ¢, tends to o as n tends to infinity. 


§ 6 


1) In a Hausdorff topological ring A, the commutant of every subset 
of A (and in particular the centre of A) is closed, and so is the left 
(resp. right) annihilator of every subset of A. 


2) a) Let aq be a discrete left ideal in a topological ring A. Show 
that, for every xeq, the left annihilator of x in A isopen. Hence show 
that if A is a non-discrete ring with no zero-divisors, it contains no 
discrete (left or right) ideal other than fo} . 

6b) Let A be a locally connected topological ring, and let a be a 
totally disconnected left ideal of A. Show that, for each xea, the left 
annihilator of x in A isopen. Hence show thatif A has no zero-divisors 
it contains no totally disconnected (left or right) ideal other than fo} . 
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3) ‘The connected component of o in a topological ring A is a two- 
sided ideal. Deduce that if A is quasi-simple and is not connected (in 
particular, if A is a non-connected topological division ring) then A is 
totally disconnected. 


4) Let (x,) be a summable family in a Hausdorff topological ring A, 
and let s be its sum. Then for each aeA the family (ax,) [resp. 
(%,a)] is summable and its sum is as (resp. sa). If (*) and (Jy) 
are two summable families in A such that the family (»y,) is summable, 


then 2a In = (+ ») (3 J): If moreover A is complete and if one 


of the" i is a unit, then the summability of the family (* 9.) implies the 
summability of (_»,). 


5) <A rectangle is a subset of N x N which is the product of two intervals 
of N. Given a finite subset E of N x N, let 9(E) be the smallest 
number of mutually disjoint rectangles whose union is E. Let (E,) 
be an increasing sequence of finite subsets of N X N which cover N xX N 
and are such that the sequence (9(E,)) is bounded. If (x,), (y,) are 
two convergent series whose terms belong to a Hausdorff topological 
ring A, then we have 


(5) 
oo eee ene (S «) 3% 


Construct an example of a sequence (E,) satisfying the conditions 
above and such that E,,,— E, contains only one element for each n. 


6) Let A be a topological ring with an identity element and let a, 6 
be two two-sided ideals of A such that a+6=A and anb= {o i : 


Show that the topological ring A is isomorphic to the product of the 
topological rings « and $. 


7) Let A be a topological ring with no identity element, and let B 
be the ring obtained by adjoining an identity element to A show 
that the topology on B which is the product of the topology of A and 
the discrete topology on Z is compatible with the ring structure of B, 
and induces the given topology on A (a two-sided ideal of B). 


8) Let A bea topological ring with an identity element. 


a) The set A* of units of A is open in A if and only if there is a 
neighbourhood V _ of 1 all of whose elements are units in A. 


6) If A* is open in A then every maximal (left or right) ideal of A 
is closed, and the radical of A is closed. If A has no closed left ideals 
other than {o{ and A, then A is a division ring. 


316 


EXERCISES 


c) Let A be the subring of the topological field Q consisting of all 
rational numbers k/2" (ke Z,neN). Show that A contains no closed 
ideal other than {of and A, but is not a field. 


9g) a) Anelement «x (resp. an ideal a) of a topological ring A is 
said to be topologically nilpotent if the sequence (x"),5, converges to o 
[resp. if the filter base formed by the a” (n> 1) converges to 0). 
Every element of a topologically nilpotent ideal is topologically nilpotent. 


b) Suppose that A has an identity element and that A* is openin A. 
Show that if x is any topologically nilpotent element of A, then 1—« 
is a unit (observe that 1— x" is a unit for sufficiently large n). Hence 
show that if all the elements of a (left or right) ideal a are topologically 
nilpotent, then a is contained in the radical of A. 


c) Suppose that A is complete and has an identity element, and that 
there exists a fundamental system of neighbourhoods of o which are 
subgroups of the additive group of A. Show that if x is topologically 
nilpotent, then 1—-* isa unitin A. 


d) Under the hypotheses of c), show that if ye A is topologically nilpo- 
tent, then the equation x?2-++%*=y has a root xe A, and that x is 
topologically nilpotent. 


§ 10) a) Let B be a ring with an identity element, let E be a free 
B-module B®, and let A be the ring £(E) of endomorphisms of E. 
For every finite subset F of E, let Vp be the set of all ue A such that 
u(x) =o for all xe F. Show that the V, from a fundamental system 
of neighbourhoods of o for a Hausdorff topology on A, which is compat- 
ible with the ring structure of A, and with respect to which A is totally 
disconnected. 


b) Take I=N and take B to be a commutative ring which has no 
zero-divisors but whose radical § is not fof. Show that the radical 
of A is not closed. [Let (e,) be the canonical basis of E. Remark 
on the one hand that each ue A, such that u(e,) =o for all but a 
finite number of indices and such that u(E) ct.E, belongs to the radical 
of A; consider on the other hand the element u, of A_ such that 
Ug(€n) = en + fnvy With ¢~0 in MR, for each nr]. 


§| 11) a) A topological ring with an identity element is said to be a 
Gelfand ring if A* is open in A and if the topology induced on A* by 
the topology of A is compatible with the multiplicative group structure 
of A*. Every Hausdorff topological division ring is a Gelfand ring [cf. 
Exercise 20 ¢) ]. 

b) Show that if A is a Gelfand ring then so is every matrix ring _M,(A) 
endowed with the product topology (on A”). (Proof by induction on n). 
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12) A subset M of a topological ring is said to be right bounded (resp. ~ 
left bounded) if, for each neighbourhood U of o in A, there is a neigh- 
bourhood V of o such that VMcU (resp. MVcU); M is bounded 
if it is both left and right bounded. The topology of A is said to be 
locally bounded (and A is said to be a locally bounded topological ring) if 
there is a bounded neighbourhood of o in A. 

a) Every topological ring which has a fundamental system of neighbour- 
hoods of o consisting of right ideals is right bounded. Show that if 
I is infinite and B is a division ring in Exercise 10 a), then the ring A 
is left bounded, but there is no right bounded neighbourhood of o in A. 
6) Ifa topological ring A is right bounded (resp. bounded) and has 
a fundamental system of neighbourhoods of o which are subgroups 
of the additive group of A, then it has a fundamental system of neighbour- 
hoods of o which are right (resp. two-sided) ideals. 

c) Every finite union of bounded sets is bounded; the closure of a bounded 
set is bounded; if M and N are bounded, then so are M+N and 
MN. 

d) Every precompact set in a topological ring A is bounded. 

e) If M and N are two bounded subsets of A, show that the mapping 
(x, ¥) > xy elements of M x N into A is uniformly continuous. 

J) Wet A bea Hausdorff topological ring which has an identity element. 
Show that if («,) is a sequence of units which tends to 0 in A, then the 
set of elements x71 is neither left nor right bounded. 

g) If A is a bounded ring with an identity element, show that the 
mapping x — x! is uniformly continuous on the set A* of units of A. 
hk) Show that if A is a complete Hausdorff bounded ring with an identity 
element, then the set A* of units and the radical of A are closed [use 


g)]. 
i) A subset of a product [L4, of topological rings is bounded if and 
t 


only if all its projections are bounded. 


J) Every subring of a locally bounded ring and every product of locally 
bounded rings are locally bounded rings. 


k) The completion ofa locally bounded Hausdorff ring is locally bounded. 


13) Let A be a bounded topological ring (Exercise 12) which has an 
identity element and is such that the set A* of units of A is openin A. 
Show that the radical of A is open. Hence if A is without radical, it is 
discrete; in particular, a bounded Hausdorff topological division ring is 
discrete. A compact ring A without radical, which has an identity 
element and in which A* is open, is finite; in particular, a compact 
topological division ring is finite. 
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4,14) Let A bea compact ring with an identity element, totally discon- 
nected (*) and without radical. Then A is isomorphic to the product 
of a family of finite simple rings. [Show first that A has a fundamental 
system of neighbourhoods of o which are two-sided ideals, using Exercise 
12 6) of § 6 and Proposition 14 of § 4. Hence show that there is a maximal 
set ® of two-sided ideals of A such that (i) every two-sided ideal Jte © 
is a maximal open two-sided ideal of A; (ii) no ideal Ne@ contains a 
finite intersection of ideals of ® other than 9. Show then that A is 
isomorphic to the product of the rings A/S as Qt runs through ©; 
prove first that the intersection of all the 9t¢@@ consists only of the zero 
element of A by using Exercise g 5) ]. 


15) Let A_ be a totally disconnected compact ring with an identity 
element. Show that the radical ® of A _ is topologically nilpotent 
[Exercise 9 a); use Exercise 12 5) of § 6 and Proposition 14 of § 4]. Hence 
show that § is the set of all xe A such that ax is topologically nilpotent 
for all ae A [cf. Exercise 9 c)]. 


16) Show that on a ring A (resp. a division ring K), the least upper 
bound © ofa family (©,) of topologies compatible with the ring structure 
of A (resp. the division ring structure of K) is compatible with this 
structure. A set M which is left (resp. right) bounded for each of the 
topologies 6, is also left (resp. right) bounded for ©. 


17) If K is a Hausdorff topological division ring and is not discrete, 
then neither of the multiplicative uniformities on K is comparable with 
the uniformity induced on K* by the additive uniformity of K (cf. 
Exercise 13). 


18) Let K_ be a Hausdorff topological division ring, let A be a closed 
subset of K and let B be a compact subset of K such that o@B. 
Show that AB and BA are closed in K (cf. § 4, no. 1, Proposition 1, 
Corollary 1). * In the field R of real numbers, give an example where 
A is closed, and B is compact, oe B and AB is not closed. , 


19) a) Let K bea division ring endowed with a Hausdorff topology 6 
compatible with the ring structure of K. Show that there is a neighbour- 


hood V of o in K_ such that (GV) u (¢Vv)- == K* [this is equivalent 
to Va(VnK*)7+= @]. 


b) Suppose moreover that © is not discrete. Show that if U is any 
neighbourhood of o in K and if U* denotes Un K*, then 


U*(U*)-1 = K*. 


(*) It can be shown that a compact ring with an identity element is necessarily 
totally disconnected. 
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§ 20) a) Let K bea division ring endowed with a non-discrete Hausdorff 
topology © compatible with the ring structure of K. A subset M of 
K_ is right (resp. left) bounded if and only if, for each neighbourhood 
U of o there exists aeK* such that aMcU (resp. MacU); 
M is then right (resp. left) bounded for every Hausdorff topology 
©' which is coarser than © and is compatible with the ring structure 
of K. 


6) If © is locally bounded (Exercise 12) and if U_ is a bounded neigh- 
bourhood of o with respect to 6, then the sets xU (resp. Ux) form 
a fundamental system of neighbourhoods of o (with respect to 6) as x 
runs through K*. Every point of K has a countable fundamental 
system of neighbourhoods of o with respect to © if and only if there is 
asequence (a,) of points of K which has 0 asa cluster point. 


c) The least upper bound of any finite family of locally bounded topol- 
ogies on K (compatible with the ring structure of K) is locally bounded. 
Conversely, ifthe least upper bound © ofa family (6,) of locally bounded 
topologies on K_ is locally bounded, then © is the least upper bound of 
a finite subfamily of (G,). (Remark that if U is a neighbourhood of o 
which is bounded with respect to 6, then there is a finite system of indices 
(,) and for each k a neighbourhood V, of 0, bounded with respect 


to G.,. such that N,.¢ U; on the other hand, there exists a, eK* 
such that Uca,Vj,,.) 


d) Asubset F ofa division ring K is said to be a quast-ring if: (i) F AK, 
oeF, 1e¢F, —F =F, FFcF; (ii) there is an element ce F* = F n K* 
such that c(F + F)cF; and (iii) for each xeF, there exists yeF 
such that yFcFx and Fycx«F. Show that if G is a non-discrete 
Hausdorff topology which is locally bounded and compatible with the ring 
structure of K, then every symmetric bounded neighbourhood U of 
o (with respect to ©), such that UUcCU and 1eU, is a quasi-ring, 
and that U*(U*)-! = K* [Exercise 19 4)]. If V_ is any symmetric 
bounded neighbourhood of o with respect to 6, then the set U of 
elements xe K such that xVcV (or VxcV) is a symmetric bounded 
neighbourhood of o with respect to © such that UUcU and 1reU, 
and hence is a quasi-ring. 


e) Conversely, let F be a quasi-ring in K such that F*(F*)~! = K*. 
Show that there is a Hausdorff topology G which is not discrete and is 
compatible with the ring structure of K, such that F is a bounded 
neighbourhood of o with respect to 6. In particular we may take F to 
be any subring A of K such that K_ is the division ring of right fractions 
of A. In particular, if K = Q and F = Z, the corresponding topo- 
logy © on K is not compatible with the field structure of K. 
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§| 21) a) Let © bea locally bounded Hausdorff topology on a division 
ring K, with respect to which K is connected. Show that there are 
non-zero topologically nilpotent elements [Exercise g a)] in K. (If U 
is a symmetric bounded neighbourhood of 0, and ¢ is a non-zero 
element of K such that Ut-+¢#UcU, show that K_ is the union of 
the sets Ui-", by using Proposition 6 of § 2, no. 2). 


b) Let © bea locally bounded Hausdorff topology on K, with respect 
to which K_ has non-zero topologically nilpotent elements. Show 
that there is a neighbourhood U of o such that, for each neighbourhood 
V of o, there is an integer ny such that U"cV whenever n> 1g; 
this implies that all the elements of U are topologically nilpotent and 
that every point of K has a countable fundamental system of neighbour- 
hoods with respect to ©. (Let to be topologically nilpotent and 
let W be a bounded neighbourhood of 0; take U to be a bounded 
neighbourhood of o such that UWcWé.) The set T of topologically 
nilpotent elements of K_ is therefore a neighbourhood of o with respect 
to 6 


§; 22) In a division ring K endowed with a Hausdorff topology 6 
compatible with the ring structure of K, aset R containing 0 is said to 
be retrobounded if (CR) -1 is bounded. © is said to be locally retrobounded 
if there is a fundamental system of retrobounded neighbourhoods of o 
in K with respect to 6. 


a) A locally retrobounded topology T is locally bounded, and is a 
minimal element in the set of all Hausdorff topologies compatible with 
the ring structure of K; also © is compatible with the division ring 
structure of K [use Exercise 19 a)]. 


b) Suppose from now on, in this exercise, that © isa locally retrobounded 
topology on K. Show that, for every neighbourhood V of o in K, 
x — x71 is uniformly continuous on (V. Hence show that the completion 
K of K_ is a topological division ring whose topology is locally retro- 
bounded. 

c) Every neighbourhood of o in K (with respect to ©) contains a 
neighbourhood V of o such that E(V) = (GV) (GV)-2 is not empty. 
Show that the three uniformities on E(V), induced by the additive 
uniformity and the two multiplicative uniformities on K, coincide. 
Deduce that, if K is complete, then K* is complete with respect to 
either multiplicative uniformity. 

d) Show that if x is an element of K* then exactly one of the following 
three statements is true: (i) x is topologically nilpotent; (ii) x7? is 
topologically nilpotent; (iii) the sequence (x"),ez is bounded. [By 
considering a bounded neighbourhood U of o such that UUcU 
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(Exercise 20 d)), show that if o is a cluster point of the sequence (x")n>9, 
then x is topologically nilpotent.] If K contains non-zero topologically 
nilpotent elements, show that the set B, consisting of o and all xe K* 
such that x7! is not topologically nilpotent, is a bounded neighbourhood 
of o in K which is invariant under all inner automorphisms [use 
Exercise 21 5)]; B then contains all bounded neighbourhoods U of 
o such that UUc U; the set of such neighbourhoods which are invariant 
under all inner automorphisms has a greatest element, which coincides 
with B if the commutator subgroup of K* is bounded, in particular 
if K isa field. 

e) If U isa bounded symmetric neighbourhood of o in K such that 
UUcU, then there exists be U* such that K* = U* u ((U*)-18). 
Let aeU* be such that UacbdU, and suppose that the sequence 
(a-"),>9 is bounded. Show that the set V of all xe K such that xU 
is contained in the union of the sets Ua" is a bounded neighbourhood 
of o such that VVcV and K* = V*u (V*)-1. 


f) Suppose that K contains no non-zero topologically nilpotent elements. 
Show that there is a bounded neighbourhood of o in K which is a 
subring A of K such that K* = A*u (A*)-1. [Begin with a bounded 
neighbourhood V of o such that K* = V*u(V*)-! (see e)]; if 
ce V* is such that c(V + V)cV, observe that the ring A generated 
by V is contained in the union of the sets Vc-" (n 3 0). 


€ 23) If p is any prime number and «x is any non-zero rational number, 
let v,(x) denote the exponent of p in the decomposition of x into prime 
factors. The mapping v, of Q* into Z is called the p-adic valuation 
on Q. The set of all «eQ such that either x= 0 or u,(x) > m (for 
some me Z) is the fractional ideal (p") of Q. 


a) Show that the ideals (~") (me Z) form a fundamental system of 
neighbourhoods of o in Q fora locally retrobounded topology (Exercise 
22) ©, on Q, called the p-adic topology. The completion Q, of Q 
in this topology is a field called the p-adic field, whose elements are called 
p-adic numbers. ‘The closure Z, of Z in Q, is a compact open princi- 
pal ideal domain in Q,, in which p = pZ, is the only non-zero prime 
ideal; Z,/p is isomorphic to the prime field F, = Z/(p), and more 
generally the additive quotient group y”/p" is isomorphic to 


Z/(p"-") if m <n. 


The elements of Z, are called p-adic integers. 


b) Show that every continuous homomorphism of the additive group 
Q, into itself is of the form x — ax, where aeQ, [if f issuch a homo- 
morphism, show that f (rx) =r f(x) for all reQ, and then pass to the 
limit in Q,]. 
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c) Show that every compact subgroup G <4 so} of the additive group 
Q, is identical with one of the p" (ne Z), and that there is no non- 
compact closed subgroup of the additive group Q,, except Q, itself. 
[Let m be the largest integer such that Gc"; by considering the quo- 
tient group (G+ p")/p" for n> m, show that G+ p" = y", and 
then use formula (1) of § 3, no. 1]. 


§| 24) a) Show that every subgroup of the multiplicative group Q% 
of the p-adic field Q, is isomorphic to the product of a subgroup of the 
multiplicative group U of units of Z, and a discrete additive subgroup 
isomorphic to Z or { of. 

6) Show that the compact subgroups of the subgroup V =1-+ p of U 
are the groups I + jp" [same reasoning as in Exercise 23 ¢)]. 


c) Show that, for each a@eU, the sequence (a?"),en tends to a limit 
«=a (mod p) and that o? = « [show that a?" = a?" (mod y”) 
by induction on n]. Show that all the roots of the polynomial X?-1 — 1 
(in an algebraically closed extension of Q,) belong to Q, and are 
pairwise incongruent mod » [apply what precedes to the roots of the 
congruence x?-!— 1 = 0 [mod f)]. If p>2 and if d is the highest 
common factor of n and p—1, the polynomial X"—H¥1 has exactly 
d roots in Q,, which are roots of K¢—1 (same method: take a to 
be a root of X”— 1). 

Hence show that, if p > 2, every compact subgroup of the multiplicative 
group Qj is the direct product of a finite subgroup of U [consisting 
of the (/—1)th roots of unity] and a subgroup of the form 1 + yp’ 
[use 5)]. How are these results to be modified for p= 2? (Make the 
group 1 + p? play the part previously played by 1 + p). 


§/ 25) a) Let ao bea p-adic number. Then the mapping n—a” 
is continuous on Z (as a subspace of Q,) if and only if ae1 +p. 
If this condition is satisfied, show that n—> a” is uniformly continuous 
on Z and extends to a continuous homomorphism of Z, into U, 
denoted by x -—>a*, which is injective if aA1. If p>2 and if m 
is the largest integer such that ae1 + py", then x —>a® is an isomorphism 
of Z, onto 1 + yp". How must this statement be modified when p = 2? 


b) Show that every continuous homomorphism of Z, into U is of the 
form x—>a* for some ae1+y [if f is such a homomorphism and 
Ff (1) =a, then f(n) =a" for ne Z). 

c) Show that the mapping (x, y) >’ is continuous on (1 +p) X Zp. 
If p>2 and beZ,, and if m is the largest integer such that bey”, 
then the mapping x -—> x is an isomorphism of the multiplicative group 
1 + onto the multiplicative subgroup 1 + p"+! [use Exercise 24 6)]. 
How must this statement be modified when p = 2? 
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d) If n isaninteger prime to both —1 and #, show that the mapping 
x == x" is an automorphism of the multiplicative group U [use Exercise 


24 ¢)]. 


26) a) Let p, g be two distinct prime numbers and let © be the topol- 
ogy on Q which is the least upper bound of the topologies 6, and G,. 
Then @ is locally bounded [Exercise 20c)] and is compatible with the 
field structure of Q. With respect to this topology neither of the two 
sequences ((p/q)")n>o0 ((9/P)")nz0 is bounded; the sequence (1/f")n>9 is 
not bounded, but the sequence (f"),> 9, which is bounded, does not tend 
to o [cf. Exercise 22 d}]. Show that the completion of Q with respect 
to the topology © is isomorphic to the product of the topological fields 
Q, and Q,. 

b) If P is the set of all prime numbers then the least upper bound 6, 
of the topologies ©, for peP is compatible with the field structure of 
Q but is not locally bounded [Exercise 20¢)]. What is the completion 
of Q with respect to the topology ©? 


7 


1) a) Show that the ring Z, of p-adic integers [§ 6, Exercise 23 a)] 
is isomorphic to the inverse limit of the sequence of discrete rings Z/(p"), 
Sum: Zi(p™) > Z/(p") for n<m_ being the canonical homomorphism 
when Z/(p") is considered as a quotient ring of Z/(p™). 

b) For each integer n>0o0, let G, be the group Z of rational integers, 
and let X, be its quotient group Z/(p") (p prime),G, and X, carrying 
the discrete topology; consider (G,) as an inverse system, G, > G, 
being the identity mapping; and consider (X,) as an inverse system, 
Sun: Xm —> X, being the canonical homomorphism (see a) for n<m. 
Then the orbit of each point of X, with respect to G, is compact, but 
the orbit ofa point x = (x,) of X = lim X, with respect to G = lim G, 
is not compact, and is not isomorphic to the inverse limit of the orbits of 
the x,; also the canonical mapping X/G —> lim X,/G, is not injective. 
c) For each n>o, let G, be the subgroup #"Z of Z (p prime), 
and let X, be the group Z, where G, and X, carry the discrete 
topology and G, operates by translations on X,. Consider (G,) and 
(X,) as inverse systems, X,,-> X, being the identity mapping and 
G,, > G, the canonical injection (n <m). Then the stabilizer of each 
point of X, (with respect to G,) is compact, the orbit of each point 
of X = lim X, with respect to G = lim G, is compact, but the canon- 
ical mapping X/G = lim X,/G,, is not surjective. 

a) Construct, using 6) and ¢), an example of an inverse system of spaces 
with operators (X,) with respect to an inverse system of groups (G,), 
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such that, if X= lim X, and G=lim G,, the canonical mapping 
X/G — lim X,/G,, is neither injective nor surjective. 


2) Let (X,, fag) be an inverse system of non-empty sets such that 
i a = @. Let G, denote the free Z-module of formal linear combin- 
ations of elements of X,, with coefficients in Z, and let g,g denote 
the homomorphism Gg -> G, which agrees with f,g on Xg. Show that 
the group G = lim G, consists of the identity element alone. [Argue by 
contradiction : if z = (z,) is an element of lim G,, consider, for each 
a, the finite set F, of elements of X, whose coefficient in z, is not 
zero, and observe that f.g(Fg) = F,.] Hence construct an example of 
an inverse system (G,, gag) of groups such that the ggg are surjective, 
the G, are infinite and lim G, consists only of the identity element. 


§/3) 2) Show that every totally disconnected compact group is the 
inverse limit of a family of finite discrete groups (use Exercise 18 of § 4). 


b) Let G bea totally disconnected compact group and let L bea closed 
subgroup of G. Show that there is a continuous section G/L —>G_ asso- 
ciated with the canonical mapping G-—>G/L. [Use a) and Proposition 
3 of § 3; for each a consider the finite set F, of sections G,/L, > Gy; 
and remark that these sets from an inverse system with respect to the canon- 
ical surjective mappings hzg: Fg > Fa]. 


4) Let G be a Hausdorff topological group and let (H,) be a family 
of compact normal subgroups of G, directed with respect to the relation 
>, and satisfying condition (AP) of no. 3. Let (L,) be a family of 
closed subgroups of G such that H, ¢L, for each aeI and Ly = H,Lg 
for a<6, and let L= N L,. Show that L,=H,L for each a 


(use Proposition 3). a 


5) Let G be a Hausdorff topological group and let X be a Hausdorff 
topological space on which G_ operates continuously; let (H,) be a 
family of compact normal subgroups of G, directed with respect to the 
relation >, and satisfying condition (AP) of no. 3. Let X, denote 
X/H,. Show that the canonical mapping X — lim X, is a homeomor- 
phism. 


§ *6) Let (G,, fim)nen be the inverse system of compact groups such 
that G, = T—=R/Z foreach n, and f,, is the continuous homomorphism 
x—>p"™" of T onto itself, for n <m (p being a given prime number). 
The topological group T, = lim G, is called the p-adic solenoid; it is a 
compact connected commutative topological group. 

a) For each n, the continuous homomorphism f,: T, > G, is surjec- 
tive, and its kernel is isomorphic to the group Z, of p-adic integers [cf. 
Exercise 1 a)]. 
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6) Let @ be the canonical homomorphism R->R/Z=T. For each 
xeR, put 6(x) = (9(x/p"))nen3 show that 6 is an injective continuous 
homomorphism of R into T,, andthat 0(R) isa dense subgroup of T,. 
c) Let I be an open interval in R, with centre o and length <r. 
Show that the subspace F o(9(1)) of T, is homeomorphic to the product 
I x Z,. In particular, the group Ty, is not locally connected. 

d) Show that every closed subgroup H of T,, other than T, or {0}, 
is totally disconnected and isomorphic to a group of the form Z/nZ or 
(Z/nZ) x Zp, where n is an integer prime to p (use Proposition 3 of 
no. 3). 

e) Show that T, is an indecomposable compact connected space, i.e. 
that T, cannot be covered by two compact connected sets P, Q neither 
of which is equal to T,. (Observe that there is an integer n such that 
f,(P) #G, and f,(Q)#G,, and examine the sets f,.,(P) and 
Sna+i1(Q) to get a contradiction). , 


HISTORICAL NOTE 


(Numbers in brackets refer to the bibliography at the end of this note.) 


The general theory of topological groups is one of the most recent branches 
of analysis. However, particular topological groups were well known 
a long time ago; and in the second half of the nineteenth century Sophus 
Lie built up the vast theory of those topological groups which he called 
“continuous groups” and which are nowadays known as “Lie groups”. 
The reader will find fuller information on the genesis and development 
of this theory in the Historical Notes attached to the volume on Lie groups 
in this series, 

The study of general topological groups was initiated by O. Schreier in 
1926 [1]. Since then it has been the subject of much work, which has, 
among other things, to a large extent elucidated the structure of locally 
compact groups. Here our intention has been to give only the most 
elementary definitions and results of the theory, and we refer the reader 
who wishes to go deeper into the subject to the monographs of L. Pontrjagin 
[2], A. Weil [3], and D. Montgomery and L. Zippin [4]. 
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CHAPTER IV 


Real Numbers 


1. DEFINITION OF REAL NUMBERS 


1. THE ORDERED GROUP OF RATIONAL NUMBERS 


We have defined the ordering x <_y on the set Q of rational numbers; 
we have seen that this ordering makes Q a linearly ordered set, and that it is 
compatible with the additive group structure of Q, i.e. for each zeQ the 
relation x <y is equivalent to x«+z<y-+2z (that is, the ordering is 
invariant under translations). We recall the notation (which is used in any 
linearly ordered group) 


xt = sup (x, 0), 
x7 = sup (— x, 0) = (—a)t, 
|x| = sup (x, — x); 


|x| is called the absolute value of x, and we have 
was axt— ax, ja] = xt + am 

and the triangle inequality 

(1) le +a] < lal + Lol, 

together with the inequality 

(2) | le] — lol 1 < |e#—3I 


which is an immediate consequence of (1); moreover 


(3) Jet —y*] < |x —3)- 
The relations x > 0, x = xt, x- =0, |x| =x (resp. x <0, x= —x, 
xt =o, |x|] =— x) are equivalent. The relation |x| =o is equivalent 


to x=0; if a>o, the relation |x| <a is equivalent to —a<x <a, 


329 


Iv REAL NUMBERS 


and the relation |x| >a is equivalent to “x>a or x<—a”. 


all x,y, in Q, we have 


For 


(4) sup (x,y) + 2 = sup (x + 2, 9 + 2); 

(5) inf (x, y) = — sup (— *, —J), 
and, as particular cases, 

(6) sup (x,y) =x + (y—a)t =x + (x—y)-, 
(7) inf (x, y) = x— (y—4*)~— = x— (x —))t. 


Finally, let Q, denote the set of rational numbers 20; we have 
then 


(8) Q-+Qa¢Q,, 
(9) Qn (—Q,) = fof, 
(10) Q.u(—Q,) =Q 


The relation x <_y is equivalent to y—xeQ,. 
We shall use this ordering to define a@ topology on Q compatible with 
its additive group structure. 


2. THE RATIONAL LINE 


Consider the set § of symmetric open intervals |— a, + a[, where a runs 
through the set of rational numbers > 0; we shall show that § is a 
Jundamental system of neighbourhoods of 0 in a topology compatible with the 
additive group structure of Q. 

The group Q is commutative, andaxiom (GVj) is clearly satisfied; 
it is therefore enough to show that axiom (GVj) is also satisfied, in other 
words, that for each a>o there exists 4 >o0 such that the conditions 
|x| < 6 and |»| <6 togetherimply |x + »| < a. The triangle inequality 
shows that we may take 6 = a/2. 


DerFtnitTion 1. The rational line is the topological space consisting of the set 
Q together with the additive group topology for which the symmetric open intervals 
j—4, + a[ (@>0) form a fundamental system of neighbourhoods of o. 
The topological group Q thus defined is called the additive group of the rational 
line. 
If a is any rational number > 0, there is an integer n> 0 such that 
1/n <a; hence the open intervals esas, + | (n= 1,2, ...) form 
n n 


a fundamental system of neighbourhoods of o on the rational line. 
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We obtain a fundamental system of neighbourhoods of any point xe Q 
by taking the open intervals ]x— a, x + a[, where @ runs through the 
set of rational numbers > o (or the set of numbers 1/n). 


Definition 1 is therefore equivalent to that given in Chapter I, § 1, 
no. 2. 


For each pair of rational numbers (a, 6) such that a< 6, there exists 
ceQ such that a<c<b [for example c= (a+ 4)/2]; it follows 
that the rational line is a non-discrete Hausdorff space. 

For each a>o, let Uy be the set of pairs (x, y) in Q x Q such 
that |x—y|< a. As a runs through the set of rational numbers > 0 
(or just the set of numbers 1/n), the sets U, form a fundamental system 
of entourages of the uniformity of the additive group Q of the rational 
line. Relations (2) and (3) show that |x|, xt and «x~ are uniformly 
continuous on Q. It follows that the functions sup (x,y) and inf (x, 9) 
are uniformly continuous on Q x Q. 


3. THE REAL LINE AND REAL NUMBERS 


Derinition 2. Let R_ denote the topological group which is the completion of 
the additive groub Q of the rational line. The elements of R are called real 
numbers; as a topological space, R is called the real line; as a topological group, 
R is called the additive group of the real line. 


We shall always identify Q with the dense subgroup of R_ to which 
it is canonically isomorphic. With this convention, every rational number 
is a real number. Every real number which is not rational is said to be 
irrational; we have seen in Chapter II, § 3, no. 3 that such numbers exist 
(we shall show this in another way in § 3, no. 3 of this chapter; see also 
Exercise 2 to § 2); hence (Chapter ITT, § 2, no. 1) the set CQ of irrational 
numbers is dense in R. 

We shall show that the order structure of Q can be extended to R in 
such a way that the extended ordering is still compatible with the additive 
group structure of R: 


Proposition 1. The relation y—xeQ, is an ordering on R which makes 
R_ into a linearly ordered set; is compatible with the additive group structure on R, 
and induces the ordering x <y on Q. 

We begin by showing that the relations y—x*xe Q, and z—yeQ, 
imply z—xeQ,. Indeed, the function x + y is continuous on R x R, 
and therefore by (8) we have Q, + Q,¢Q, (Chapter I, § 2, no. I, 
Theorem 1). Next, we shall show that the relations y — x¢ Q, and 
x—yeQ, imply x=; this will establish that y—xeQ, is an 
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ordering on R. It is enough to show that Q,n(—Q,) = fo |. Now 
the functions «xt and x->«~ are uniformly continuous on Q and 
can therefore be extended by continuity to R (Chapter IT, § 3, no. 6, 
Theorem 2); let f and g be their respective extensions. By extension 
we have x =f (x)—g(x) for all xeR; if xeQ, then g(x) =o, 
and since —Q, is the closure of —Q, by the continuity of — x, 
it follows that if x«e—Q, then f(x) =0. Hence if x«Q,n(—Q,) 
we have f (x) = g(x) =o and therefore x =o. 


By (10), we have Q, u (—Q,) = R, and hence R is linearly ordered 


by the ordering y — xe Q,. 

Furthermore, since the relations y—x eQ, and (y+2)—(x+z)<¢Q, 
are equivalent, the ordering y—xeQ, is compatible with the additive 
group structure of R. 

Finally, if x and » belong to Q the relations y—xeQ, and 
y —xeQ, are equivalent, and therefore the relation y— xe Q, induces 
the relation x <y on Q. This completes the proof. 

The relation y—xeQ, is again denoted by x <¥. The set Q, 
is the set of all x 20 in R and is denoted by R,; it isa closed set. The 
set of all x >0 is denoted by Rf; it is the complement of —R, and 
is therefore open in R. 


4. PROPERTIES OF INTERVALS IN R 


Proposition 2. Every closed (resp. open) interval in R ts a closed (resp. open) 
setin R. 
The sets [a, >[=a+R, and ]<, a] =a—R, are obtained by 
translation from R, and — R, respectively and are therefore closed 
(Chapter III, § 1, no. 1); the sets ]<-, a[ and Ja, -[, which are their 
complements, are open; finally, the closed interval [a, 5] (resp. the open 
interval Ja, b[) is the intersection of [a,—>[ and ]<-, 4] (resp. of Ja, >[ 
and ]<, 4[) and is therefore a closed (resp. open) set. 

The closed intervals [—a,-+ a] (2 >0) in R aretherefore neighbour- 
hoods of o. Let us show that they form a fundamental system of neighbourhoods 
of o as a runs through R4. For this it is enough to ‘establish the 


following proposition : 

ProposiTion 3. As r runs through the set of rational numbers > 0, the 
intervals s, =[—r, +1] in R form a fundamental system of neighbourhoods 
of 0. 


By Proposition 7 of Chapter ITI, § 3, no. 4 we obtain a fundamental system 
of neighbourhoods of o in R by taking the closures in R_ of the intervals 
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S.nQ=[—~r, +r] of Q. The proof will be complete if we show that 
S, is the closure of S.n Q. Now S, is closed in R, and we need there- 
fore only prove that, if x is a real number such that —r<x<r, then 
x is in the closure of 8.nQ. The interval ]—7, +7[ is an open set 
in R and therefore for all sufficiently small neighbourhoods V of o 
in R we have x + Vc]—r, +7[; but Q being dense in R, there 
is a rational number r’ex-+ V, so that —r<r' <r and therefore 
resS,nQ. 


Corotiary. Every point of the real line has a countable fundamental system 
of neighbourhoods. 


Proposirion 4. If (x,y) ts any pair of real numbers such that x <_y, there 
is a rational number 1 such that x<r<_y. 


Since Q is dense in R, it is enough to show that ]x, y[ is not empty; 
by translation we may assume x =0 and y>o. Now R isa Hausdorff 
space and therefore, by Proposition 3, there is a rational number 7 > 0 
such that y¢[—~7, +7], and this implies that 0 <r <_y. 


Proposition 5. Let I be any interval in R. Then the topology induced on 
I by the topology of R is generated by the open intervals of 1 (where I is 
considered as linearly ordered by the relation x <¥). 


Every open interval of I is the trace on I of an open interval of R. 
This is clear for a bounded interval, and the unbounded interval Ja, >[ 
of I is the trace of the unbounded interval Ja, >[ of R. We may 
therefore restrict ourselves to the case I = R; but in this case the result 
follows from Proposition 3, since every neighbourhood of a point ~eR 
contains an open interval ]x— a, « + af. 


Remark. If A is a dense subset of R, the topology of R is generated 
by the open intervals whose end-points belong to A. For if 


je—a, «+a 


is an open interval containing x, there exist two points », z of A such 
that x—a<y<x and x«<z<x-+a; hence jy, z[ contains x 
and is contained in ]x— a, x + a[. This proof shows, moreover, that 
the intervals under consideration form a base (Chapter I, § 1, no. 3) 
of the topology of R. In particular, if we take A = Q, we see that the 
topology of R_ has a countable base. 


5. LENGTH OF AN INTERVAL 


Derinrtion 3. The length of a bounded interval with end-points a and b (a <b) 
zs defined to be b — a. 
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Every bounded interval which contains more than one point therefore has 
length >o. If a<b, the four intervals [a, 5], Ja, df, [a, b[ and Ja, df 
all have the same length. An interval with end-points a+ ¢ and 6+ c 
has the same length as an interval with end-points @ and 4; in other 
words, the length of an interval is invariant under translation. 

If a<xc<d<b wehave d—c<b—a. Hence if a bounded interval 
I is contained in a bounded interval I’, the length of I is less than or 
equal to the length of I’. 

If n mutually disjoint open intervals I, I,, ..., I, are contained in 
the interval [a, 5] (a < 6) it is easily seen by induction on n that, if 
I, = ]c,, d,[, there is a permutation a of the indices k (1 <k <n) 
such that don) < Cones) for 1<k<¢n—1. It follows immediately 
that the sum of the lengths of the intervals I, is at most equal to the length 
of [a, 6], and that equality holds if and only if ¢gq) = a, dg) = 6 and 
doy = Contr) for 1k gn—1. 


6. ADDITIVE UNIFORMITY OF R 


Since the group R_ is linearly ordered, the functions x+, x- and |x| 
are defined on R_ in the same way as on Q_ and satisfy all the relations 
listed above for Q, notably relations (1) to (7). Let a be a real 
number >o and let U, be the set of all pairs (x, y)e RX R_ such 
that |x— | <a; as a runs through the set of real numbers >o (or 
the set of numbers 1/n), the sets U, form a fundamental system of 
entourages of the uniformity of the additive group R_ of the real line 
(called the additive uniformity of the real line). 

The functions |x|, x+ and x~ are uniformly continuous on R, and 
the functions sup (x, y) and inf (*, y) are uniformly continuous on R xX R; 
these functions therefore coincide with those obtained by extending by 
continuity the corresponding functions defined on Q and Q x Q, 
respectively. 


2. FUNDAMENTAL TOPOLOGICAL PROPERTIES 
OF THE REAL LINE 


1. ARCHIMEDES’ AXIOM 


The topological properties of the real line which are the subject of this 
section are all consequences of the following theorem : 


TueoremM 1. If x and y are any two real numbers > 0, then there is an 
integer n> oO such that y < nx. 
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There exist two rational numbers f/g and r/s such that 0 < p/g<x 
and y<r/s, since the open intervals Jo, x[ and ]y, ->[ are not empty 
(§ 1, no. 4, Proposition 4); take nm such that nps>gr, and we have 
Jy < 1x. 


Remark. An axiomatic construction of the theory of real numbers will 
be found in Chapter V, § 2, in which Theorem 1 appears as an axiom; 
for more details about this axiom, see the Historical Note to Chapter IV. 


2. COMPACT SUBSETS OF R 


THEOREM 2 (Borel-Lebesgue). For a subset of the real line R to be compact 
it is necessary and sufficient that it be closed and bounded. 


1) The condition is necessary. Let A be a compact subset of R and 
let a bearealnumber >o0. Theset A is closed (Chapter I, § 9, no. 3, 
Proposition 4) and there exists a finite number of points x; (1 <i<n) of 
R such that A is contained in the union of the neighbourhoods [x; — a, 
x; +a] (Chapter I, § 9, no. 3). Let 5 be the maximum of the numbers 
|x;|; then we have Ac [— b —a, b+ a]. 


2) The condition is sufficient. It is enough to show that every interval 
[— 4, + a] (a> 0) is compact, and since this interval is a closed subset of a 
complete uniform space, it is enough to show that, for each 6>0, we 
can cover [— a, + a] by a finite number of intervals of the form [x — 8, 
x -+ 6] (Chapter II, § 4, no. 2, Corollary to Theorem 3). Now, let n 
be an integer >o such that a<nb; if xe[—a, + a] and if m is 
the largest integer (positive or negative) such that mb < x, then we have 
—n<gme<n and mb <x <(m-+41)b. Hence the 2n+1 intervals 
[((A—1)b, (K+ 1)b] (—n<k<n) form a covering of the required 
type. 


Corottary 1. A subset of the real line R is relatively compact if and only 
if it is bounded. 


CoroLuary 2. The real line is a locally compact space and is not compact. 
Remark. Theorem 2 is often referred to as the “Heine-Borel Theorem”; 
see the Historical Notes to Chapters II and IV. 

3. LEAST UPPER BOUND OF A SUBSET OF R 


TueoreM 3. Every non-empty subset of the real line which is bounded above 
(resp. bounded below) has a least upper bound (resp. greatest lower bound). 
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Let A be a non-empty subset of R, bounded above, and let 5b be 
an upper bound of A, so that Ac]<, 6]. For each xeA consider 
the set A, of numbers 2% which belong to A; the sets A, form a 
filter base ®& on R, since A,c A, if y2x. Let a bea point of A. 
For each x 2a belonging to A, A, is contained in the compact interval 
[a, 6] and thus the filter base @ has a cluster point ¢. Since the intervals 
{x, +[ are closed, ¢ belongs to their intersection and therefore ¢ is an 
upper bound of A. But, on the other hand, every upper bound z of A 
is 2c, otherwise the neighbourhood ]z, -[ of ¢ would not contain 
any point of A. Hence ¢ is the least upper bound of A. 

We can argue similarly for a non-empty set B bounded below, or 
else simply remark that —B is non-empty and bounded above, and 
that if ¢ is the least upper bound of —B, then -—c is the greatest 
lower bound of B. 

The least upper bound ¢ of A can be characterized by the following 
two properties : 

(i) Foreach xe A, x < cy. 
(ii) For each a<c, there exists eA such that a<x<e. 


The least upper bound of a closed set (non-empty and bounded above) 
belongs to the set and is its greatest element; and the least upper bound of 
any non-empty subset A of R which is bounded above may be defined 
as the largest real number in the closure of A. 


4. CHARACTERIZATION OF INTERVALS 


Proposition 1. A non-empty subset A of R_ is an interval if and only if, 
whenever a and b are any two points of A such that a <b, the closed interval 
[a, b] is contatnedin A. 


The condition is clearly necessary. Conversely, suppose that it is satisfied. 
If A is neither bounded above nor below it must be the whole of R, 
for if x is any point of R there are then two points a, of A such that 
a<x<b6. If A is bounded above but not below, let & be its least 
upper bound; then for any x <4 there exist a@ and 6 in A such that 
a<x<b<k, hence xeA, and therefore A can only be one of the 
two intervals ]<-, k], ]<-, A[. The argument is similar in the other cases. 


5. CONNECTED SUBSETS OF R 


THEOREM 4. A subset A of R is connected if and only if A is an interval. 


1) The condition is necessary. Suppose that A is connected: if A 
consists of a single point, it is an interval. If A has more than one 
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point, let @ and b be two points of A such that a< 4; by Proposition 
1 of no. 4 it is enough to show that every x such that a < x < 6 belongs 
to A. Now, if «@A we should have AcOf{xt; but Gfx} is the 
union of two disjoint open sets ]<-, x[ and ]x, —>[, each of which meets 
A, and therefore A would not be connected, contrary to hypothesis. 


2) The condition is sufficient. Let us show first that every compact interval 
[2, b] is connected. For each integer n>o0, let Vj), be the entourage 
consisting of all pairs (x, y) such that |x—»| < 1/n; by Proposition 6 
of Chapter II, § 4, no. 4, it is enough to show that every pair of points 
x, y of [a, 6] can be joined by a Vj,,-chain. Let p be the greatest 
integer such that p/n <x and let g be the greatest integer such that 
qin<y (p and gq exist by reason of Theorem 1 of no. 1); then p < q. 
If p= q then y—x*< 1/n and the points x and y forma Vj,,-chain. 
If g>p, putx;=(p +7) /n (i =1,2,...,¢g—p); we have x,—*x < 1/n, 
J—Xg-p < ifn and x4, — x; = 1/n, hence the points x, x1, %, .. +5 Xg—p» J 
forma Vj);,-chain joining x and y. 

If now I is any interval not consisting of a single point, and if a 
and 6 are any two points of I such that a < 4, then the interval [a, d] 
is contained in I and is connected, and hence I is connected. 


Corottary 1. The real line is a connected and locally connected space. 


CoROLLARY 2. The only compact connected subsets of R are the bounded closed 
intervals. 


By Theorem 4, a subset of R which does not contain any interval consist- 
ing of more than one point is totally disconnected; this is true, for example, 
of the set Q of rational numbers, since the set Ke) of irrational numbers 
is dense in R. 


PRoposiTIon 2. Every non-empty open set in R_ is the union of a countable 
family of mutually disjoint open intervals. 


Let A be a non-empty open set in R. Since R_ is locally connected, 
every component of A is a connected open set (Chapter I, § 11, no. 6, 
Proposition 11) and therefore an open interval by Theorem 4. Any two 
of these open intervals are disjoint; on the other hand, each of them con- 
tains a rational number; hence the set of these intervals has a power less 
than or equal to that of Q, i.e. is countable. 


It follows that every closed set in R_ is the complement of the union of a 
(finite or infinite) sequence (I,) of mutually disjoint open intervals. 
These intervals are said to be contiguous to the closed set under considera- 
tion. Conversely, given such a sequence of intervals, the complement of 
their union is a closed set to which these intervals are contiguous. 
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Example. Let us define by induction a countable family (I,,,) of 
mutually disjoint open intervals as follows: 

The integer n takes all values > 0, and for each value of n, p takes 
the values 1, 2, 3, ..., 2% All the intervals I, , are contained in 


A = fo, 1], 


and we take I,, = ]1/3, 2/3[ (the “middle third” of Jo, 1[). Sup- 
pose now that the 2"+1-1 intervals I, have been defined for 
Oo <n <™m in such a way that, if J,, is their union, the set AnGy,, is 
the union of 2+! mutually disjoint closed intervals K,,,, (1 < p < 2™*1) 


each of length aoe If K,,,p = [4, 6] we then take 1,4; , to be the 


open interval |e - 4, b —*= 41 (the “middle third” of the 


interval Ja, b[), and it is immediately verified that the induction can 
continue in this way (Fig. 3). 


Figure 3. 


If K’ is the complement of the union of the I,,,, the closedset K = An K’ 
is called Cantor's triadic set. Clearly K_ is compact (no. 2, Theorem 2); 
also K_ is totally disconnected. For if K contained an interval I of 
length > 0, then I would be contained in some interval K,,,,; hence 
its length would be < 1/3"+! for each m, which is absurd. 


6. HOMEOMORPHISMS OF AN INTERVAL ONTO AN INTERVAL 


THEOREM 5. Let I be an interval in R. Then a mapping f of I into R 
ts a homeomorphism of I onto f (1) if and only if f is strictly monotonic 
and continuous on 1; and f (1) is then an interval in R. 


1) The condition is necessary. Let a and b be two points of I such 
that a< 6, and suppose for example that f(a) < f(b). Let us show 
that f is strictly increasing on I. First, if a<c¢< 5 then we must 
have f (a) < f(c) < f (8); if, for example, we had f(a) < {(4) <f(c) 
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then the image of the interval [a,c] under / would be a connected set 
(Chapter I, § 11, no. 2, Proposition 4) and would therefore contain the 
interval [f(a), f(c)]; hence there would exist xe[a, c] such that 
JS («) =f (8), contrary to the hypothesis that f is injective. 

It follows that if x and yy are any two points of I such that x < y, 
then f (x) < f (9); for we have f(a)< f(x) <f(b) if a<x<b, 
SF (a) < f(b) <f\(*) if b<x, and f(x) <f(a)<f(b) if «<a; 
repeating the argument with a, x, y in place of a, 6b, x respectively, 
we see that f(x) <f(9). 


2) The condition is sufficient. Suppose that f is continuous and strictly 
monotonic on I (say, strictly increasing): (I) is connected and 
is therefore an interval, and since f is strictly increasing, f is a bijec- 
tive mapping of I onto f(I). Moreover, the image under f of an open 
interval in I is an open interval in f (I), and therefore (§1, no, 4, Propo- 
sition 5) f is a homeomorphism of I onto f (I). 


Remark. The first part of the preceding proof shows in fact that a contin- 
uous injective mapping of I into R_ is strictly monotonic; from the second 
part of the proof it therefore follows that every continuous injective mapping 
SF of an interval 1 into R is a homeomorphism of 1 onto f (I). 


3. THE FIELD OF REAL NUMBERS 


1. MULTIPLICATION IN R 


The topology of the rational line Q is compatible not only with the 
additive group structure, but also with the field structure of Q. For the 
function xy is continuous at (0, 0)€Q x Q, since for each integer 
n>o the relations |x| <1/n and | »|<1/n together imply that 
\xy| <1/n*<1/n; on the other hand, if a is any non-zero rational 
number, the function ax is continuous at x = 0, since for each integer 
n>o the relation |x| <1/n|a| implies that |ax| <1/n. This shows 
that xy is continuous at every point of Q x Q (Chapter III, § 6, no. 3). 

To show that 1/x is continuous on Q* we shall establish more 
precisely that 1/x is uniformly continuous (with respect to the additive 
structure) in the complement of any neighbourhood V of o. Namely 


we have |. —1|= lz—l, there exists an integer m>o such that 
* J xy 
|x| > 1/m for each xeQV; if x and y are any two points of CV 
such that |x —»| < 1/m?n, we shall then have Caer < eae 
xy n 
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The image, under the function 1/x, of any Cauchy filter on Q* (with 
respect to the additive uniformity) which does not have o as a cluster 
point, is a Cauchy filter (with respect to the additive uniformity). Hence 
(Chapter III, § 6, no. 8, Proposition 7) : 


ProposiTion 1. The functions xy and 1x, defined respectively on Q x Q 
and Q*, can be extended by continuity to R xR and R* respectively, and 
define a field structure on R. Endowed with this structure, Ris called the field of 
real numbers. 


All the properties of topological fields established in § 6 of Chapter IIT 
are of course applicable; in particular, every rational function of n_ real 
variables, with real coefficients, is continuous at every point of R® where 
its denominator does not vanish. 


2. THE MULTIPLICATIVE GROUP R* 


We know from Chapter ITI, § 6, no. 7, that the topology induced on R* 
by the topology of the real line is compatible with the multiplicative group 
structure of R*; since R* is an open subset of the locally compact space 
R, it follows that R* is a locally compact topological group (Chapter I, 
§ 9, no. 7, Proposition 13) and is therefore complete (Chapter ITI, § 3, no. 3, 
Corollary 1 to Proposition 4; this follows also from Chapter III, § 6, no. 8, 
Proposition 8); of course, this latter property relates to the multiplicative 
uniformity on R* and not to the uniformity induced on R* by the addi- 
tive uniformity of R. 

The function xy maps the set Q, x Q, into Q,, and therefore it 
maps R, X R,; into R, (Chapter I, § 2, no. 1, Theorem 1); in other 
words, the product of two real numbers >o is 20. The formulae 
(— *) y = —xy and (—x)(—.y) = »~ then show that the product of a 
number 20 anda number <o is <o, and that the product of two 
numbers <o is 20; from this it follows that 


(1) |xy| = [a] -| >I 


(which might also have been obtained by extension of the corresponding 
relation on Q x Q). 

If x«>o and y>o we have xyo0, and therefore xy >0; 
likewise, if x<o and »y>o, then xy<o0; and if x<o and y<o, 
then xy>o0. In particular, if «40 we have x? > 0, so that a sum of 
squares of real numbers cannot be zero unless each of the numbers is zero. 

If x>o and y<z (resp. y<z) we have xy < xz (resp. xy < xz) 
in other words, a homothety of ratio > preserves order on R. Since 
(— x) » = — xy, a homothety of ratio <o changes the ordering on R 
into the opposite ordering. 
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If x >o0 we have 1/x >0, since x.(1/xs) =1>0. If o< x<y 
we have xy>0, hence x.(1/xy) <_y.(1/xy), that is 1/y<1/x. Hence 
the mapping x—1/x of the set R} of real numbers >o onto itself 
is strictly decreasing. 


We see in the same way that the function 1/x is strictly decreasing in 


]<-, o[, and therefore the function is strictly decreasing in each 


of the intervals ]<-, a[ and Ja, >[. 


It follows from what precedes that R4 is a subgroup of the multiplicative 
group R*; moreover, the order relation x <_y is compatible with the 
multiplicative, group structure of R%; in other words, R% isa linearly 
ordered group. 


The fact that the product of two real numbers >o is oO can be 
expressed by saying that R_ is an ordered field: all the above properties 
are common to all ordered fields. 


Proposition 2. The multiplicative group R* of real numbers 4O ts a 
topological group isomorphic to the product of its subgroups RX and Upy, where 


Us, = f—1,4 1}. 


For each xo let sgnx denote ial (sign of x). The function sgn 
x 

is a homomorphism of R* onto Uy. We have x = |x|sgn x, and this 

decomposition of x as the product of an element of R} and an element 

of U, is unique; hence the group structure of R* is the product of the 

group structures of Ri and U,. On the other hand, the mapping 


x —> |x| is continuous, and so is x sgn x = pay since x0. Hence 
the result. || 
We extend the function sgn to the whole of R_ by putting sgn 0 = o. 


We shall see in Chapter V (§ 4, no. 1, Theorem 1) that the topological 


group R* is isomorphic to the additive group R; this will complete the 
determination of the structure of the topological group R,. 


3. nTH ROOTS 
Let n be any integer >o0. From the relation 0o<«<_y we deduce, 


by induction on zn, that o<x"<»"% In other words, the function 
x —>x" is strictly increasing for x 20; it is clearly continuous at every 
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point and therefore (§ 2, no. 6, Theorem 5) it is a homeomorphism of R, 
onto an interval I. On the other hand, since x21 implies x*-1>1 
and therefore x" > x, it follows that I is not bounded and hence I = R,. 
The value, for x 20, of the inverse of the mapping x-—>x" is denoted 


by x4? or Vv x and is called x to the power 1/n or the nth root of x (for 
n = 2, 3 we Say square root, cube root; for n = 2 we write Vv x in place 
of Vx). The positive number x!" is thus defined as the unique positive 
solution of the equation 


(2) yux (x30). 
In particular we see that there is a real number x such that x? = 2, 


whereas no rational number has this property; thus we recover the fact 
that the rational line Q is not a complete space. 


The mapping x > x" of R, onto itself is stricily increasing and continuous. 
By (2) we have o1/" = 0, 1" = 1, also 


(3) (xy) un = xn yin, 
hence x — x” is an automorphism of the topological group R4. 


In Chapter V, § 4, no. 1, we shall generalize this result by finding all the 
automorphisms of the multiplicative group R*. 


4. THE EXTENDED REAL LINE 


1. HOMEOMORPHISMS OF OPEN INTERVALS OF R 


Proposition 1. All non-empty open intervals of R are homeomorphic to R. 


Consider first a bounded open interval I = Ja, b[ (a< 6). For each xel 


put fe) =—( 74. 


This function is continuous and 
x—a x—b 


strictly increasing on I, for we have seen that 
I 
x — 
is a homeomorphism of I onto an interval f(I) of R (§ 2, no. 6, 
Theorem 5). /f (I) is neither bounded above nor below; if, for example, 


be? awe : 
ree strictly decreasing 


in }<, 5[ and 


strictly decreasing in Ja, >[{. It follows that f 
a 
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we had f(x) <c¢ for all «eI, it would followthat 1 — Jets < c(6 — x), 
x—a 


since )—.x > 0; and this leads to a contradiction when «x is sufficiently 
near 6 (by virtue of the continuity of the two sides of the inequality, 
which are rational functions, at the point 5). Hence {(I) =R, and 
therefore every bounded open interval is homeomorphic to R. Let g 
be the inverse of f: it maps every unbounded open interval of R onto 
an interval J contained in I and open in I. Since I is openin R, 
J is also open in R; since it is bounded, it is homeomorphic to R; 
and thus we have proved that every unbounded open interval is homeo- 
morphic to R. 


Remark. To show that all bounded open intervals are homeomorphic 
to each other, it would be enough to remark that, if a4 b and a’ 40’, 
there is a homeomorphism of R_ onto itself, of the form x«x-—>ax-+ 8 
(and only one) which maps a to a’ and 6 to 6’, and hence maps 
the open (resp. half-open, closed) interval with end-points a, 6 onto 
the open (resp. half-open, closed) interval with end-points a’, 6’; the 
reader may easily verify this by calculating « and 8. 


2. THE EXTENDED LINE 


We shall now define, by adjoining two new elements to R, a topological 
space R_ such that every homeomorphism of R onto a bounded open 
interval I of R can be extended to a homeomorphism of R onto the 
closed interval having the same end-points as I. 

Let R_ be the set obtained by adjoining (Set Theory, R, § 4, no. 5) 


two new elements to R, denoted by — oo and + o. We extend the 
ordering on R to R_ by putting —.2<a and a<-+o for all 
aeéR, and —x«0<-+ 0; it is clear that we thus obtain a linearly 


ordered set, whose ordering induces the ordering of the real line on R. 
Next, consider the topology on R generated by the set of open intervals 
of R. Since the trace on R ofan open interval of R_ is an open interval 
of R, this topology induces on R the topology of the real line. 


Derinirion 1. The set R endowed with the order structure and the topology 
defined above is called the extended real line. 


When using the extended line R_ it is often convenient to refer to its 
points as real numbers, by abuse of language; the points of R_ are then called 
finite real numbers. We shall adopt this convention in this section and the 
three following sections of this chapter; whenever we adopt this convention 
in future we shall indicate explicitly to which part of the text it extends. 
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If a is a finite real number, the intervals [a, + of and ]— o, a} 
(resp. Ja, + o[ and j— o, a[) of R are contained in R and coin- 
cide with the intervals of R hitherto denoted by [a,->[ and ]<, a] 
(resp. Ja, >[ and ]<-, af); this new notation is much more often used. 
Again, R_ coincides with the interval ]——- 0, + of of R, and is some- 
times so denoted. 


ProposiTIon 2. Every homeomorphism f of R onto an interval ja, b[ can 
be extended to a homeomorphism f of R onto [a, 6]. If f is an increasing 
function, then f is an order isomorphism of R onto [a, 6). 


Let f be an increasing homeomorphism. If we extend f to R_ by 
putting f(— 0) =a and f(+ ») =4, it is obvious that f is a 
strictly increasing mapping (and therefore a bijection) of R onto [a, 6]. 


Hence # maps every open interval of R onto an interval which is open 
with respect to [@, 5], and is therefore a homeomorphism of R_ onto 
[@, 6] by reason of Definition 1 and Proposition 5 of § 1, no. 4. 

If f is decreasing, we apply what has been proved to the increasing 
homeomorphism x ——f(x) of R onto J— 6, —af{. 

All the properties of the interval [a, 6] obtained in § 2, which involve 
only the order structure and the topology of the interval, can therefore 


be transported to R; hence the following propositions : 
Proposition 3. The extended real line is compact. 


Hence (Chapter II, § 4, no. 1, Theorem 1) there is a unique uniformity 
on R compatible with its topology; this uniformity is isomorphic with 
the uniformity induced on [a, 5] by the additive uniformity of R. 
But it should be remarked that the uniformity induced on R_ by that 
of R is not the additive uniformity of R (although it is compatible with the 
topology of the real line); for R_ is a complete space with respect to its 
additive uniformity, but is not a complete subspace of R, since it is not 
closed in R. 


Proposition 4. Every non-empty subset of R has a least upper bound and a 
greatest lower bound. 


The least upper bound (resp. greatest lower bound) of a non-empty subset 
A of R is denoted by supA (resp. inf A). Clearly 


(1) inf A < sup A. 


If Ac B, then sup A < sup B and inf A 2 inf B (Set Theory, 
Chapter ITI, § 1, no. 9, Proposition 4). 
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ProposiTion 5. A subset A of R is connected if and only if A is an interval. 
Coronary. The extended real line is a connected, locally connected space. 


Proposition 6. A mapping f of an interval I of R into R is a homeomor- 
phism of 1 onto f (1) tf and only if f is strictly monotonic and continuous on 1; 
S (I) is then an interval of R. 


Finally, the functions sup (x,y) and inf (x,y) are continuous on R X R. 


3. ADDITION AND MULTIPLICATION IN R 


Note first that the function —x can be extended by continuity to R, 
according to the formulae —(— 0) = + © and —(+ 0) =— ; 
the function thus extended is a homeomorphism of R_ onto itself. 


Next, consider, the functions «+ y» and xy, defined on R xX R, 
with values in R; by considering that they take their values in the topolog- 
ical space R, we shall see that they too can be extended by continuity 
at certain points of R X R. 


Sofaras x + y isconcerned, let A’ = ]— 0, + o]and A" =[—oo, 
+ oof. Then we have the following proposition : 


Proposition 7. The function x+y can be extended by continuity to each of 
the sets A’ x A’ and A" x A", according to the formulae 


(2) x+(4+ 0) =(+0)4+*=+0 (x 4 — 00), 
et (—02)=(—a)+e=—0 (ex +x). 


Let us show, for example, that as (x, y) tends to the point (a, + «) 
(a4— 0) while remaining in R x R, «+ tends to -+- 0. There 
exists a finite number 4 <a, and the interval ]b, + o[ is a neighbour- 
hood of a in R; given any finite c, the relations x > b and y>c—b 
imply x-+y>c, and this shows that x-+y is as near as we please 
to -+- co whenever (x, 7) is near enough to (a, + 0). The argument 
is similar in the other cases. 


On the contrary, x+y has no limit at the points (— », + 0) and 
(+ 0,— 0) of Rx R. For if x+y had limit k (finite or infinite) 
as (x,y) tends to (+ 0, — 00) while remaining in R x R, it would 
follow that, for each finite a, the function (x + a) — x would tend to k 
as x tends to + co while remaining in R; and this is absurd, since 
(x-+@)—x=a and a is arbitrary. 
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The function x+y maps A’ x A’ (resp. A” x A”) into A’ (resp. 
A"). It is therefore a law of composition on A’ (resp. A’) which extends 
the law of addition on R. By the principle of extension of identities 
(Chapter I, § 8, no. 1, Corollary 1 to Proposition 2) this law is commutative 
and associative; o is the identity element for this law; and the only non- 
regular element (Algebra, Chapter I, § 2, no. 2) of A’ is + 0, by formu- 
lae (2). 


If x, y, z, £ are points of R such that «<y and z<#, then 
x -+2<y-+2# whenever both sides of this inequality are defined. 


Note that in R the relation x<y implies x + z<y+< only if z 
is finite, by formulae (2); it is easily verified that the relations x<_y and 
z<t imply x +z<y+# whenever both sides of this inequality are 
defined. 


In R we put xt = sup (x, 0), x- = sup (—x, 0), |x| = sup (x, — x); 
thus (+ 0)+=(—.o)-=+o and (+ 0)-=(—o)t=0, and 
|+ 0o]f =|—o|=-+ 0. The sums x+—x- and «x++x- are 
defined for all xeR and are therefore equal to x and |x| respectively 
by the principle of extension of identities. Also, whenever the sum x + y 
is defined, we have |x + | < |x| + |]. 


Note on the contrary that formulae (6) and (7) of § 1, no. 1 may no 


longer make sense for certain values of x and y in R; for example, if 
x= —oo and y =o we have sup (x,y) = 0, but thesum x + (y—x)+ 
is not defined, because (y — x)+ = + ©. 


Let R* denote the complement of o in R. Then the analogue of 
Proposition 7 for multiplication runs as follows: 


Proposition 8. The function xy can be extended by continuity to the set R* x R* 
according to the formulae 


+o if x>0 
—o if *<o 
co if x>o0 
o if x<o. 


x.(+ 0) = (+ o).xe= 


(3) = 
x.(— 0) = (— co). =} 


We leave the proof to the reader; it is analogous to the proof of Propo- 
sition 7. 

Likewise, we see that xy has no limit at the points (0, + 00), (+ 0,0), 
(0, — 0), (— 0, 0) of RXR. 
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The function xy is a law of composition on R* which extends the law 
of multiplication on R; this law is associative and commutative (principle 
of extension of identities) ; it has 1 as identity element; and the non-regular 
elements in R* are + o and — oo. 

If x<y and z>0 we have xz < yz whenever both sides of this 
inequality are defined. If the product xy is defined, then so is |z|.| | 
and we have |xy| = |x|.| |. 

Finally, the distributivity formula 


(4) x(y +2) = ay xz 


is still valid, by virtue of the principle of extension of identities, whenever 
all the operations which figure on either side are defined. 


Note that it can happen that the left-hand side of (4) is defined while 
the right-hand side is not : for example, consider the case where x = + 0, 
y=2 and z=—r1. The distributivity formula should therefore be 


used with caution in R. 


5. REAL-VALUED FUNCTIONS 


1. REAL-VALUED FUNCTIONS 


DEFINITION 1. A mapping of a set X into the real line is called a real-valued 
function (or real function) defined on X. 


By an abuse of language analogous to that mentioned in § 4, no. 2, mappings 
of X into R will also be called real-valued functions defined on X in this 
and the following section. Mappings of X into R_ will be called finite real- 
valued functions. 

If f and g are two real-valued functions defined on X, the relation 
JS <zg is by definition equivalent to “f(x) < g(x) for all xe X;” this 
relation is an ordering on the set R* of all real-valued functions on X. 
The set R,* ordered by this relation, is a lattice; for if f and g are any 
two real-valued functions, the function h defined by h(x) =sup (f(x), 2(x)) 
for all xe X is the smallest of the real-valued functions on X which 
are both > f and 2 g; in accordance with general notation, we denote this 
function (which isthe least upper bound of f and g in R®) by sup(/, 8): 
Similarly, the function whose value at each xe X is inf (f(x), g(x)) is 
denoted by inf (fg). 
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Note that sup (f, g) is the composition of the mapping 
(u, v) —> sup (4, 2) 


of RxR into R and the mapping x-—> (f(x), g(x)) of X into 
R x R. Similarly for inf (f, g). 


A real-valued function f defined on a set X is said to be bounded above 
(resp. bounded below) in X, if f(X) is a subset of A” = [— oo, + oo] 
and is bounded above (resp. if f(X) is a subset of A’ = ]J— oo, + o] 
and is bounded below). / is said to be bounded in X if it is bounded 
both above and below, that is if f(X) is a bounded subset of R. 


Every bounded function is therefore finite. The converse is false, as is 
shown by the function 1/* on R%= Jo, + of. 


2, REAL-VALUED FUNCTIONS DEFINED ON A FILTERED SET 


Proposition 1. Let f and g be two real-valued functions defined on a set X 
filtered by a filter &. If limg f and limg g exist, and if, for each subset Ae &, 
there exists xe A such that f (x) < g(x), then we have limg f < limg g. 


To prove this result we shall prove the following equivalent statement : 


Proposition 2. Let f and g be two real-valued functions defined on a set X 
Jiltered by a filter &. If limgf and limgg exist, and if limg f > limg g, 
then there is a set Ae & such that f (x) > g(x) forall xeA. 
Let a=limg f, let 6 =limg g and let ¢ be such that b<c<a. 
The interval Jc, + 0] of R (resp. [— 0, e[) is a neighbourhood 
of a (resp. 6); hence there is a set Me (resp. a set Ne§) such 
that f(x) >c for all xeM [resp. g(x) <c for all xeN]. The 
set A=MnN belongs to §, and we have f(x) >c¢> g(x) for all 
xeA, 

As a particular case of Proposition 1 we have the following theorem : 


TuEorem 1 (Principle of extension of inequalities). Let f and g be 
two real-valued functions, defined on a set X filtered by a filter &. If limg f 
and limg g exist, and if f < g, then limg f < limg g. 


Remark. If in particular we have f(x) < g(x) for all xe@X (or only 

for all points of a set of the filter R) we can infer, by Theorem 1, that 

limg f < limg g; but we cannot infer the strong inequality lims f < limg g. 

For example, if we take X to be the set N of natural numbers, filtered 

by the Fréchet filter, and if f(n) =o and g(n) = 1/n, then f(n) < g(n) 

for all n, but lim f(n) = lim f(n) = 0. Thus we lose strictness when we 
n>oo n> 


pass to the limit in a strict inequality. 
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THEOREM 2 (Theorem of the monotone limit). Let X be an ordered set and 
let A be a directed subset of X (*). Every monotonic real-valued function f 
defined on A has a limit with respect t0 A (Chapter I, § 7, no. 3); if f zs 
increasing (resp. decreasing), this limit is equal to the least upper bound (resp. 
greatest lower bound) of the set f (A) cR. 


Suppose for example that f is increasing, and let a@=supf(A). If 
a=—o, the theorem is trivial. If a >— 0, then for each b<a 
there exists xe@A such that b</(x) <a; hence, if S, is the section 
of A relative to x (ie. the set of all » >, cf. Chapter I, § 6, no. 3), 
SF (S,) is contained in the neighbourhood ]4, + 0] of a, and the theorem 
follows. ‘The proof is analogous if f is decreasing. 


CoroLLaRy. An increasing (resp. decreasing) real-valued function, defined 
on a directed subset A of an ordered set X, has a finite limit with respect to A 
if and only if it is bounded above (resp. bounded below) in A. 


If we apply Theorem 2 to the case where A = X =N (ordered by the 
relation <), we have the following proposition : 


Proposition 3. Every monotonic sequence of real numbers has a limit in R. 
In particular, every increasing (resp. decreasing) sequence of finite numbers 
converges to a finite real number if it is bounded above (resp. bounded 
below) and to + 2% (resp. — 2%) otherwise. For example, the sequence 
of positive integers converges to + c. 


This fact is the origin of the notation lim u, to denote the limit of a sequence 
(Chapter I, § 7, no. 3). iid 


Likewise, every strictly increasing sequence of integers (p,) converges to 
+ co; for we see by induction that 6, > fy +n forall n. 


3. LIMITS ON THE RIGHT AND ON THE LEFT OF 
A FUNCTION OF A REAL VARIABLE 


Let A be a non-empty subset of R and let a4— x be a point of 
R lying in the closure of the set B=An[—oo, af. The set B is 
directed with respect to the relation <, and its section filter % is the same 
as the trace on B of the neighbourhood filter of a in R. 


(*) This statement assumes implicitly that the ordering in X is written 
x <¥y. If this relation is written x(c)_y, where (c) is a certain sign or group of 
signs characteristic of the relation envisaged, then the word “ directed ” in the 
statement must be replaced by “directed with respect to (s)’’. 
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Derinition 2. Let f be a function defined on a non-empty subset A of R, with 

values in a topological space X. A limit of f with respect to the filter &, if it 

exists, is called a limit of f on the left at the point a, relative to A, and ts denoted by 
lim 5 S (x), orf (a—), if X is Hausdorff. 


2ra, r<a, LE 


Likewise, if a is in the closure of the set An Ja, + 00], we define a limit on 
the right (if it exists) of f at the point a, and denote it by lim SF (*)s 
or f(a+), if X is Hausdorff. Bra, w>a, ZEA 


The following proposition is an immediate consequence of Theorem 2: 
Proposition 4. Let A be a subset of R and let aA— ox be a point in 


the closure of the intersection An[— 0, a[. If f is a monotonic real-valued func- 
tion defined on A, then f has a limit f (a—) on the left at a, relative to A. 


4. BOUNDS OF A REAL-VALUED FUNCTION 


DEFINITION 3. Let f be a real-valued function defined on a set X, and let A 
be a non-empty subset of X. Then the least upper bound (resp. greatest lower 
bound) of the set f(A) in R is called the least upper bound (resp. greatest lower 
bound) of f in A, and is denoted by sup S (*) PsP: sat St ai: 

ve ze 


In particular, if A is a non-empty subset of R, then 


(1) sup A = sup «x. 
Tea 


It is often more convenient to use the notation on the right-hand side 
to denote the least upper bound of A. 


The number a = sup f(x) is characterized by the following two proper- 
ties : wes 


(i) For all xe A, f(x) <a. 
(ii) For every 5 <a, there exists xe A such that b</f(x) <a. 

The numbers sup f(x) and inf f(x) belong to the closure of f(A) 
in R. We have inf S (x) < sup. J (x); and these two numbers are equal 
if and only if f is Gansta on ia 


A real-valued function, defined on a set X, is bounded above (resp. 
bounded below) in a non-empty subset A of X ifand only if sup f (x) < + o 


eA 
[resp. inf f(x) > — oo]. / is boundedin A ifand only if| Ff |is bounded 
z2eGA 
above in A, hence if and only if sup |f(x)| < + 2. 
ceA 
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We have 
(2) inf f (x) = — sup (—f (x)). 
2eA zea 
This relation reduces all properties of the greatest lower bound to 


those of the least upper bound; hence in general we shall speak only 
of the latter. 


Proposition 5. Let f be a real-valued function defined on a set X. On the 
set &(X) of all finite subsets of XX, directed with respect to the relation c, the 
real-valued function H->supf(x) is increasing, the real-valued function 


H 
H > inf f(x) ws decreasing, and we have 

z7eH 
sup f(x) = lim (sup f(*)), 
ZEA R(X) wen 
inf f (*) = “lim (inf f (x)). 
TEA 


eR(X) cen 


(3) 


Let 9(H) = sup J (*). Clearly 9 is increasing, and therefore has a 
limit a (no. 2, Theorem 2); and since 9(H) < sup J (*) for all H, we 
have a< sup J (*) (no. 2, Theorem 1). If we ‘had a<sup f(x), then 
there would « an Xy@X such that a</f (x9); but this is 2 conbadicton 
since 9(H) 2 f(%9) whenever x, e H. = 

In particular, by (1), if A is any non-empty subset of R, we have 


(4) sup A= lim (sup ). 
HERA) eH 


Proposition 6. Let f and g be two real-valued functions defined on X. 


If f(x) < g(x) at every point x of a non-empty subset A of X, then we 
have 


sup S(*)< sup. g(x), 
(5) : me 


inf f (x) 
cea 


Proposition 7. Let f be a real-valued function defined on X. If A and B 
are two non-empty subsets of X such that ACB, then 


(6) sup f (*) < sup f(x). 
cea ceEB 
Proposition 8. Let f be a real-valued function defined on X, and let (A,),e 
be a non-empty family of non-empty subsets of X; then 
(7) sup f(x) = sup (sup f(x)). 
tGI xGA, 


zeVAa, 
créer 


inf g(x). 
cea 
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Let f be a real-valued function defined on a product set X, x X,. 
If A, is a non-empty subset of X, we shall denote by gue S (*1) %) 
the least upper bound in A, of the real-valued function “ atl +f (¥1, %g) 
defined on X,. From Proposition 8 we deduce in particular : 


Proposition g. Let f be areal-valued function defined on a product set X, X Xq. 
Df A, Ag are any non-empty subsets of X,, Kg respectively, then 


(8) sup f (x1, 2) = Gap Cap a (4, %2)) = aCe (#1 ¥9)). 


(@4, DgVEAX<As 


5. ENVELOPES OF A FAMILY OF REAL-VALUED FUNCTIONS 


Derinition 4. Let (fi)rer be a family of real-valued Junctions defined on a 
set X. The real-valued function on X whose value at each point xe X is 
sup (A(*)) [resp. inf (f,(x))] ts called the upper (resp. lower) envelope of the 


11 
faniily (f,), and is denoted by sup Si or sup vA (esp. inf f, or inf f, ‘): 
ter t 


The upper envelope of the family (f,) is thus the least upper bound of this 
family in the lattice R of real-valued functions defined on X, and this 
justifies the notation sup /,. 
t — 
Furthermore, if we endow R* with the topology which is the product 
of the topologies of its factors (all identical with R), we have the following 


proposition : 


Proposition 10. In the product space RX the upper envelope supf, of a 
t 


family of real-valued functions (f,),eq is the limit, with respect to the directed 
set &(I) of finite subsets of I, of the mapping H —-supf, [which maps 
eH 


t 
each finite subset H of I to the upper envelope of the finite subfamily 


(SA)ven]- 


This follows immediately from Proposition 5 of no. 4 and from Chapter I, 
§ 7, no. 6, Corollary 1 to Proposition ro. 


We may therefore write 


(9) sup f, = lim (sup Ji). 


tel Hes) \teH 


Derinition 5. A family (fier of real-valued functions defined on a set X& 
is said to be uniformly bounded above (resp. uniformly bounded below) in X, 
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if there exists a finite number a such that fi(x) <a [resp. f,(x) 2a] for all 
xe@X andall yel. The family (f,) is said to be uniformly bounded in X 
if it is uniformly bounded above and below in X. 


Thus (f) is uniformly bounded above in X if and only if the upper 
envelope of this family is bounded above in X. (f,) is uniformly bounded 
in X if and only if the upper envelope of the family (| f,]) is bounded 
above in X [i.e. if and only if there is a finite real number a4 20 such 
that | f(x)| <a for all xe X andall vel]. 


6. UPPER LIMIT AND LOWER LIMIT OF A REAL-VALUED FUNCTION 
WITH RESPECT TO A FILTER 


Let f be a real-valued function defined on a set X filtered by a filter 
@. @ is a directed set with respect to the relation > (Chapter I, § 6). 
For each Me @ consider the real number sup f(x): we have a function 


ae 2eM 
M ->sup f(x) of @ into R, which is a decreasing function on G, by 
eM 
Proposition 7 of no. 4. Hence, by Theorem 2 of no. 2, it has a limit with 
respect to the directed set ©. 
Dermition 6. The limit of the real-valued function M-—>sup f(x) with 


eM 
respect to the directed set @ is called the upper limit of f with respect to the filter 
@, and is denoted by lim supg f, or by lim sup, gf (%). 


The lower limit of f with respect to the filter @ is defined similarly, 
and is denoted by lim infy f or lim inf, gf (x). Thus we have 
lim supgf = lim (sup f(%)), 

MeE@ rem 


lim infg f= irae Aint 4) ): 


(10) 


Often the filter @ is suppressed from the notation, and we write simply 
lim sup f or lim sup, f (x), or lim sup f(x) when there is no risk of 
confusion. 


From formulae (10) and Theorem 1 we have 
(11) inf f (x) < lim infg f < lim supg f < sup f(x). 
cex rex 
By Theorem 2 of no. 2 we may also write 
lim supg f= inf (sup f (x)), 
MEG czEeM 


lim infy f = sup (inf (x)). 


s 
ME@zeEM 


(12) 
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Also we may replace the filter @, on the right-hand sides of formulae (10) 
and (12), by any base B of G. 

From (2) and (10), 
(13) lim infg f = —lim supg (—/S) 
and therefore we need consider only the upper limit. 
THEOREM 3. The upper limit of a real-valued function f with respect to a 
filter @ is equal to the largest cluster value of f with respect to W. 


Let 5 be a cluster point of f with respect to @. Foreach MeG, 


6 lies in the closure of f(M), hence 6 < aap J (*), and therefore, by (12), 
b < lim supg f = a. 


On the other hand, let V_ be any open neighbourhood of a in R. 
Then there exists a set M, in © such that, foreach Me @ contained in 
M,, we have au J (x) eV; since V is open it follows that f(M) meets 


V, and theretae a is a cluster point of f with respect to G@, and the 
proof is complete. 


Corotiary 1. Jn order that lim supgf = lim infgf, it is necessary and 
sufficient that f has a limit with respect to the filter G, and then 


ling f = lim supg f = lim infg f 
For since R is compact, the filter base {(@) has a limit point if and 


only if it has only one cluster point (Chapter I, § 9, no. 1, Corollary to 
Theorem 1). 


Corouiary 2. If § is a filter finer than @, we have 
lim infg f < lim infg f < lim supg f< lim supg f. 
For every cluster point of f with respect to is also a cluster point 
of f with respect to @ (Chapter I, § 7, no. 3). 
In particular, if limg f exists, then 
lim infg f<limg f< lim supg f 


Corotiary 3. Let A be a set of the filter @, let G, be the filter induced 
on A by @, and let f, be the restriction of f to A; then 


lim supg, /, = lim supg f. 


For every cluster point of the filter base {(@) is a cluster point of the 
filter base f,(G,), and conversely. 
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For this reason, if f is defined only on a subset A of X_ belonging to 
@, we shall often write lim supg f instead of lim supg, f,, by abuse 
of language. 


Proposition 11. Let f and g be two real-valued functions defined on a filtered 
set X. Then the relation f < g implies 


(14) lim sup f < lim sup g, 
4 lim inf f < lim inf g. 
This is an immediate consequence of the relations (12). 


When X is a topological space and © is the neighbourhood (filter of a point 
a of X, we write lim a SUP SF (x) [resp. lim inf “f (x)] in place of lim supg f 


[resp. lim infg /]; clearly we have 
(15) lim inf S(*) <f(@) < lim n sup S (x). 
More generally, if X is a subspace of a topological space Y, and if 


@ is the trace on X of the neighbourhood filter of a point ae X, we 
write lim sup f(x)  [resp. a int J (*)] instead of lim supg/ [resp. 


>a, vex 
lim infg Sf 1; lim sup is called ‘the 1 upper limit of f(x) as x tends to a while 
wa, rex 


remaining in X. If X is the complement of fa } we write “x 3a” 
in place of “xe X” in these notations. 


If A is a subset of X such that ae A, then (Corollary 2 to Theorem 3) 
lim inff(x) < era » if (x) < lim sup S (*) < lim sup f(x). 
Za. rEX 


@>a, rEX ura, 2EA 


If V isa sdlibusnsed of a in Y, we have (Corollary 3 to Theorem 3) 
lim sup f(x) = tiny sup. F (x). 


az>a, 2cEVNX 


Hence the notions of upper and lower limits at a point of a topological space 
are, like the notion of limit, of local character. 


Finally, if @ is the Fréchet filter on N, the upper (resp. lower) limit, 


with respect to @, of the mapping n->u, of N into R is denoted by 
lim SUP Up (resp. be inf u,) and is called the upper (resp. lower) limit 


of the sequence of real numbers Une 


The relation lim supu, = aéR_ is therefore equivalent to the pe : 
n>w 


given any <> o there exists an integer m) such that, for each n> 

we have u, < a+e¢, and for an infinity of values of n we have u, > Pim 
The definition of the upper limit of a sequence may be translated similarly 
when its value is + 0© or — oo, 
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Given a sequence (f,) of real-valued functions defined on a set X, 
we denote by _ SUP Sn (resp. lim inf f,) the real-valued function 
n>» 


whose value at any “point xeX is im Sup Sn(x) [resp. i, inf Si(x)]. 
From (10) and (12) we deduce 


lim sup f, = inf (sup f,) = lim (sup fy), 
(16) Late nEN m2n n>o =mZzn 
lim inf f, = sup (inff,,) = lim (inf f,), 
n>co nEN m2n n>o men 
the limits being taken in the product space R*. The sequence (/f,) has 
a limit in R* if and only if lim sup h= mere inf Sn (Corollary 1 to 


Theorem 3, and Chapter I, § 7, no. 6, “Corollary I to Proposition 10). 


7. ALGEBRAIC OPERATIONS ON REAL-VALUED FUNCTIONS 


Let f and g be two real-valued functions defined on a set X; if the 
sum f(x) + g(x) [resp. the product f(x) g(x)] is defined for all «eX, 
then we denote by f+ g (resp. fg) the real-valued function 


x—>f(x) + a(x) — resp. x >f(x)g()]. 


Again, if 1/ f(x) is defined for all xe X, then 1/f denotes the function 
x —> 1] f(x). 


This last function is therefore defined provided f does not take the value 
0; when f takes its values in the interval [0, + 0] (resp. in [— 0, o]) 
1/ f (x) as everywhere defined by putting 1/o = + o (resp. 1/o = — «); 
in this case the function 1/f is defined. 


Suppose that X is filtered by a filter §, and that limgf and _ limg g 
exist. If on the one hand the function f+ g (resp. /g, 1/g) is defined, 
and if on the other hand the expression limg f + limg g (resp. limg f. limgg, 
t/limg f) has a sense, then limg (f+ g) [resp. limg fg, limg (1//)] 
exists and is equal to this expression by reason of the continuity of the 
function x + y (resp. xy, I/x) at points where it is defined. 


ProposiTIon 12. Let f and g be two real-valued functions defined on a set X, 
and let A be a non-empty subset of X. 


(i) We have 
(17) sup (f(x) + g(x)) < sup f (+) f ap a(x), 
(18) up oF (x) + inf g(x) < sup (F(x) = EO): 


whenever both sides of these inequalities are defined. 
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(ii) If f(x) and g(x) are 20 for each xe A, then 

(19) sup (f(+)g(#)) < sup f(x) sup g(*), 

(20) muy (x) inf g(x) < sup (f jels)) 

cea cea cea 

whenever both sides of these inequalities are defined. 

(iii) If f(x) 20 forall xe A, then 

(21) sup (1/ f(*)) = 1/inf f(*) 
cea zceA 

(putting 1/0 = + 00), 

Let H_ be any finite subset of A. If xg is one of the points of H 
where f+ g takes its greatest value, then we have 


S (%o) + g(x) < sup f (*) + sup &(*)3 


on the other hand, if x, is one of the points of H where / takes its 
greatest value, then 


FH) + g(a) > sup f(«) + inf g(x); 


therefore 
sup f (*) eo oe f a(#) < sup (f(*) + g(x)) < < sup f(*) + nd g(x). 


The inequalities (17) and (18) follow from this by applying Proposition 
5 of no. 4 and Theorem 1 of no. 2. The proofs of the other inequalities 
are analogous. 


Corottary 1. Let f be a real-valued function defined on X, and let k bea 
real number. Then 


(22) sup (f(x) + k) =k + sup f(x) 
rea cGA 
whenever both sides are defined, and, if k > 0 
(23) sup (kf (x)) = k.sup f(x) 
ceA cea 


whenever both sides are defined. 


Coro.iary 2. Let f, and f, be two real-valued functions defined on sets 
X,, X, respectively; then if Ay, Ag are any non-empty subsets of X,, X, 
respectively, we have 


(24) sup _ (Aa) + Sfa(%)) = done Ai) + en Salm) 


(@yr%_)EA<A 
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whenever both sides are defined; and if f,, fy are 2O in Aj, Ag respectively 
we have 


(25) sup, (fil) fal*2)) = Bey Alt) sup Sa(*a)» 


(4,02) EA XA, 
whenever both sides are ahd 


This is an immediate consequence of the preceding corollary and Proposi- 
tion 9 of no. 4. 

In particular, if A and B are two subsets of R_ such that the set 
A+B ofsums «+» (xe A,yeB) is defined, we have 


(26) sup (A + B) = sup A + sup B 


if the right-hand side is defined. Again, if A and B are two subsets 
of [o, ++ 00], we have 


(27) sup AB = sup A.sup B 


whenever both sides are defined. 


Proposition 13. Let f and g be two real-valued functions defined on a filtered 
sei X. 


(i) We have 
(28) lim sup (f+ g) < lim sup f+ lim sup g, 
(29) lim sup f + lim inf g < lim sup (f+ g) 


whenever both sides of these inequalities are defined. 
(ii) If f and g are 20 on X, we have 


(30) lim sup fg < (lim sup f) (lim sup g), 
(31) (lim sup /) (lim inf g) < lim sup fg 


whenever both sides of these inequalities are defined. 

(iii) If f2o0 on X, then 

(32) lim sup (1/f) = 1/(lim inf f) 
(putting 1/o = + 0). 


These relations are consequences of Proposition 12 and relations (10) 


Corottary 1. Let f and g be two real-valued functions defined on a filtered 
set X. If lim g exists, then 


(33) lim sup (f+ g) = lim sup f + lim g 
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whenever both sides are defined, and 


(34) lim sup fg = (lim sup f) (lim g) 
whenever both sides are defined and f and g are 20. 
Coro.uary 2. Let f and g be two real-valued functions defined on a filtered 
set X. Jf lim f=-+ o and lim infg>— oo and f+ its defined, 


then lim (f+g)=+o. Jf lim f= +0 and lim inf g>o0 and 
Je is defined, then lim fe = + 0. 


6. CONTINUOUS AND SEMI-CONTINUOUS 
REAL-VALUED FUNCTIONS 


1, CONTINUOUS REAL-VALUED FUNCTIONS 


Besides the general properties of continuous functions with values in an 
arbitrary topological space (Chapter I, § 2), continuous real-valued 
functions have the following two fundamental properties : 


THEOREM 1 (Weierstrass). Let f be a continuous real-valued function 
defined on a non-empty quasi-compact space X. Then there is at least one point 
aeX suchthat f(a) =sup(f(x)), and at least one point be X such that 


x 

f (6) = inff (x). For f (&) is compact (Chapter I, § 9, no. 4, Theorem 2) 
rex 

and therefore closed in R; hence f(X) contains its bounds. 


This theorem is often stated in the form that a continuous real-valued 
Junction on a non-empty quasi-compact space attains its bounds. 


Corouiary. Jf a real-valued function defined on a non-empty quasi-compact 
Space X is continuous and finite on X, then it is bounded in X. 


THEOREM 2 (Bolzano). Let f be a continuous real-valued function defined on a 
connected space X. If a and b are any two points of X, andif a is a real 
number belonging to the closed interval whose end-points are f(a) and f(b), 
then there is at least one point xe X such that f(x) =a. 

For f(X) is connected (Chapter I, § 11, no. 2, Proposition 4) and is 
therefore an interval of R (§ 4, no. 2, Proposition 5); hence it contains 
the closed interval with end-points f(a) and /(d). 
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This theorem is often expressed in the form that a continuous real-valued 
Junction on a connected space cannot pass from one value to another without passing 
through all intermediate values. 


This property is by no means characteristic of continuous functions; there 
are examples of functions defined on a connected space and discontinuous 
at every point which have this property (Exercise 2). 


2. SEMI-CONTINUOUS FUNCTIONS 


Let f be a real-valued function defined on a topological space X. For 
f to be continuous at a point ae X it is necessary and sufficient that: 
(i) given any real number h</f(a), there exists a neighbourhood V 
of a such that at each point xe V we have h</f (x); (ii) given any 
real number k > f(a), there exists a neighbourhood W of a such that 
at each point xe W we have k > f(x). 

Functions which satisfy only one of these conditions play an important 
part in analysis. To be precise, we make the following definition : 


Derinition 1. A real-valued function f, defined on a topological space X, is 
Said to be lower semi-continuous (resp. upper semi-continuous) at a point 
aeX, if for each h< f(a) [resp. each k>f(a)] there is a neighbour- 
hood V of asuch that h< f(x) [resp. k>f(x)] for each xeV. 

A real-valued function is said to be lower semi-continuous (resp. upper semi- 
continuous) on X if it is lower semi-continuous (resp. upper semi-continuous) at 
every point of X. 


A real-valued function fis therefore continuous at a point a if and 
only if it is both upper and lower semi-continuous at a. 

If f is lower semi-continuous at a point, then —/ is upper semi- 
continuous at this point, and conversely; hence we may restrict ourselves 
in what follows, to considering properties of lower semi-continuous functions. 

It is clear that a function which is lower semi-continuous on X_ is also 
lower semi-continuous on every subspace of X. 


Examples. 1) Tf f has a relative minimum at a point a, that is to say if 
there is a neighbourhood V of a such that, for each xeV, we have 
f(a) <f(x), then f is lower semi-continuous at a. In particular, 
if f(a) = — o, f is lower semi-continuous at a. 

2) Define a real-valued function f on R by putting f(x) =o if x 
is irrational, and f(x) = 1/q if x is rational and equal to the irreducible 
fraction p/q (¢ > 0). For eachinteger n > 0, the set of rational numbers 
b/q such that g <n is closed, and its points are isolated; hence for every 
irrational x there is a neighbourhood V of x such that f(y) < 1/n 
for all yeV, which shows that f is continuous at x; and on the other 
hand, f has a relative maximum at every rational point x. Hence f is 
upper semi-continuous on R. 
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The condition for f to be lower semi-continuous at @ may be expressed 


by saying that, for each h<f(a), the set F (lh, + co]) must be a 
neighbourhood of a. 


It is enough that this condition should be satisfied for an increasing sequence 
(k,) of real numbers < f(a) which tend to / (a). 

Endow R_ with the topology in which the open sets are @ and all 
open intervals of R unbounded on the right (that is, all intervals Ja, + o[ 
for finite a, and the interval [— 0, + co] =]j<,->{). Then the real- 
valued function / is lower semi-continuous at a if and only if it is contin- 
uous at a when considered as a mapping into R endowed with this 
topology. 


Proposition 1. A real-valued function f on a topological space X is lower 
semi-continuous tf and only if, for each finite real number k, ft (Jk, + 00]) [the 
set of all xe X such that f(x) > 4] is an open set in X [or, equivalently, 
i= oo, kJ) is aclosed setin X]. 


For this condition shows that 7 (ks -+-0]) is a neighbourhood of 
each of its points. 


For f to be lower semi-continuous on X it is sufficient that f-! (Jk, + 0]) 
is open in X for all real numbers k& belonging to a dense subset of R. 


Coro.iary. A subset A of a topological space X is open (resp. closed) in 
X if and only if its characteristic function (*) 9, is lower (resp. upper) semi- 
continuous on X. 


For f,(]k, + ©]) is empty for k>1, is equal to A for o<k<1 
and is equal to X for k<o. 


TueoreM 3. Let f be a lower semi-continuous function on a non-empty quasi- 
compact space X. Then there is at least one point ae E such that f (a) = inf f (x) 
(in other words, f attains its greatest lower bound in X). zee 


For each kef(X), consider the set A, = f ([— 0, k]). These sets 
are non-empty and form a filter base on X; since they are closed by Propo- 
sition 1, they have at least one common point a [axiom (CQ”) for quasi- 
compact spaces]. For each xe X we have therefore f(a) </(x), 
and the theorem follows. 


(*) We recall (Set Theory, Chapter ITI, § 5, no. 5) that the characteristic function 
p, ofasubset A of aset X is the function defined on X such that 9,(x) = 1 
for all xeA, and 9,(x) =o for all xeQA. 
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Corottary. Let f be a lower semi-continuous function on a non-empty quas.- 
compact space X. If f(x) >— 0 forall xeX, then f is bounded below 
in X, 


Note that this theorem and the corresponding theorem for upper semi- 
continuous functions include Weierstrass’s theorem as a particular case 
(no. 1, Theorem 1). 


ProposiTion 2. Let f and g be two real-valued functions, lower semi-contin- 
uous at a point ae X. Then the functions inf(f, g) and sup(f, g) are 
lower semi-continuous at a; so is f + g whenever it is defined, and sois fg if 
Jf and g are 20 and the product fe is defined. 


We give the proof for f+ g; the argument is analogous in the other 
cases. The result is clear if either f(a) or g(a) is equal to — 0; 
if not, then f(a) + g(a) >— «0. Every finite number fh < f(a) + g(a) 
can be written as A=r-+s, where r< f(a) and s<g(a) are finite 
[it is enough to take s so that h—f(a) <s<g(a)]; by hypothesis, 
there is a neighbourhood V of a such that, for each xe V, we have 
r< f(x), and a neighbourhood W = such that for each xe W we have 
s<g(x); therefore h=r+s</f(x) +(x) for all points x of the 
neighbourhood Vn W. 

In the same way we see that, if f is lower semi-continuous at a point 
a, andif f20, then 1// is upper semi-continuous at a. 


THEOREM 4. The upper envelope of a family (f,) of functions which are 
lower semi-continuous at a point ae X is lower semi-continuous at a. 


Let g be the upper envelope. For each A<g(a) there is an index 
t such that h</f,(a) < g(a), and a neighbourhood V of a such 
that h</f,(x) for all xeV; hence a fortiori h< g(x) for all xe V. 


It follows from Proposition 2 that the lower envelope of a finite number 
of lower semi-continuous functions is again lower semi-continuous; but 
this is not in general true for the lower envelope of an injinite family of 
lower semi-continuous functions. For example, if r is any rational num- 
ber, let f, denote the function which is equal to 0 at r and equal to 1 
for all real numbers x 7; the lower envelope of the f, is the function g 
which is equal to o for every rational number and 1 for every irrational 
number (‘“ Dirichlet’s function”), and this function is not lower semi- 
continuous at irrational points. 


Corotuary. The upper envelope of a family of continuous real-valued functions 
on a space X is lower semi-continuous on X. 


In Chapter IX, § 1, no. 6, Proposition 5, we shall show that the converse 
of this proposition is true if X is uniformizable (and only in this case): 
every lower semi-continuous function on a uniformizable space is the upper 
envelope of a family of continuous functions. 
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Proposition 3. A real-valued function f, defined on a topological space X, 
is lower semi-continuous at a point ae X if and only if lim inf f(x) = f (a) 
Lra 


[or, equivalently, if and only if lim inf f(x) > /f (a)]. 
“Zra 


The condition is necessary. For, given any h < f(a), there is a neighbour- 
hood V of a such that h</f(x) forall «eV; therefore 


hg uae ff (x) < < lim inf tT (x) 


(§ 5, no. 6, formulae (12)), and so f (a) < lim inff(x). The condition is 
“ra 


sufficient ; for if it is satisfied, then for each A < f(a) there is a neighbour- 


hood V of a such that h< aot ff (x), and therefore f is lower semi- 
continuous at a. 


Proposition 4. Let f be any real-valued function defined on a dense subset A 
of a topological space X. If, for each xe X, we put g(x) = liminf f(y), 
then g is lower semi-continuous on X. Trey Tek 


For, given any hk < g(x), there is an open neighbourhood V of x such 
that, for all ze Vn A, we have h< f(z); now V is a neighbourhood 
of each of its points »; thus we have lim inf f (z) = g(y) 2 A for all 
y eV, and the result follows. sa Tales 

The function g is called the lower semi-continuous regularization of ff. 
We define the upper semi-continuous regularization of f similarly. 


We may also define g as the greatest of the lower semi-continuous functions 
g on X which are such that 9(x) < f(x) for all xeA. If f is lower 
semi-continuous on A, then g is an extension of f to X, by Proposition 3. 


7. INFINITE SUMS AND PRODUCTS 
OF REAL NUMBERS 


Since every point of R_ has a countable fundamental system of neighbour- 
hoods (§ 1, no. 4, Corollary to Proposition 3), it follows that a family 
(x,) of finite real numbers is summable in R_ only if the set of indices 
t such that x,40 is countable (Chapter III, § 5, no. 2, Corollary to 
Proposition 1). The study of summable families in R_ thus reduces 
essentially to the study of summable sequences. However, we shall later 
have to consider uncountable families (x,) of finite real numbers, whose 
terms are functions of a parameter ¢; it can happen that this family is 


363 


IV REAL NUMBERS 


summable for all ¢, but that the (countable) set of indices , such that 
*,7%0 depends on ¢. For this reason we shall not impose any hypothesis 
on the power of the index set in what follows. 


1. FAMILIES OF POSITIVE FINITE NUMBERS SUMMABLE IN R 


THeorem 1. A family (x,) of finite real numbers 20 is summable in R if 
and only if the set of partial finite sums of the family is bounded above in R. If 
50, the least upper bound of this set is the sum of the family (x,). 


For each finite subset H_ of the index set I, let sy = >) x,; since the 
teH 


x, are 20, the relation HcH’ implies sy < sy. In other words, 
the mapping H — sy is an increasing function on the directed set §(I) 
of finite subsets of I; therefore (§ 5, no. 2, Corollary to Theorem 2) it 
has a finite limit if and only if it is bounded above. 


Remark. Let (H,) be a family of finite subsets of I such that, for each 
finite subset H of I, there is an index } such that Hc H); then (*,) 
is summable if and only if the family of the sy, is bounded abovein R. In 
particular, let (x,) be a sequence of finite real numbers 20, and for 


each integer n let s, = 3 Xp; then the sequence (x,) is summable 


p= 
in R if and only if, for oe. sequence of strictly increasing integers (n,), 
the partial sequence (s,,) is bounded above in R. 


Examples. 1) For each number q such that 0 < g < 1, the sequence 
(q") (‘‘ geometric progression of ratio g’’) is summable in R, since 
— grt % eae 
5, = a < ; the sum of this sequence is lim s, = . 
I—q I—q n> o I—g 
2) Let a and 0b be two numbers such that o <a <1 and 0 <6 <1; 
then the family (a Bb") on, n) ENN is summable in R. For each finite 
subset of N x N_ is contained in a subset of the form [o, p] x [o, p], 
and we have 


S$ aw-(Se)($u) scat sate 


I 
m=0 n=0 m=0 ns I—a 1—b ~ (1—a)(1—b) 


3) For each integer > 1, the sequence (n-?) (n > 0) is summable, 


since 
gn 


Sgntl — Son = >, (2" + k)-P < 2". (2")-P 
k=1 


and therefore, adding these inequalities together, 


I 


Sgn << ————_——_-. 
7" > —2l-p 
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4) The sequence (1/n) (n > 0) is not summable in R, since 


2” 

I 2" I 
Sontl — Son = > > = 
bai 2° +k gntt og 


and therefore, adding these inequalities together, 
Sqn > n/2 


so that the criterion of Theorem 1 is not satisfied. 


5) Let (I,) be a sequence of mutually disjoint non-empty open intervals, 
all contained in an interval of finite length J. The sum of the lengths of 
a finite number of intervals of this family is </ (§ 1, no. 5) and therefore 
the family of lengths of the I, is summable in R, and its sumis < 1. 


THeoreM 2 (Principle of comparison). Let (%,).er and (rer be two 

families of finite real numbers >0, such that x,<», for all .. If (») is 

summable in R then so is (x,), and we have 3, x, < 3,93 if in addition there 
t t 


is an index x such that x. <j, then 3, x,< Dy», 
t t 


The hypothesis implies that, 


> x, < > De 
ten 1éH 

for every finite subset H of I and the first part of the theorem follows 
from this; the inequality relating the sums follows from the principle of 
extension of inequalities (§ 5, no. 2, Theorem 1). If x, <_y,, then 


De Dx; < Ix + yn Dok. 
t tx to8% t 


This theorem provides the most commonly used criterion for deciding 
whether or not a sequence (x,) of real numbers 20 issummablein R: 
we try to compare the given sequence with a simpler sequence (9,) of 
which we already know whether it is summable or not. If there exists a 
finite number a> 0 such that x, < ay, for all mn from a certain point 
onwards, and if (,) is summable, then (x,) is summable; if on the other 
hand there is a finite number 6>0 such that x, 2 by, for all n from 
a certain point onwards, and if (y,) is not summable in R, then (xj) 
is not summable in R. We shall see in a later volume how such 
comparison sequences may be obtained in the cases which arise most 
frequently. 


Examples. 1) Let a be a finite real number > 0, and consider the 


sequence (=) ; let m, be the smallest integer such that a <9. Then 
n! 
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for each n > my we have 


a ato a n-ng 

Og HS fe : 

nt no! \ no : 
since g = -2. < 1, the sequence (g*-") is summable, and therefore so 

Nn, 
- z a" 
is the sequence (or ). 
n! 

2) Let (a,) be a summable sequence of positive numbers. Since 


lim a, = 0, 
Roo 


there exists an integer my such that a, <1 whenever n>. Conse- 
quently, for each n > nq we have a? <a,, and therefore the sequence 
(a?) issummable in R. So is the sequence (a2) for each integer p > 1. 


3) Let a and 6 be two numbers < 1; then 


an + * a(ay™(V5)" 
a™ . bn 


and hence the family ( ) is summable in R. 


Corotuary. Let (%,),eq be a summable family of finite numbers 20 in 
R. Jf H is any subset of I, we have 


ee ee 


(EH tel 


and equality holds only if x, = 0 forall .\e CH. 


2. FAMILIES OF FINITE NUMBERS OF ARBITRARY SIGN SUMMABLE 
IN R 


THEOREM 3. Let (x,),e, be a family of finite real numbers; then the following 
Statements are equivalent : 

a) The family (x,) is summable in R. 

b) The family (|x,|) is summable in R. 

c) The set of finite partial sums of the family (x,) ts boundedin R. 

Let I, be the set of all 1eI such that *,2>0, and I, the set of all 
teI such that x,<0. The family (x,),<, [resp. (|%|),eq] is summable 
if and only if each of the families (x,),<, and (%,).en [resp. (||) .eq, 
and ( |*,|)cer,] is summable (Chapter III, § 5, no. 3, Propositions 2 and 3). 


Now it comes to the same thing to say that (x,),eq, is summable, or 
that (|x,|),ez, is summable, or that the set of finite partial sums of the 
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family (x,),ex, is bounded (no. 1, Theorem 1); and the same is true with 
I, replaced by I,. The theorem follows immediately. 
Theorem 3 shows that the summability in R of a family of finite 


real numbers depends only on the summability of the family of their 
absolute values. 


We recall (Chapter ITI, § 5, no. 5, Proposition 6) that if (x,) and (,) 
are two summable families of finite real numbers, then the family (x, +_y,) 


is summable and }, (x, +.) = )*,+ 9, Moreover, if (x,) is a 
t t t 
summable family of finite real numbers and a@ is any finite real number, 
then the family (ax,) issummablein R, and wehave )) ax,=a. >) x, 
t l 


3. PRODUCT OF TWO INFINITE SUME 


Proposition 1. If the families (x)yex, and (jy)pem of finite real numbers 
are summable in R, then so ts the family (> Jy)a,werxm and we have 


(1) a -Hoe= Cee) CD aus 
QO, WELxXM AEL PEM 


Every finite subset of L x M is contained in a finite subset of the form 
H x K, where H isa finite subset of L and K isa finite subset of M. 


By hypothesis, there exists a number a>o0 such that )) |x| < a and 
eH 

> | ¥z| <@ for all finite subsets H and K of L and M respectively; 

ek 


therefore 


Dy  barol = (2% lal) (2% loyl) < 2% 
QO. WEHxK EH peK 

and this shows that the family (*»,) is summable in R, by Theorems 

1 and 3. By associativity we can write [Chapter III, § 5, no. 3, formula 


(2)] 
Ip = = (3 ae) = » “i Bw) = (3) ( 5 


GQ, ELM eL 


hence the result. 


4. FAMILIES MULTIPLIABLE IN R* 


In the multiplicative group R* of finite non-zero real numbers, a family 
(*,),ey can be multipliable only if lim x, = 1 with respect to the filter 
of complements of finite subsets of I (Chapter III, § 5, no. 2, Proposition 1). 
In particular there can be only a finite number of indices « such that 
x,<0. We may therefore limit ourselves to considering only families x, 
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all of whose terms are strictly positive; it is then convenient to put x,=1-+ «4, 
where the u, are subject to the inequalities —1< u,< + 00 for all. 
Since each point of R* has a countable fundamental system of neigh- 
bourhoods, the set of indices « such that u, 0 is countable, if the family 
(1 + u,) is multipliable in R*. 


TueoreM 4. The family (1 + u,) is multipliable in R* if and only tf the 
family (u,) ts summable in R. 
Lemma. (i) If (ai)1cigp is a finite sequence of numbers > 0, then 


P P 
(2) IL +a) 21 +3 Qj. 

i=1 =1 
(ii) falso a;<1 for each i, then 

P P 
(3) Ie —«) >1— 3 a. 


These inequalities are clear if = 1, and are proved by induction 
on p. If 


p—l p—i 
Ta¢a) 21+ 34 
i=1 i=1 


we have 


P p—1l P p-l P 
lla +a) > +4)(1 + % a)=1+ 3 a;+ap. 2 a,>1+ Da. 
i=1 i=1 =1 =1 


i=1 


Again, if 

p—i pol 
Woe-—a e1-La 
i=1 i=1 
we have 


P p-1 Pp p-1 P 
ll (1 —a)) 2 a) (1 > a) = T=), a; + ap. dy a2 1— D, a; 
i=1 i=1 i=1 i=1 i=1 


Having proved the lemma, we note that if the family (1 + 4u,) is 
multipliable then so are the families (1 + u{) and (1 —u,), since R* 
is a complete group (Chapter ITI, § 5, no. 3, Proposition 2); and conversely, 
ifthe families (1 + uf) and (1 —u,) are multipliable, then sois (1 + u,) 
(Chapter ITI, § 5, no. 3, Proposition 3). We need therefore consider only 
the cases in which all the u, are 2o and in which they are all > o. 

Suppose first that u,2o forall ». If the family (1 + 4,) is multi- 
pliable, then for each «> 0 there is a finite subset J of the index set 
in I such that, for each finite subset H of I disjoint from J, we have 
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I< I (1 +4) <1-+; by (2) it follows that }) u,< ¢, which shows 


(EH é€H 
that (u,) issummable in R by virtue of Cauchy’s criterion (Chapter ITI, 
§ 5, no. 2, Theorem 1). 


Conversely, suppose that (u,) is summable in R. For each ¢ such 
that o<¢<1, there is a finite subset J of I such that, for each finite 


subset H of I disjoint from J, we have o< )i u,<c. By (3), we 
(eH 
have therefore [[ (1 —u,)>1—e; but since 1+u< 
16H I—4& 
every number u such that 0 <u <1, it follows that 


for 


1<fla + u,) er 
‘eH Ie 
and this shows that (1 + u,) is multipliable (Cauchy’s criterion). 
The proof is similar when all the u, are <0. To show that (u,) 
is summable if (1 + ,) is multipliable, use formula (2) and the inequal- 


ity I—u< (o<u<1); to show that (1 + 4,) is multipliable 


I 
1+4 
if (u,) is summable, use formula (3). 


In Chapter V (§ 4), the topological study of the group R* will enable 
us to give another criterion for multipliability of a family in R* with 
the help of the logarithmic function; in a later volume we shall establish 
the equivalence of this criterion with the one above, using the differential 
properties of the logarithm. 


5. SUMMABLE FAMILIES AND MULTIPLIABLE FAMILIES IN R 


On the interval [o, + 00] of R, addition is an associative and commu- 
tative law of composition (§ 4, no. 3); hence the notion of a summable 
family of numbers in this interval is defined (Chapter ITI, § 5, no. 1, 
Remark 3). 


Proposition 2. Every family (x,) of real numbers 20 is summable in R. 


For the mapping H — sq of the directed set §(I) into R is increasing ; 
hence (§ 5, no. 2, Theorem 2) has a limit. 

The same reasoning shows that every family of real numbers < 0 
is summable in R. 

Similarly, multiplication is an associative and commutative law of 


composition on each of the intervals [o, 1] and [1, + ] of R, and 
therefore the notion of a multipliable family is defined on each of these 
intervals. 
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Proposition 3. very family (1 + u,) [resp. (1 —4,)] of numbers 21 
(resp. >0 and <1) is multipliable in R. 


Same proof as for Proposition 2. 


Corouiary. The product Il (1 + 4,) [resp. |] (1 —4u,)) of numbers 21 
(resp. > 0 and <1) is equal to + 00 (resp. 0) if and only if >, u, = + 2. 
For if >) u, is finite then Il (1 + 4,) and I (1 — &,) Meare R*, and 
conversely (no. 4, Theorem 4). 

Remark. The theorem of associativity (Chapter ITI, § 5, no. 3, Theorem 2) 
remains valid when G is replaced by R and the x, are assumed to be 
20. This is clear if }\ x, is finite. Suppose, on the contrary, that 
dS «= + 0. Then for cues finite a>o there is a finite subset H 
of T--duclthat Se Say Lee KK. hea atte eubset oF Le-such that 


(eH 
He U I,; then since 5 > ) x, forall }eK, we have 
AEK tel nH 


>» 5, 2 2 x, 2 4a, 
AeEK \eH 


which shows that }, = -++ oo. We leave to the reader the task of 
L 


rE 
formulating the analogous proposition for multipliable families of numbers 
in fo, 1] orin [1, + oo]. 


6. INFINITE SERIES AND INFINITE PRODUCTS OF REAL NUMBERS 


A series of finite real numbers is simply said to be convergent if it is convergent 
in R. 


Derinition 1. A series of finite real numbers is said to be absolutely convergent 
if the series of absolute values of its terms is convergent. 


Proposition 4. A series of finite real numbers is commutatively convergent if 
and only tf it is absolutely convergent. 


This follows from Chapter ITI, § 5, no. 7, Proposition g and from Theorem 
3 of no. 2. 

In other words, if (u,) is a sequence of finite real numbers, it comes 
to the same thing to say that the series whose general term is u, is commuta- 
tively convergent, or that it is absolutely convergent, or that the sequence (tn) 
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is summable in R. All the properties of summable families proved in 
Chapter III, § 5 therefore apply to absolutely convergent series. In 
particular, if the series whose general term is u, is absolutely convergent, 
then the sum ), u, exists for all subsets H of N; and, if (H,) isa 


Ais néH 
partition of N, we have 


b» Ln = »» ( b> Un) 
n=0 P nEHy 
(associativity of absolutely convergent series). 

As we have already remarked in Chapter III, § 5, a series of real 
numbers can be convergent without being commutatively convergent, 
that is, without being absolutely convergent. 


Example. Alternating series. A series defined by a sequence (u,) of finite 
real numbers is called alternating if u, = (— 1)*v,, where v, 2 0 forall n. 
Let us show that a sufficient condition for the convergence of such a series is 
that the sequence (v,) decreases and has o as its limit. For if s, denotes 


n 
2 tp 


the hypothesis that (v,) is decreasing implies that 
Sant S Santa S Senta S San 


for all no. The sequence (s,,) [resp. (Seats)] is decreasing and 
bounded below (resp. increasing and bounded above) and therefore has 
a finite limit a (resp. 5), and 6b < a; since 


a— b = lim (59, — Seati) = lim dgq41 = 0, 
Rn> oo n> wo 


the assertion is proved. 


If we take for example v, = 1/n, the conditions above are satisfied, 
and therefore the series whose general term is (—1)*/n (the “ alternating 
harmonic series ”?) is convergent. We have seen in no. 1 that the series 
whose general term is 1/n (the “harmonic series”) is not convergent, 
and thus the alternating harmonic series is not absolutely convergent. 


We recall (Chapter III, § 5, no. 6, Proposition 7) that, if (4,) and (v,) 
are two convergent series of finite real numbers, then the series (u, + Vn) 
is convergent, and 


S (ua + on) = Sa. + S on 
n=0 n=0 n=0 


also, if the series (u,) is convergent then the series (au,) is convergent 
0 


foo] 


for all finite real numbers a, and S au, =a. S Un: 
n=0 n=0 
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Finally, if the series (u,) and (v,) are convergent, and if u, < 2, 


for all n, we have S Un < S v, by the principle of extension of in- 
n=0 =0 
equalities (§ 5, no. 2, Theorem 1). 


It should be noted that, if we suppose the series (v,) to be convergent but 
not absolutely convergent, and if |u,| < |v,| for each n, we can by no 
means infer that the series (u,) is convergent, as is seen by taking u, = |y,|. 


An infinite product of finite non-zero real numbers is said simply to be 
convergent if it is convergent in R*; its value is then a finite non-zero real 
number. 


DerFInrTION 2. An infinite product whose general factor is 1 + u, is said to 
be absolutely convergent if the product whose general factor is 1 + |u,| is convergent. 


Proposition 5. An infinite product of finite real numbers ts commutatively conver- 
gent if and only if it is absolutely convergent. 


This follows from Chapter III, § 5, no. 7, Proposition 9, and from Theorem 
4 above. 

Moreover, the product whose general factor is 1 -+ u, is absolutely 
convergent if and only if the series whose general term is u, is absolutely 
convergent. 

A product of non-zero real numbers can be convergent without being 
commutatively convergent, i.e. without being absolutely convergent. 


Example. If we take u,,..=-—1/n and u,,=1/n for n >a, the 
product (1+ 4,) is not absolutely convergent, since the series (u,) 
is not absolutely convergent; but since 


Ho rs-H (A) 
2n+1 


and To+s=(:-) II (4) 


it follows from Theorem 4 that the product is convergent and that its value is 


Moreover, it should be observed that the convergence of the series whose 
general term is u, 1% neither necessary nor sufficient for the convergence of the 
product whose general factor is 1 + u, (see Exercises 21 and 22), 
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8. USUAL EXPANSIONS OF REAL NUMBERS; 
THE POWER OF R 


1, APPROXIMATIONS TO A REAL NUMBER 


DEFINITION I. Given a number «> 0, areal number r is said to be an approx- 
imation to within « to areal number x, if |x—r| <e; 1 is said to be an approx- 
imation by defect if r< x, by excess if r > x. 


Let A be a dense subset of R. For each xe R and each ¢ > 0 there is 
an approximation by defect (resp. excess) to x to within ¢« belonging 
to A, since the interval ]x—e, a[ (resp. ]x, x + [) contains at least 
one point of A. If we now consider a given siricily decreasing sequence 
(e,) of numbers > 0, tending to o, andif r, is an approximation to x 
to within ¢,, then the sequence (7,) has x as limit as n tends to infinity. 

In the case where A is a subgroup of the additive group R, and we 
restrict the ¢, to belong to A, we can define canonically for each xeR 
asequence (r,) of approximations to x by defect, belonging to A. 

For by Archimedes’ axiom (§ 2, no. 1, Theorem 1), the set of integers 
p such that pe, <x has a greatest element p,; in other words, there is a 
unique integer , such that 


(1) Prin S * < (Pn + Ten 


Since |x —pPatal <é,, it follows that ,¢, is an approximation to 
x to within «, by defect, and belongs to A by hypothesis; similarly 
(Pa, + 1)é, is an approximation to x to within e, by excess, belonging 
to A, and the two sequences (p,¢,) and ((f, + 1)é,) have x as their 
limit. 


2. EXPANSIONS OF REAL NUMBERS RELATIVE 
TO A BASE SEQUENCE 


We shall limit ourselves to studying the case where «, = 1/d,, where 
(d,) is a strictly increasing sequence of integers such that dy =1 and 
d, is a multiple of d,, for n>1. Let a, = d,/d,4 (n 21): a, is an 
integer >1. In this case, the sequence of approximations by defect 
rn == fnld, is increasing, for p, is the largest integer such that ,/d, < x; 


Pra — Prin <x < Prat Sel — Pn—-1% + 4, 


t 
but we have Ta Fa i d, 
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so that a,fy1 < fn < 4nPn-1 + 4, and therefore r,,<1r, <x. Let 
(2) Pn = Gn faa + tn3 


then O<u,—a,, which is equivalent to o<4u,<a,—1,_ since 
u, isan integer. Hence 


n 
(3) tr=tratP=po+ Ds 
n k=1 d;, 
and, since x = lim r,, 
n> o ic 
(4) x= pot > a, 


n=1 d,, 


The series on the right-hand side of (4), whose sum is x, is called the 
expansion of x relative to the base sequence (d,). All the coefficients 
u, are 20; fo is, by definition, the largest integer p such that p <x; 
it is called the integral part of x, and is often denoted by [x]. 


3. DEFINITION OF A REAL NUMBER BY MEANS OF ITS EXPANSION 


Conversely, suppose we are given an integer gg and a sequence (z,) 
(n> 1) of integers such that o<v,<a,—1; we ask whether there 
is a number x whose expansion (4) is such that fy =q, and u, = 2, 
for all n. If such a number exists it is unique, because it is equal to 


oa 


Un 
Jo + x ie 


For each integer m>o we have (by the principle of comparison) 


eo 


yn 


3 wat (4-4)-4 
n=m+1 d, an=m+1 d, a=m+1 dn_4 d, dn 


and the extreme left-hand and right-hand terms are equal only if 1, = a,—1 
for each n>m (§7, no. 1, Theorem 2). Hence the series whose general 


IN 


ao 
« Oy « : v, 
term is —* is convergent; moreover, if x= do + » —2, we have 
a n=1 &n 


m 
fn = Got BBS * KS Sy + 
Rn=1 n m 


I ‘ : 
and «= 5s, + Zz only if v,=a,—1 for each n>m. Since 5, 


m 
is a fraction with denominator d,, the approximation 7, to x to within 


1/d,, by defect is equal to s,, or s_ + > ; and the latter alternative can 
m 
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occur only if v, = 4a,—1 forall n>m. Thus: 

(i) There is an infinity of values of n such that v, < 4a,—1: then the 
00 

series gg + > a is identical with the expansion of its sum x. 
n=1 Sn 


(ii) There is an integer m2o0 such that v, =4a,—1 whenever 
n>m, and v,<4,—1 (if m>o); then the sum x of the series 
oo 


dat a is equal to the rational number 


(5) wt ug a 


which is of the form k/d, (kK an integer); the expansion of x is identical 
with the series (5), in which all the terms with indices >m are zero; 
such an expansion is said to be terminating, or to terminate. The series 


a, — 1 


(6) m+ St=nt ust Dy 
n=1 “n n==1 “a 


n=m+1 d, 
is called the improper expansion of the number x. 


Conversely, let x be a rational number which can be written in the 
form of a fraction with denominator d, for some value of n. Let m 
be the smallest integer such that x is of the form k/d, (k an integer); 
we have r,<x for n<m, and r, =x, and therefore the expansion 
of x is of the form (5), and x has an improper expansion given by (6); 
moreover this improper expansion is unique. 


A rational number, written in its irreducible form /q, is equal to a 
fraction with denominator d, if and only if q divides d, (the number m 
will therefore be the smallest integer n such that g divides d,). It 
can happen that every rational number has this property (for a suitably 
chosen n) : this will be the case if and only ifevery integer > 0 divides 
some d,, e.g., if d, =n! If the d, have this property, then a number 
is rational if and only if its expansion, relative to the sequence (d,), 
terminates. 


To summarize: to every sequence s whose initial term gq» is an arbitrary 
integer, and whose term »v,("21) is such that o<v,<a,—1, 
ao 


corresponds a real number equal to gg + > a ; if I, denotes the interval 
n=1 “ny 0 
[o, a, —1] of N, we thus define a mapping 9 of X= Z x TL, 
n=1 
onto the real line R; moreover the equation 9(s) =.*, where xeR 
is given, has one solution if x is not a fraction with denominator d, (for 
some n), and two solutions otherwise. 
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4. COMPARISON OF EXPANSIONS 


If we know the expansions of two distinct real numbers x and y, we 
can determine whether AOD EP Ie 


Let x = py + 3 tUnldny Y = Fo + 3 v,/d, be the expansions of x 
n=1 a= 


and y. If py< go then x <_y, since 
bo S*< Po ti <<). 


More generally, suppose that py =q, and u,=v, for 1 <n<m, 
but that u,_,<v,; if 


n n 
tr = Pot D Uldes 50 = Go + De Ml des 
k=1 k=1 


. I 

then 7,=s5, for n<m, and since un, + I < mp, Im + 7a < 5,3 but 
I é m 

In << %m+ 7 <5n<y, hence again we have x <_y. In other 


m 
words, the order of x and y is the same as the order of the fist two distinct terms 
of their respective expansions. 
It follows that, if ) = 9g ) and u, =v, forn < m, then the first m 
terms of the expansion of every number z belonging to the closed interval 
with end-points x and y are the same as those of the expansions of xand_y. 


We remark also that, in this case, we have |y —x| <—*—. If we endow 


1 
Z and the intervals I, with the discrete topology, it follows that the map- 
ping ¢ defined above is continuous on the product space X. 


5. EXPANSIONS TO BASE A 


The most important base sequences are those for which d, = a", where 
a isaninteger > 1; @ is then said to be the base number (or simply the dase) 
of the corresponding expansions. For numerical calculations, expansions 
to base 10, which are called decimal expansions, are used; also expansions to 
base 2 (dyadic expansions) and base 3 (triadic expansions) are often used. 

To represent the approximations by defect r, to a number x 20, 
in its expansion to base a, the following symbolism is employed: each 
integer u such that 0 <u<a—r1 is denoted by a particular sign; if 


we first write down, with the aid of these signs, the representation 
to base a of the integer ~)=[x] 20 (Set Theory, Chapter III, 
§ 5, no. 7), then we put a point (“ decimal point ”) and we write 
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successively the signs representing the numbers 4, uo, ..., u, If S 
is the symbol thus obtained, it is customary to write * =S..., by 
abuse of language. It should be understood once and for all that such a 
relation is only an abbreviated method of indicating that the right-hand 
side is the approximation to x to within 1/a" by defect. 

For negative numbers the established usage is different: we write an 
approximation to x’ == —.«*>o0 in the symbolism described above, and 
precede it by the sign ““—”; it is thus an approximation to x to within 
1/a" by excess that is so denoted. 


This usage has its inconveniences for numerical calculations. In the 
notation for negative logarithms the same symbolism is adopted as for 
positive numbers, by putting a bar over the integral part, to indicate 
that it is equal to the negative of the number written. 


6. THE POWER OF R 


We have R = U [n,n + 1[, and all the intervals [n, n+ 1[ are equi- 
eZ 


nr 
potent to [o, 1[. Since [o, 1[ is an infinite set it follows that R_ is 
equipotent to the interval [o, 1[. By considering the dyadic expansion of the 
numbers of the interval [o, 1[ we shall show that this interval is equipotent 
to the set S ofall sequences (u,) in which each term is equal to 0 or 1. 
First, it is equipotent to the subset S’ of S consisting of sequences 
(u,) such that u, =o for an infinity of values of n. On the other hand, 
the complement S” of S’ in S is equipotent to the set of all zmproper 
expansions of rational numbers which are equal to a fraction with denomi- 
nator 2"; these numbers form a subset of Q, hence the set of them is 
countable and therefore so is S". Since S’ is infinite, it is equipotent to S, 

hence the result. 
Now S. is equipotent to §8(N); for we can define a bijection of 3(N) 
onto S by mapping each subset A of N to the sequence (u,) such that 


u,=0 if neA and u,=1 if ne (A. We have thus proved : 


Tueorem 1 (Cantor). The set of real numbers is equipotent to the set of all 
subsets of a countably infinite set. 


Corotiary. The set of real numbers has a cardinal strictly greater than the 
cardinal of a countable set. 


A set equipotent to R_ is said to have the power of the continuum. By Proposi- 
tion 1 of § 4, no. 1, every interval which contains more than one point has. 
the power of the continuum. Again, the complement of a countable 
subset of R has the power of the continuum in particular, the set of all 
irrational numbers has the power of the continuum. 
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§ 1 


1) A topology © on an ordered commutative group G is said to be 
compatible with the ordered group structure of G if it is compatible with 
the group structure of G and ifin addition the set G, of elements x 20 
in G is closed with respect to 6. 


a) Let © be a Hausdorff topology compatible with the ordered group 
structure of G, and let G be the completion of G (with respect to 6). 
In the group G, the closure P of G, is such that y—xeP is a pre- 
ordering compatible with the group structure of G, 


6) Let 6 be an irrational number, and consider the ordering on Q? 
for which the set of positive elements consists of (0, 0) and all pairs (x, ») 
such that »— 6x 20. With respect to this ordering, Q? is a linearly 
ordered group, and the topology on Q? which is the product of the topol- 
ogy of the rational line by itself is compatible with this ordered group 
structure. But on G = R2, the relation y—xeP=G, is not an 
ordering. 


c) On a linearly ordered group G, the topology ©,(G) (Chapter I, 
§ 2, Exercise 5) is the coarsest of all topologies compatible with the ordered 
group structure (distinguish two cases, according as the set of all x >0 
has or has not a smallest element). Every topology on G which is 
compatible with the group structure of G and is finer than ©,(G) is 
compatible with the ordered group structure of G, and the mapping 
x —»xt is continuous with respect to such a topology. This mapping is 
uniformly continuous with respect to 6 (G), but not necessarily with 
respect to a group topology © strictly finer than ©,(G) [see 4)]. 


2) a) Let G bea lattice-ordered commutative group. For each x 20 
in G, let I(x) denote the interval [—-x, x] in G. A non-empty 
family (c,) of elements > o in G is such that the intervals I(c,) 
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form a fundamental system of neighbourhoods of 0 for a topology 6 on 
G compatible with the group structure of G if and only if the set of cy 
is directed (with respect to the relation >) and for each « there exists 
@ such that 2cg<cq. If these conditions are satisfied, the mapping 
x—>«t of G into G is uniformly continuous. © is Hausdorff if and 
only if infc,—o0; and in this case © is compatible with the ordered 
group structure of G. 


6) Onthe group G = Z, the product of a countable infinity of linearly 
ordered groups Z, there is no non-discrete topology defined by the proce- 
dure of a), but the product of the discrete topologies on the factors Z 
is a topology on G, compatible with the ordered group structure of G, 
which is Hausdorff and not discrete. 


c) Ona linearly ordered group G_ the only Hausdorff topology defined 
by the procedure of a) is the topology G9(G) (Chapter I, § 2, Exercise 5). 


§ 3) Let G be a lattice-ordered commutative group, and let M_ be 
the semigroup of major subsets of G. Every subset of M_ which is 
bounded above (resp. below) has a least upper bound (resp. greatest 
lower bound), and G_ can be canonically identified with a subset of M. 
Let G’ denote the largest subgroup of M (the set of all symmetrizable 
elements of M). 


a) Consider a topology © on G defined by the process of Exercise 2 a) ; 
let V, be the set of all pairs (z, 2’) in M X M such that 


Z— by £2 ZH oy; 


show that the V, form a fundamental system of entourages of a uniformity 
UW on M, and thatthe topology 6’ induced by U induces 6 on G. If 
© is Hausdorff, then UW is a Hausdorff uniformity (remark that the 
elements of M, considered as subsets of G, are then closed), and the uni- 
form space M thus defined is complete. Show that the mapping 
(z, 2’) >z+2' of M XM into M isuniformly continuous. Supposing 
that © is Hausdorff, show that in M_ the set of upper (resp. lower) 
bounds of any subset of M_ is closed with respect to 6’ (prove this first 
for the set of upper or lower bounds of an element of M, by considering 
the elements of M as subsets of D), and that the mapping 


(2, 2’) inf (z, 2’) 


of M x M into M is uniformly continuous (same method). 
b) Suppose from now on in this exercise that © is Hausdorff. Then the 


closure G of G in M isa lattice-ordered group which is complete in 
the topology induced by 6’. The group G’ is closed in M (remark 
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that its closure is a subgroup of M) and the topology induced by ©’ 
on G’ is compatible with the ordered group structure of G’. For G’ 
to be equal to G it is sufficient that every non-empty open interval 
Ja, b[ in G’ should contain an element of G, and this is always the case 
if G is linearly ordered. In this case the topology induced on G' by 
6’ is 6(G’). 

c) Take G to be the ordered group Q?, the product of the linearly 
ordered group Q by itself; then G’ = M = R? with the product ordering. 
Show that there are only three distinct non-discrete Hausdorff topologies 
on G defined by the procedure of Exercise 2 a), and that they are obtained 
by taking the set of elements ¢, to be either the set of pairs (x,y) such 
that x >o0 and y>o, or the set of pairs (x,0) such that «>, or the 
set of pairs (0, y) such that y>o0. For the first of these three topologies 
we have G = G’, although there are non-empty open intervals of G' 
which contain no element of G; for the other two topologies, we have 
G#G'. For each of these three topologies, the set of elements z > 0 
in G is not open. 


d) Take G to be the group Q? endowed with the lexicographic order 
(Set Theory, Chapter III, § 2, no. 6); G is a non-Archimedean linearly 
ordered group. Then G = G’#M; M is linearly ordered but the 
topology 6’ on M is distinct from the topology 6,(M); G’ is isomorphic 
to the group R x Q with the lexicographic order; in G’ the subgroup 
H=R x fo} is open and isolated, but on the quotient group G‘/H 
the quotient topology is distinct from ©,)(G'/H). 


§ 4) a) Let E be a linearly ordered set. Let F be the Z-module 
of formal finite linear combinations of elements of E with coefficients 
in Z, and define a linearly ordered group structure on F by taking 
the set F, of elements 20 to be the set consisting of o and all linear 


combinations x n(E)EAo such that n(—)>o for the largest element 


EeE such that "n(E) 3%0. Show that E can be identified with a cofinal 
subset of F,. 


b) Suppose that E is well-ordered, and consider the group G of bounded 
mappings of E into F. Define a linearly ordered group structure on 
G by taking the set G,; of elements 20 to be the set consisting of o 
and all bounded mappings x of E into F such that x(E)>o for the 
smallest €@E such that x(6) 40 (lexicographic ordering). Show that 
G is complete with respect to the topology 6,(G); if moreover E. is 
uncountable and is such that every segment , E] 5 e E) is countable, 
then every countable intersection of open sets in G is open, and every 
compact subset of G is finite (cf. Chapter I, § 9, Exercise 4). 
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c) Suppose henceforth that E is well-ordered and uncountable but 
that every segment ]<-, §] is countable. For each §eE, let cz be the 
constant mapping of E into E whose value at every point is & The 
ce form a cofinal subset in G,. Let E, be a set obtained by adjoining 
anelement w to E, and consider the topology 6, on theset X = G x Ey, 
generated by the following sets: (i) Vas~ = Ja, d[ x fe} for a<b 
in G and €eE; (ii) Wao~— for @a<6 in G and €eE such 
that c,> sup (|a], |b]) — consisting of the pairs (x, w) such that 
a<x<b, and the pairs (x, £) such that CeE, ¢>€& and either 
a<x<b or 4¢,+a<x<4e,+ 6. Show that © is Hausdorff and 
that every compact subset of X (with respect to 6) is finite. Moreover 
G operates continuously on X according to the law (x, (_y, €)) > («+, 0); 
but G does not operate properly on X, although conditions a), b), c) 
and d) of Chapter ITI, § 4, no. 2, Proposition 4 are satisfied and although, 
for each pair of compact subsets K, L of X, the set P(K, L) (Chapter 
IIT, § 4, no. 5, Theorem 1) is compact. 


§ 2 


1) Apoint aeéR is said to be left adherent to a subset A of R if it lies 
in the closure of A and if there is an interval Ja, d[ (4 < 5) not containing 
any point of A. Show that the set of left adherent points of a subset A 
of R_ is countable (set up a one-to-one correspondence between the set 
of left adherent points and a set of pairwise disjoint open intervals). Hence 
show that every well-ordered subset of R_ is countable. 


€|) 2) A countable dense subset A of R is not closed. [If (a,) isa 
sequence obtained by arranging the points of A in some order, define a 
sequence of intervals [6,, c,] such that b,_, < b, < ¢, < ¢,_ for all n, 
and such that [4,, ¢,] contains no point a, with index k <n; then use 
Theorem 2.] Deduce that R is uncountable (cf. § 8, no. 6). 


3) Let (I,) be an infinite sequence of non-empty open intervals in 
R such that I,n 1, = @ for mn. Show that the complement of the 


union of the I, isa perfect set (Chapter I, § 2, no. 6); in particular, Cantor’s 
triadic set is perfect. 


4) The sum of the lengths of the intervals contiguous to Cantor’s triadic 
set is equal to 1. Define a totally disconnected perfect subset of [o, 1] 
such that the sum of the lengths of the intervals contiguous to A and 
contained in [0, 1] is a given number m such that o<m<1. 


€ 5) Let / be a number >o0, and suppose that to each point xeR 
corresponds an open interval I(x) with centre x andlength </. Show 
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that every compact interval [a, 6] can be covered by a finite number of 
intervals I(x;), the sum of whose lengths is </-+ 2(b— a). (Prove 
that if the proposition is true for each interval [a,x] such that a<¢x<c, 
then there exists d > c¢ such that itis true for each interval [a, y] such that 
axy<d.) If l= (b—a)/n, where n is an integer 321, show 
that the result cannot be improved. 


6) a) Let X bea non-empty linearly ordered set, endowed with the 
topology ©,(X) (Chapter I, § 2, Exercise 5). Show that X is compact 
if and only if each subset of X has a least upper bound, in other words 
if and only if X is a complete lattice (Set Theory, Chapter III, § 1, Exercise 
11). (To show that the condition is necessary, argue as for Theorem 3; 
for sufficiency, consider a filter § on X and show that, if A is the set 
of greatest lower bounds of sets of §, then the least upper bound of A 
is a cluster point of §). 

b) Give an example of a complete lattice X which is not compact in the 


topology G(X). 


7) Let X be a non-empty linearly ordered set, endowed with the 

topology © (X). 

a) If X is connected, show that it has the following two properties: 
a) Every non-empty subset of X which is bounded above has a 
least upper bound (if A is non-empty and bounded above, and if B 
is the set of upper bounds of A, and C the set of lower bounds of B, 
show that Bu C = X and that B and C are closed). 

6) Theset X is without gaps, in other words (Set Theory, Chapter III, 
§ 1, Exercise 18) every open interval Ja, d[ (a@< 6) of X is non- 
empty (use the argument of Theorem 4). 

b) Show conversely that if X has properties «) and §@), then X is 

connected. (Show first that every closed interval [a, b] is connected : 

assuming that this interval is the disjoint union of two non-empty closed 
sets A and B, and that a@eA, consider the greatest lower bound of 

B and hence obtain a contradiction). 

c) Show that if X is connected it is locally compact and locally connect- 

ed, and that the only connected subsets of X are the intervals (bounded 

or unbounded). 


8) Let X and Y be two linearly ordered sets, endowed with the topolo- 
gies G(X) and G,(Y) respectively. 

a) Suppose X connected and let f: X-—Y bea continuous mapping. 
Show that, for all x, y in X such that x<_y, every ze Y belonging 
to the closed interval with end-points f(x) and f(y) belongs to /(X) 
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(use Exercise 7). Deduce that f isa homeomorphism of X onto /(X) 
if and only if f is continuous and strictly monotone. 


b) Give an example of a homeomorphism of the rational line Q onto 
itself which is not strictly monotone. 


§| 9) 2) Let X beacountable linearly ordered set without gaps (Exercise 
7). Show that there is a strictly increasing bijective mapping 9 of X 
onto one of the four intervals of Q with end-points o and 1. [Arrange 
the elements of X and the points of the appropriate interval of Q in 
sequences (4,), (b,), and define ¢ by induction.] If X is endowed 
with the topology 6 (X), then 9 is a homeomorphism of X_ onto 
o(X). 
6) Deduce from a) that every countable dense subset of an open interval 
Ja, bf of R is homeomorphic to Q. 

c) Deduce from a) that if X is any countable ordered set endowed 
with the topology 6,(X), then there exists a strictly increasing homeo- 
morphism of X onto a subspace of Q [embed X ina countable linearly 
ordered space X' without gaps, such that © (X) isinduced by 6,(X’)]. 


10) Show that every countable subset of Cantor’s triadic set K, which 
is dense in K and contains no end-point of an interval contiguous to 
K, is homeomorphic to the rational line Q (use Exercise g). 


@ 11) a) Let X be a linearly ordered set with the topology 6 (X). 
If X is connected and has a countable dense subset A, show that there 
exists a homeomorphism (strictly monotonic by virtue of Exercise 8) of X 
onto one of the intervals of R with end-points 0, 1, which maps A onto 
the intersection of Q with this interval (use Exercises 9 and 7). 


b) Deduce from a) that if B is a subset of R whose complement 
is dense in R, then there exists a homeomorphism of R_ onto itself 
which maps B onto a subset of the set §Q of irrational numbers (consider 
a dense countable subset A of R contained in §B). 


c) Intheset R x {o, I i , linearly ordered by the lexicographic ordering, 
let R’ denote the complement of Q x {r}. Show that R’, endowed 
with the topology 6,(R’), is locally compact and totally disconnected, 
and contains a countable dense subset Q’ homeomorphic to Q, but 
that the topology induced on a non-empty open interval of R' does not 
have a countable base; in particular such an interval cannot be homeo- 
morphic to any subset of R. 


§| 12) a) Let A be a well-ordered set and let I denote the interval 
[o, 1[ of R. Show that the set X =A x I, linearly ordered by the 
lexicographic ordering and endowed with the topology © 9(X), is connect- 
ted (Exercise 7); there are therefore linearly ordered sets X which are 
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connected in the topology 6 (X) and have an arbitrary cardinal [cf. § 4, 
Exercise 7 4)]. 

6) Take A to be an uncountable well-ordered set in which every segment 
]<, t] is countable : the corresponding topological space X is called the 
Alexandroff half-line. Show that for every interval [a, b] of X (a< }) 
there exists a strictly increasing homeomorphism of [a, 6] onto the inter- 
val [o, 1] of R. (Prove by transfinite induction that there exists a 
strictly increasing homeomorphism of Anf[a, 6], A being identified 
with the set of points (¢,0) of X onto a subspace of [o, 1].) 


§ 13) Let @ beanirrational number >o. For each rational number 
x, let f, (x) be the real number in the interval [o, a[ such that « —/,(«) 
is an integral multiple of a. Show that /, is a continuous injective 
mapping of Q into fo, a[. Deduce with the help of Exercise 9 that there 
exist continuous bijective mappings of Q onto itself, whose inverse mapping 
is not continuous at any point. 


§ 14) Let X beaconnected Hausdorff topological space not consisting 
of a single point, and let A denote the diagonal of X x X. 

a) Show that there is no partition of [A into two open sets D,, D, 
such that D>’ =D, and D,;*=D,. [Begin by remarking that D,(x) 
and D,(x) are connected for each xe X (use Exercise 4a) of Chapter I, 
§ 11); deduce that, if »eD,(x), we have D,(x) x f 7} ¢D,, and show 
that this implies that, for each xe X, one or the other of the sets D,(x), 
D,(x) is empty; hence show that one or the other of the sets D,, D, is empty, 
which is contrary to hypothesis.] Deduce that either §A is connected 


—1 
or else §A has exactly two components A, B such that B = A. 


6) A linear ordering on X is said to be compatible with the topology 
© of X if G(X) is coarser than ©. Deduce from a) that there exists 
such a linear ordering on X if and only if §A is not connected, and 
that there are then exactly two such linear orderings. [With the notation 
of a), show that the order relation must be either (x, y)¢A or (x, y)e 


—1 

B=A.] Show that the intervals, for these orderings, are connected 
in the topology ©, and that they are the only connected subsets of KX 
with respect to 6. 

c) Show that if X is either locally connected or locally compact in the 
topology ©, and if there exists a linear ordering on X compatible with 
6, then we must have © = 6,(X). [If X is locally connected, use 
b). If X is locally compact, show that every compact neighbourhood 
of a point x¢X is also a neighbourhood of x with respect to ©(X), 
by considering the frontier of the neighbourhood]. 


384 


EXERCISES 


*d) Let X be the subspace of R? consisting of (0, 0) and all pairs 
(x, y) such that x>0 and y=sin (1/x). Show that there exists a 
linear ordering on X which is compatible with the topology induced on 
rate the topology of R?, but that this topology is strictly finer than 
ol4s)+ x 

Give an example of a connected Hausdorff space X, no point of which 
has a fundamental system of connected neighbourhoods, and on which 
there is a linear ordering compatible with the topology of X [cf. Chapter I, 
§ 11, Exercise 2 6)]. 


§ 15) a) Let X be a connected Hausdorff space such that, for each 
xe X, O{x} has exactly two components. Show that, if K is either of 
these components, K = Ku {x} (Chapter I, § 11, Exercise 4)]. Let 
x, y be two distincts points of X, let A and B be the components of 
G{x} and let A’, B’ be the components of C{ 9}. Show that one of 
the two sets A, B is contained in A’ orin B’. 

b) Let x ) be a point of X and let A(x»), B(x9) be the components 
of O {0}. For each x 4 x, there is exactly one of the two components 
of Ci} which is either contained in A(x») or contains A(x»); denote 
this component by A(x). Show that the relation A(x) cA(y) is a 
linear order relation compatible (Exercise 14) with the topology of X. 
¢) Extend the conclusion of 6) to the case where Gfx} has two compo- 
nents for all xe X except for one point ae X, for which G{a} is 
connected. 

*d) Let X be the subspace of R? consisting of the points a = (o, 1), 
b = (0, —1) and all pairs (x, ») such that x 40 and y =sin(1/x). 
Show that X is connected in the topology 6 induced on X by the 
topology of R*, that {2} and Cfo} are connected and that, for 
each point x of X other than a and 64, {xt has exactly two compo- 
nents; but that there exists no linear ordering on X compatible with 
the topology G ,. 

§| 16) Let X be a connected Hausdorff space which is completely irreduc- 


ible between two distinct points a and 6, that is to say such that there 
is no connected subset of X other than X_ itself which contains both 
a and 6. Show that X’ = Gia, 5} is connected and that, for each 
xe@X’, the complement of x in X_ has exactly two components A(x) 
and B(x) such that ae A(x), be B(x), a¢@ B(x), b@ A(x). [Show that 
C{*} cannot be partitioned into three non-empty open sets, by using 
Exercise 4 a) of Chapter I, §11.] Deduce that there exists a linear ordering 
on X which is compatible with the topology of X (use Exercise 15). 
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§ 17) Let X be a connected Hausdorff space such that whenever X 
is covered by three non-empty connected sets distinct from X, there are 
two of these sets whose union is distinct from X. 


a) Show that, for every point xe X, Gfx} has at most two components 
(same method as in Exercise 16). 


6) Show that there are at most two points of X whose complements 
are connected. Moreover, if there are two distinct points a, 6 with 
this property, show that, for each x other than a or b, a and #6 belong 


to different components of O{x} . 


c) Deduce from a) and 6) that there is a linear ordering on X compa- 
tible with the topology of X (use Exercise 15). 


§ 18) a) Let X be a compact, connected, locally connected space 
which is irreducible between two of its points a, 6 (Chapter II, § 4, 
Exercise 19). Let x bea point of X other than a or b. Show that 
Of x} has exactly two components and that a and 4 belong to different 
components of Gfx} . [Arguing as in Exercise 16, show first that Cf} 
cannot have more than two components. Next, if V is any connected 
closed neighbourhood of x which contains neither a nor 6, let Ay, 
By, be the components of a, b respectively in CV; show that Ay # By 
by using Exercise 17 of Chapter II, § 4; finally consider the union of the 
sets Ay (resp. By) as V_ runs through the set of all connected closed 
neighbourhoods of x in X.] Deduce that there exists a linear ordering 
on X such that 6,(X) is the given topology on X [Exercises 15 and 
14. ¢)]. 

b) Let X be a compact connected space which is irreducible between 
two of its points a, 4. Show that if X has more than one prime 
constituent (Chapter II, § 4, Exercise 20) then the space X’' of prime 
constituents of X (loc. cit.) is irreducible between the prime constituents 
of a and 4, and that there is a linear ordering on X’ such that 
the topology of X’ is identical with ©,(X’'). * Give an example in 
which X’ is distinct from X [cf. Exercise 15 d)]. 4 


{ 19) a) Let X be a connected Hausdorff space and let a, 6 be two 
distinct points of X such that there is no connected closed subset of X, 
other than X_ itself, which contains both a and b. If x is a point 
of X other than a or 8, then O{x} is not connected if and only if, 
for each ye C {x} » there is in Ci y a connected subset which is closed 
in X and contains x and one of the points a, 6. [To show that the 
condition is necessary, use Exercise 4a) of Chapter I, § 11; to show that 
it is sufficient, let A (resp. B) be the set of all ye X such that there is 


a connected subset of Gi v} which is closed in X and contains a and 
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x (resp. 6 and x); show that A and B are non-empty and open and 
disjoint from each other, and that Ofx} = AuB]. 


b) Let X be a compact connected space which is irreducible between 
two of its points a, 6 (Chapter IT, § 4, Exercise 19). Show that if for each 
pair of distinct points x, y of X there is a compact connected set in X 
which contains » and one of a, 6 but does not contain x, then there isa 
linear ordering on X such that 6)(X) is the given topology on X (Exer- 
cises 15 and 16). 


20) In the construction of Exercise 23 of Chapter I, § 9, take X,y to 
be the interval [0, 1] of R. Show that the homeomorphisms of X 
onto itself are the same as the homeomorphisms of X, onto itself, al- 
though the topology of X is strictly finer than the topology of X, [use 
Exercise 20 6) of Chapter I, § 8}. 


21) Show that if r>2 there is no r-fold transitive group of homeo- 
morphisms of R_ onto itself (consider the subgroup leaving two points of 
R_ fixed). 


§ 3 


1) Let x be areal number 20 and let p and g be two integers 
>o. Prove the relations 


(xilp)u9 = xUPq, (xP)UG = (xla)P, lly lia — (4Pt9) UPd, 


2) a) On the polynomial ring A = R[X], consider the linearly ordered 
ring structure for which the elements 20 are o and all polynomials 
#0 whose leading coefficient is > 0. Show that the topology 6,(A) 
is not compatible with the ring structure of A. 


b) If K is an ordered field the topology ©)(K) is compatible with the 
ring structure of K, and the bounded sets for this ring topology (Chapter 
III, § 6, Exercise 12) are the bounded sets for the order structure. The 
topology ©,(K) is locally retrobounded (Chapter III, § 6, Exercise 22) 
and in particular is compatible with the field structure of K; moreover 
the completion K of K_ with respect to this topology, which is a field 
(loc. cit.) is canonically endowed with the structure of an ordered field [§ 1, 
Exercise 3 5)]. 


c) On the field K = Q(\/2), considered as an ordered subfield of R, 


consider the topology © which is such that (x,y) —>* + BVA 2 is a homeo- 
morphism of Q? onto K, Q? carrying the product topology. This 
topology © is finer than ©,(K) and is compatible with the field structure 
of K; but the completion of this topological field is not a field. 


387 


Iv REAL NUMBERS 


d) The field K = Q(V/2), considered. as a vector space over Q, is 
the direct sum of the vector subspace G’ generated by 1 and V. 2, and the 
vector subspace G” generated by V4 Consider the topologies on G’ 
and G" induced by the topology of R; let © be the topology on K 
which is the product of the topologies of G’ and G". Show that © 
is compatible with the additive group structure of K and is finer than 
© (K) (K being considered as an ordered subfield of R) but is not 
compatible with the ring structure of K. 


§ 3) a) If f is an isomorphism of the field R onto a subfield of R 
show that f must be the identity mapping of R_ onto itself. [Remark 
that all rational numbers are invariant under f and that 


S (#") = (F(#))? 2 0, 
so that f is increasing]. 
b) Let Ky be the field R(X) of rational fractions in one indeterminate 
over R, ordered by taking the polynomials >o0 to be those whose leading 
coefficient is >o. Let K_ be the maximal ordered algebraic extension 


of Ky. Show that there is an order-preserving automorphism f of K 
such that f(§) = & forall EeR and f(X) = X**). 


§ 4 


1) Show that every bounded half-open interval of R_ is homeomorphic 
to every unbounded closed interval of R. If @< 6, then no two of the 
three intervals Ja, d[, [a, 6[, [a, 5] are homeomorphic. 


2) Show that the mapping *x-—>x/(1 + |x|) is a homeomorphism 
of R onto the open interval ]— 1, i[. 


3) Let I denote the interval [0,1] of R, and let f be a homeomor- 
phism of I onto itself such that f(0) =o and f(1) = 1. Show that 
there is a continuous mapping g of I x I into I such that: (i) for each 
xel, g(x,0) =x and g(x, 1) = f(x); (ii) for each yeI the partial 
mapping x -> g(x, y) is a homeomorphism of I onto itself such that 
g(0, y) =0 and g(t, y) = 1. 

4) Show that the uniformity induced on R_ by the unique uniformity 
of R_ is strictly coarser than the additive uniformity of R. 

5) As the point (x, ») tends to (+ 00, —0o) while remaining in 


R xX R, shows that the set of cluster points of the function x+y is R. 

(*) Use the property of uniqueness, up to isomorphism, of the maximal ordered 
algebraic extension of an ordered field [B. L. van der Waerden, Moderne Algebra, 
vol. 1, Ist edition (Berlin, Springer, 1930) pp. 232-234]. 
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Likewise, as (x,y) tends to (0, + 0) while remaining in R x R, the 
set of cluster points of xy is R. 


6) Show that every rational function P(x)/Q(x) with coefficients in R, 
defined at all points x of R such that Q(x) #0, can be extended by 


continuity to the points + co and— oo (taking its values in R). 


© 7) Let X bea linearly ordered set. 


a) Let X, be the completion of X (S et Theory, Chapter ITI, § 1, Exercise 
15). XX, is a linearly ordered set whose elements are the subsets A of 
X such that; (i) if xe A and »y<x, then yeA; (ii) if A has a least 
upper bound in X, this bound belongs to A [which is equivalent to 
saying that A is closed in © (X)]; the elements of X, are ordered by 
inclusion. X, is compact with respect to the topology ©)(X,) [§ 2, 
Exercise 6a)]. The mapping x-—>]<,x] of X into X, is strictly 
order-preserving, and if we identify X with its image under this mapping, 
then X is dense in X, and ©,(X) is induced by G(X,). X, is 
connected if and only if X is without gaps (§ 2, Exercise 7). 

b) For each cardinal ¢, give an example of a linearly ordered set X 
which is connected in the topology ©,(X) and is such that every funda- 
mental system of neighbourhoods of any point of X has cardinal 2¢ 
[use a) and the method of § 1, Exercise 4 5)]. 

c) With the notation of a), let X, be the subset of the lexicographic 
product X, Xx {— 1,0, I i which is the complement of the set consisting of: 
(i) the points (x, 0) where x@X; (ii) the points (x, 1) where xe X 
and the set of all y>x in X has a smallest element; (iii) the points 
(x, —1) where xeX and the set of all y<x in X has a greatest 
element. Show that X,, endowed with the topology ©)(X,), is compact 
and totally disconnected, that X can be identified, by means of the 
strictly order-preserving mapping x —> (x, 0), with a dense subset of X,, 
and that the topology induced by 6,(X,) on X_ is discrete. 

d) Let X’ be a linearly ordered set containing X which induces the 
given order structure on X, is compact in the topology 6,(X’) and is 
such that X is dense in X’ with respect to this topology. Show that 
there is a continuous order-preserving surjective mapping f: X’ —> X, 
and a continuous order-preserving surjective mapping g: X,—> X’, both 
of which induce the identity mapping on X. 


85 


1) Let X,, X, be two directed sets and let f be a real-valued 
function defined on X, X X, such that, for each x,¢X,, the mapping 
x_ —> Jf (%1,%_) is increasing on X,, and for each x,@ X,, the mapping 
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x, > f (*, %,) is increasing on X,. Show that f has a limit in R with 
respect to the product of the section filters of X, and X,, and that this 
limit is the least upper bound of fC 


2) a) Let f bea real-valued function defined on a set X, let A bea 
non-empty subset of X, and let » be an increasing real-valued function 
defined on f(A). If 9 is continuous at the point @ = sup J (x«), then 


sup o(f (#)) = ¢ (sup (+)). 


5) Let f bea esl function defined on a set X filtered by a 
filter §, andlet 9 bea real-valued function defined on an open neighbour- 
hood. V of the set of cluster points of f with respect to §. Show that 
if g is increasing and continuous on V, then 


lim supg (9 of) = 9(lim supg f). 


3) Let f be a real-valued function defined on an infinite set X and 
let @ be the filter of complements of finite subsets of X. Show that 
lim supg f is the least upper bound of the set of real numbers x such that 


the set f([x, + 2]) is infinite. 


4) Let ff g be two real-valued functions defined on a set X filtered 
by a filter §. Show that 


lim supg (sup (f, g)) = sup (lim supg f, lim supg g). 
Give an example of a set X filtered by a filter %, and an infinite family 
(f,) of real-valued functions defined on X, such that 


sup (lim supg /,) < lim sup, (sup /,). 
L t 


5) Let f5 g be two real-valued functions defined on a filtered set. Show 
that if lim g exists andis 20, then 


lim sup /g = (lim sup /) (lim g) 
whenever both sides are defined. 


6) Let X, (resp. X,) bea set filtered by a filter §, (resp. %,) and let f 
be a real-valued function defined on X, X X,. Show by an example that 
the three numbers lim supg,g, f(*1, 2), lim supg, (lim supg, f(%, *2)), 
lim supg, (lim supg, f (*, ¥.)) are in general distinct. 


§ 7) Let f bea real-valued function defined on a closed subset A of 


R. Let lim sup JS (x) [resp. lim sup Jf (x)] denote the upper limit of 
fra, eva 


S(*) as x tends to a point aeA “awhile remaining in Anf[a, +0] 
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(resp. An{[—oo, a]). Show that the set of points @e@A_ such that 
lim sup f(*) Alim sup f(«) is countable. [Prove that, for each pair 
t>a,rZa era,rga 
of rational numbers /, g such that p <q, the set G,, of points aeA 
such that 
lim sup f(x) < p < ¢ < lim sup f(x) 
z 


Cya,r Za >a,ega 
is countable, by using Exercise 1 of § 2]. 


8) Deduce from Exercise 7 that a real-valued function f defined on a 


closed subset A of R, and monotone on A, is continuous on A except 
at the points of a countable subset of A. 


§ 9) Let X be a topological space with a countable base and let f 
be a real-valued function defined on X. Show that the set of points 
xe X, suchthat lim (f(x) exists and differs from f(a), is countable 


Zea,xAa 
(same method as in Exercise 7). 


§ 10) Let X be a topological space which has a countable base (U,) 
and let f be a real-valued function defined on X; / is said to attain a 
strict relative maximum at a point ae X if there is a neighbourhood V of 
a such that f(x) < f(a) for each xeV other than x=a. Show 
that the set M of points of X, at which / attains a strict relative maxi- 
mum, is countable. (Consider the set of U, such that f attains, at some 
point of U,, a strict relative maximum equal to its least upper bound in 
U,, and show that there is a mapping of this set onto M). 


11) Let (u,) beasequence ofreal numbers >o such that lim u, = 0. 


n>o 
Show that there is an infinite number of indices n such that u, > up 
for all m>n. 


12) Let (u,) be a sequence of real numbers > such that 


lim inf u, = 0. 
n> 


Show that there is an infinite number of indices n such that u, < up, 
* for all m<n. 


13) Let (u,) be a sequence of finite real numbers and let (¢,) be a 
sequence of numbers 2 0, such that lim e,=0 and uy, > Uu, — En 
N>oo 


for all integers n 20. Let a= lim inf u, and let 6 = lim sup u,; 
neo 


}> 00 
show that the set of cluster points of the sequence (u,) is the interval 
[a, 6]. 
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14) Let (r,) be an increasing sequence of finite real numbers > 0, 
such that limr, = + 0. For each finite real number 7 >o0, let N(r) 
denote the largest index n such that r, <r. Show that 


lim sup NID ee lim sup StF lim inf Ne lim inf ©. 


reo r n>0o Tr r>2 r n> Tr 


§ 15) Let (x,) be a sequence of finite real numbers and let (p,) be 


a sequence of finite real numbers 2 0 such that lim d &) = +. 


n n n>o \i-0 n 
Let », = ( > a) ) ( > n) for those values of n such that }) p;o. 
.i=0 i=o i=1 


Show that lim inf x, < lim inf », < lim sup », < lim sup &,. 
neo n>o n>o Roo 


Let H_ be any non-empty subset of the set of cluster points of the sequence 
(x,) in R. Show that the sequence (f,) of finite real numbers 20 
a 


can be determined so that lim { }) ~;)= + «© and so that the set of 


n> i=o 
cluster points of the corresponding sequence (y,) contains H. [Reduce 
to the case where H is countable, then define (f,) by induction, taking 
its terms to be o or 1]. = 
Deduce that the sequence (x,) converges in R_ if and only if the 


sequence (¥y,) converges in R for every sequence (p,) of numbers 2 0 
n 


such that lim( )) p;} = + o. 


n>o \j=o 
16) Let x9, be two real numbers such that 0 <yo<%9. For n>0 
we define two sequences (x,), (j,) inductively by the relations 
Kat. = (%n + In)/2 Ir =F Vin Ine 


Show that the two sequences (x,), (y,) tend to the same limit « (the 
“arithmetico-geometric mean” of x%9, 99); also there exist numbers 
a>o and y such that o<y<1 and *,—y, <ay™ for each n 


[observe that a4; —Jati = (% —In)*/4 (Fn + Int) ]- 


17) Let g bea mapping of Jo, 1] into [—1, 1] such that 


lim g(x) =o. 
er, r>0 


Show that there is a continuous increasing mapping g, and a continuous 
decreasing mapping g, of [0,1] into [—1,1] suchthat g,(0) = g,(0) =o 
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and g,(x) < g(x) <gp(x) for o<x <1. [For each integer n>o0 consider 
the greatest lower bound x, of the numbers x such that g(x) > 1/n]. 


18) Extend the definitions and results of no. 1 to no. 6 to functions which 
take their values in a linearly ordered set X which is compact in the 
topology G9(X) (cf. § 2, Exercise 6). 


§ 6 


1) Let f be a continuous mapping of an open interval IcR_ into 


R. Show that if f(I) is open and if, for each yeR, the set F( J) 
has at most two distinct points, then f is monotone. 


€ 2) Let B bea base of R considered as a vector space over the field 
Q (‘ Hamel base ”). B is uncountable (§ 2, Exercise 2). Let 9 bea 
bijection of a subset CB of B onto the set B. Define a mapping 


f of R into R as follows: if x= 5, 4(&)E, where 2(&) ¢Q and A(E) =o 
B 
for all but a finite number of elements &eB, then f(x) = » 2(E)9(&)- 
ec 


Show that f(x +9) =f(*)+f(y), but that, for each zeR, / (2) 
is a dense subset of R, which implies that f is not bounded above nor 
below in any interval of R. 


© 3) a) For each interval IcR, let G(I) denote the group of all 
homeomorphisms of I onto itself. Show that if I and J are any 
two intervals of R, each containing more than one point, then G(T) 
and G(J) are isomorphic. In G(I), the set F(I) of increasing homeo- 
morphisms is a normal subgroup of index 2. 

b) Let G=G(R) and F=F(R). For each feG and each xeR, 
let o(x; f) denote sgn(f(x)—.x). Let T+ (resp. T-) be the set 
of all feF such that o(x; f) is constant and equal to 1 (resp. — 1) 
on R. Show that every element of T+ (resp. T-) is conjugate in F 
to the translation x-—>x-+ 1 (resp. x->x—1). [If feT+, consider 
the sequence of points f"(0), n¢ Z]. 

c) Let T=TtuT~-. Show that every feF which does not belong 
to T isthe productin F oftwoelementsof T, [Write f=/,f, in F, 
where /{(x) = sup (x, f(x)) and f,(*) = inf (x, f(x)); if g is the trans- 
lation x >x-+1, then fig and gf, belong to T]. 

d) Two elements f, g are conjugate in F if and only if there exists 
se@F such that o(x;f) = o(s(x);g) forall xeR. [Consider the compo- 
nents I, of the open set of all x such that o(x; f) 40; observe that 
F(I,) and F are isomorphic (by a)) and use 5)]. In particular, if 
[a, 6] is an interval of R such that o(a; f) = o(d; f) =0 for some 
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feF, then the element f’ of F which coincides with f for x<a 
or x26 and is such that f'(x) =x+e(f(*) — x) for a<x< b, 
where 0< «<1, is conjugate to f in F. 

e) Let feF and let a, b, c, d be four real numbers such that 
a<c<b<d and f(x)—x=0 for x=a, x=), x=c, x=d, 
a(x; ff) =1 for a<x<c and b<x<d. Let a’, b’ be two numbers 
such that a<a’<c and b< 0b’ <d; let J =[a, 5], J’ = [a’, b'], and 
let f, denote the restriction of f to J; thus f,eF(J). Show that there 
is an increasing homeomorphism s of J onto J’ such that the element 
Sr = fis? of F(J’) is such that fA(*) > f(x) whenever a’ <x < 0’ 
[use d)]. 

J) Let feF andlet [a,b] be aninterval of R such that f(x) —x=o0 
for x =a and x=), o(x; f) =—1 for x<a and o(x; f)=+1 
for x > 6. Show that there exists geF, conjugate to f in F, such 
that g(x) > f(x) for all xeR (same method). 

g) Let H+ (resp. H~-) denote the normal subgroup of F consisting 
ofall fe F suchthat f(x) =x inaneighbourhood of + 2 (resp. — 290). 
Show that H+, H- and H = H+nH- are the only normal subgroups 
of F other than F and fet. {If N is a normal subgroup of F, other 
than F, and if feN does not belong to H+, show that there is an 
element geN such that the set of all xe R for which o(x; g) = +1 
is an interval Ja, + 0], and that we have g(x) =«* for x <a. To do 
this use the constructions of e) and f), as wellas 5b) and c). Toshow 
that N contains no subgroup, other than H and fet, which is normal 
in F, consider an element feH distinct from e; let a and 5 be the 
greatest lower bound and least upper bound (both finite by hypothesis) 
of the set of xe R such that o(x; f) #0. Observe then that F([a, 4]) 
is isomorphic to F and use the preceding result]. 


h) Show that the group H is simple. (Same method as for proving 
that H contains no non-trivial subgroups normal in F). 


4) Let f bea lower semi-continuous function on a topological space X, 


and let » be an increasing lower semi-continuous function on f(E) c R. 
Show that 9 of is lower semi-continuous on X. 


5) Let f be a lower semi-continuous function on a topological space X. 
Show that if A is any non-empty subset of X, then sup f(A) =sup/ (A). 


§ 6) Let f bea real-valued function defined on a topological space X. 
The number (finite or infinite) 


w(a; f) = lim sup f (x) — lim inf f (x) 
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is called the oscillation of f at aeX, whenever the right-hand side is 
defined. 


a) Show that x->w(x; f/) is upper semi-continuous on the subspace 
A of X where this mapping is defined. 


b) If f is fintteon X, then A = X and foreach ae X we have 
w(a;f) = lim sup (f(x) —f(9)). 


(2,9) >(a, a) 
c) Let f be a lower semi-continuous finite real-valued function on X. 
Show that if, ata point ae X, w(a;f) has a finite value, then 


lim inf w(x; f) =o. 
Zr>a 


[Assuming the result false, show that there would exist points x arbitrarily 
near to a such that f(x) is as large as we please]. 


d) For each rational number r = p/q in irreducible form (with g > 0), 
put f(r) = q. Show that f is lower semi-continuous on Q, but that 
at each point reQ we have w(r;f) = + a. 


§ 7) Let X bea locally compact space and f a lower semi-continuous 

function on X. 

a) If lim sup f(x) = + © forevery ae X, show that the set f (+ 2) 
cra 

is dense in X [foreach ae X and each neighbourhood V of a, define 


a sequence (U,) of relatively compact open sets such that U,,,¢ U, 
and f(*) > 2 for all xe U,]. 


*b) Let n-—>r, be a bijection of N onto the set of rational numbers 
belonging to [o, 1], and let 9(x) = 1/\/|x| [with 9(0) = + 2]; then 


the function /(x) = 2-"9(x—r,) is lower semi-continuous on [o, 1], 
? 


a . 3 Os ed ra 
J (+ 0) is dense in this interval, and so is its complement [to prove 
the last point, observe that the series is convergent whose general term is 


1 
af o(%¥ —Tp)dx. » 


(Integration, Chapter IV, § 3, no. 6, Theorem 5).] 

c) If f is finite, show that the set of points x such that w(x; f) is 
finite is dense [use a)]. 

d) Show that the set of points of X at which f is continuous (/ being 
finite or not) is dense. [Reduce to the case in which f is bounded, by 
replacing f by f/(1 +|f|) (Exercise 4); observe that 1/w(x; f) is 


lower semi-continuous and use a) and Exercise 6 ¢)]. 
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8) Let X bea topological space, andlet A bea closed subset of X x R. 
Show that the mapping x -—> inf (A(x)) of pr,A into R is lower semi- 
continuous. Conversely, if f:X —»R is a lower semi-continuous function, 
then the subset B of X x R consisting of pairs (x,y) such that y >/f (x) 
is closed in X x R. 


G 9) a) Let X and Y be two Hausdorff spaces and let x: X-—»Y be 
a proper mapping (Chapter I, § 10, no. 1). Let g be a lower semi- 
continuous real-valued function on X. For each ye Y, let f(y) be 
the greatest lower bound of g in the set = (») [thus {(») = + 0 
if = (9) =@]. Show that f is lower semi-continuous on Y. [Use 
the fact that x(X) is closed, that “x (y) is compact for all yex(X), 
and that every neighbourhood of “x () contains a neighbourhood which is 
saturated with respect to the equivalence relation x(x) = x(x’).] 


6) Let g be the continuous function |x,x,— 1| defined on R x Jo, + »[, 
and for each x,@R_ let f/(x,) = inf g(x,, *,). Show that / is not 
lower semi-continuous. ita 


10) Extend Definition 1, Proposition 1 and Theorem 3 to functions defined 
on a topological space X which take their values in an arbitrary linearly 
ordered set Y. If f and g are two mappings of X into Y, both lower 
semi-continuous at a point a, then inf (f, g) and sup (jf, g) are lower 
semi-continuous at a. Sois f+ g if Y is a linearly ordered commu- 
tative group. 

If Y is compact in the topology 6 (Y) (§ 2, Exercise 6), extend Theo- 
rem 4 and Propositions 3 and 4 to functions with values in Y. 


@ 11) Let R carry the right topology (Chapter I, § 1, Exercise 2). 
A mapping f of a topological space X into R_ is continuous in this 
topology if and only if f has a relative minimum at every point of X. 
If X =R (with the usual topology), show that the set f(X) is then 
countable. [Suppose that the result is false, and that the interval [a, 8] nf (X) 


is uncountable; for each ye[a, 8], let U(y) = F (Ly + »]); Us) 
is an open subset in R. Let (I,) be the sequence (finite or infinite) of 
components of U(8), and for each n let x, bea point of I,; for each 
yela, 8], let g,(y) (resp. h,(y)) be the left-hand (resp. right-hand) 
end-point of the component of U(y) which contains x, Show that 
for at least one value of n one of the functions g,, A, must take an 
uncountable infinity of distinct values in [a, 8]; now use Exercise 8 of § 5]. 


12) Let f be a continuous non-constant finite real-valued function on a 
compact interval [a, 6] of R, such that f(a) = f(b) =0; let Z be 
the closed subset of [a, 6] consisting of points x for which f(x) =o, 
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and let ¢ be the largest of the lengths of the intervals contiguous to Z 
in [a, 6]. Show that, for each ¢ such that 0<¢<c, there is a point 
xe[a, 6] such that x + te[a, b] and f(x +t) =/ (x). 


13) Let f be a continuous finite real-valued function on a compact 
interval [a,b] of R, and suppose that f is not strictly monotone. Show 
that there exists a point x)e Ja, d[ such that, for each ¢ > 0, there are 
two points y,z in [a, b] such that x») —e <y < %»<zZ<% +e and 
F (9) =f (2). 

14) Let f be a continuous mapping of R into itself. 

a) Show that if f is uniformly continuous on R, then there exist two 
real numbers a > 0 and $20 such that | f(x)| <alx| + @ forall «eR. 


6) Show that if f is monotone and bounded in R, then f is uniformly 
continuous on R. 


§] 15) Let X be the Alexandroff half-line [§ 2, Exercise 12 6)], and 
let X’ be its compactification by adjunction of a point at infinity wo. 
Show that, for every continuous mapping f(: X—> X, either we have 


lim f(x) =w, or else there exists ze X such that f is constant 
LI w, LEX 
in the interval [z, >[. [Show that if, as x tends to w, f has a cluster 


point ce X, then we must have lim =c; prove that f can have 
cT>w, TEX 

no other cluster point in X’, by using the fact that every increasing 

sequence converges in X. Then use Exercise 12 b) of § 2 and the fact 

that in X’ every countable intersection of neighbourhoods of w is a 


neighbourhood of w]. 
87 


1) Let (x,) be a family of real numbers, all of which belong to the 
interval A’ = ]— 0, + o] (resp. A” =[—o, + 0[). The family 
(x,) is summable in R_ if and only if one of the following conditions is 
satisfied : 
a) Atleast one of the numbers x, is equal to + oo (resp. — x). 
6) Atleast one of the two sums ¥ xt, Dd x7 is finite. 

t t 
In the first case we have >, x, = + 00 (resp. — ); in the second case, 


4 = x* —> xy ‘ 
t t t 


2) Let (x,) bea family of real numbers all of which belong to the inter- 
val A’ (resp. A”) and which satisfies condition 5) of Exercise 1. Show 
that every subfamily of (x,) is summable in R, and that the sum of the 
x’ is associative (cf. Chapter III, § 5, no. 3, Theorem 2). 
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3) Let (%,)az0 be a decreasing sequence of finite real numbers > 0. 
This sequence is summable in R_ if and only if the sequence (2”¥%e),>0 
is summable in R (‘ Cauchy’s condensation test’), * Deduce that the 
series whose general term is 1/n* is convergent if « > 1 and not convergent 
if o<a€l.y 


4) Let (a,) be any sequence of finite real numbers 20. Show that 


a : ‘ 
the sequence ( A is summable in R 


(1 + a) (1 + a)... (1 <a) 


(express each term of this sequence as a difference). 


5) Let (d,) be a sequence of finite real numbers > such that 


py d, = + 0. 
a=0 
What can be said about the convergence of the series whose general terms 
are 
d, d, d, d, 


ee eee ? 
ied," 1+ nd, I + nd, 1+d, 


‘ 


6) Prove that s = }, (1/n) is equal to + o by showing that s>s + = 
n=1 2 


(find lower bounds, as functions of s, for the sum of the terms with even 
indices and the sum of the terms with odd indices). 


7) Show that, for each integer p > 1, 


— y)n—1 = 
by ( 1) — = (1 — 21?) ¥ a 
n=1 nP n=1 nP 
: . . I 
8) Show that, if m is an integer > 0, then ect Mi ae ta De 
8 > iragem m= — n® 2 
; : I ems ae : 
(express the rational fraction. >: 28 a sum of partial fractions). 
m* — x 


9) Ifthe series whose general term is x, is convergent in R, show that 
lim inf nx, < o < lim sup nx,. 

n> US 
Q 10) Aseries (u,) is convergent in R_ if and only if, for each increasing 
sequence (f,) of numbers >o0 such that lim p, = +0, we have 

n R> ow 

lim (( > oy) / ps) =o (use Exercise 15 of § 5). 
n>o \\kzo i 


11) Consider a sequence (a,) every term of which is the sum of a finite 
sequence of finite real numbers 


qa, >= bai + dae + ea Dn, ken 
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n—l 

For each pair (n, p) of positive integers such that p <k,, if m= }, kj +4, 
i=o 

put ¢, = 5, ,. Show that if the series whose general term is a, is conver- 


gentin R, and if 
dy Te nal = bn, al ae sry 5 len, eal 


tends to o as n_ tends to infinity, then the series whose general term 
is ¢, is convergent and has the same sum as the series whose general 
term is a,. 


@ 12) Let (u,) be a sequence of finite real numbers. For each permu- 
tation o of the set N, put 


r(n) = |o(n) —n|. sup |tm|- 


a) Ifthe series with general term u, is convergent, and if lim r(n) = 0, 
n> co 
show that the series with general term v, = ug) is convergent to the 
n Rn 


same sum. [Consider the difference v,— 4 for large values 
k=0 k=0 

of n, and if h is the smallest integer <2 such that o(h) >, note 

that in this difference there are at most o(k)—- terms in each of the 

two sums which do not cancel out]. 

b) Suppose that the series whose general term is u, is convergent. Give 

an example of a permutation o such that lim r(n) =o but such that the 


n>oo 
criterion of Chapter III, § 5, Exercise 6a) is not satisfied. [Define a 
family of mutually disjoint intervals I, = [n, — 2k, n, + 2k] in N, and 
take ¢ such that o(n) =n whenever n does not belong to any of the 
I,, and such that o(n,—2j) =m + 2j, o(m, + 2j) = m—2j for all 
k and o<j<k.] 


13) Let (u,) be a sequence of real numbers 20 such that lim u, = 0 
oo n>o 


and >) u, = + 0. Let (p,) beastrictly increasing sequence of numbers 
n=0 
>o such that lim p, = -+ oo. Show that there exists a permutation 
new Rn 


co of N such that foreach neN, 5; Uginy < Pa 
k=0 


§ 14) Let (u,) be a sequence of finite real numbers such that the series 
whose general term is u, is convergent but not absolutely convergent; 
io) 


let 5 = S u, Show that, foreach number s’ 2 s, there exists a permuta- 


n=0 
tion ¢ of N such that o(n) =n for those indices n such that u, 2 0, 
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oO 


and such that Ss. Ug) = 8’. [Show by induction on m that there is a 


permutation ne “of N such that o,,(k) = for all k for which u, 20 
and such that, if uy” denotes u, », there is an integer p, with the 


property that ¥ — y u™! < 1/m for all k > ~,_. Moreover, om44 is such 


that onii(k) = on (&) “for all & such that o(k) <p, and all k& such 
that u, <— 1/m.) 


15) Let (u,) be a sequence of finite real numbers such that lim u, = 0 
n>oo 


and »y uy = py u, = +00. If a and 5 are any two real numbers 


(finite or not) such that a < 6, show that there is a permutation ¢« of 
nr 


N such that, if we put s,= >) Ugg), we have lim inf s,=a and 


k=0 n> 
lim sup s, = 5. Show that the set of cluster points of the sequence (5,) 
n> 


is then the interval [a, 5]. 


€| 16) Let (u,) be a sequence of finite real numbers such that the 
series whose general term is u, is convergent but not absolutely convergent. 
Show that there exists a permutation ¢ of N satisfying the condition of 
Chapter ITI, § 5, Exercise 6 a) but such that the series whose general term 
iS Ug-1n) is not convergent. [Let h, k, m be three integers with the 
following properties : if f,, ...,, are the integers n such that h<n<h+m 


and u, > 0, then Up, +++ +, >2 and h-+m<k—r; moreover 
vy 

if , v are any integers such that h +m <p<v, then| >) u,| <1. 
n=" 

Put s=m—r and let gq, ..., g; denote the integers n such that 


hgn<h-+m and u, <0. Consider the permutation «a of the 
interval [h, k + s] of N such that «(p) = &—i+1 for 1<ig¢y, 
(qj) =kA+j for 1<j<¢s, ck+j) =h+s—j for 1<j<s, 
A ee re tt for 1<t<r and finally x(n) =n 
for h-+m<n<k—r; show that we have 


k k 

x uj —_ > Un-Lin| 
ixh ixA 

17) If umn = 1/(m?—n®) for mAn and tm = 0, show that 


3( 3 m)=—3(3 tn) #0 


m=1 \n=1 n=1 \m=1 


I. 


(Use Exercise 8.) 
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18) Let (1+ 4,) be a family of real numbers all belonging to the 
interval [o0, -+- oo[ (resp. Jo, + 00]). Then the family (1+ 4,) is 
multipliable in R_ if and only if one of the following conditions is satisfied : 
a) At least one of the numbers 1 + 4, is equal to o (resp. + 0). 
b) The family u, is summable in R. 


19) Let (1 + 4,),e be a multipliable family in R. For each non- 
empty subset H of I, let vy denote I u, Show that the family 


(?q) Hex is summable in R and that 


1+ Yo =[LG + u,). 
H tél 


Is the converse true? 


Deduce that, if —1<x«<1, then|| (1 +”) = 1/(1—»). 
n=0 
20) Let (u,) be asequence of finite real numbers 20 such that uy > 0, 
n 
andlet s, = )) u, foreach n>o. Then the sequence (u,) is summable 


k= 
in R ifand only ifthe sequence (u,/s,) issummablein R [apply Theorem 
4 to the sequence (1 — u,/s,)]. The same holds if the sequence (u,/s,) 
is replaced by the sequence (up/s,-1). 


21) Let u, = (— 1)"\/n for n>2. The product whose general 
factor is 1 -+u, is not convergent, but the series whose general term is 
u, is convergent. 


22) For n22, let u,4.=— 1/\/n and us, = (1 + \/n)[n. The 
product whose general factor is 1 + u, is convergent, but the series whose 
general term is u, is not convergent. 


§ 8 
1) If « and y are real, we have 


[x+y] =] +D] +6 wheres =0 or ¢=1, 
[«—y] = [fk] —Db] —« wheree =0 oor ¢=I, 


[x] + [x +9] + DI] < [2%] + [29], 
id +[«+t]+[-+2]+-- + [++ ° |= to, 


[@}-" 


for any integer n> 0. 
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2) Let (¢,) be a strictly decreasing sequence of finite numbers > 0 
which tend to 0. For each xeR, let r,(x) be the multiple of «, which 
is the approximation by defect to x to within e,. Then the sequence 
(r,(x)) is increasing for all xe R if and only if <, is an integer multiple 
of ¢n4, for each n. 


3) Let a be an integer >1. A real number x is rational if and 


co 

only if its expansion to base a, say x =fy+ >, u,a-", is periodic, that 
n=0 

is to say if and only if there exist two integers my and r>o_ such that 


Unt, = U, for all n> ng. 
§ 4) Let (u,) be a summable sequence of numbers >0 in R_ which 


foo] 
satisfies the following conditions: uj, <u, and u, < Dd a+, for all 
k=1 bed 
n>o. Show that for every number a such that 0<a<s= d tn 
n=0 
there exists a subset I of N such that a= ),u,. These conditions 


net 
are satisfied in particular if uni, <u, < 24p4, for all nm. Consider the 


case of dyadic expansions. 


§ 5) Foreachreal number «xe Jo, 1], there is a unique infinite increasing 
eo 


sequence (q,) of integers >o such that x= )) 1/(q,9_..-g,). The 
number x is rational if and only if gni1 = dn from a certain value of n 
onwards. 

§ 6) For each feat number x > 1, there is a unique infinite sequence 
(¢,) of integers >1 such that ¢,4, > ¢; for all n2>1 and such that 


n= Ul (: + = (use Exercise 19 of § 7). The number x is rational if 
n=1 n 
and only if ¢,4, = ¢% form a certain value of n onwards. [To show 


90 . 
that the condition is necessary, show that if we put x, = il ( + =) 
k=n+1 k 
then the denominators of the fractions —* (in their irreducible form) 
#,—1 


form a decreasing sequence]. 


§ * 7) Let (€n)n>9 be a sequence of numbers each of which is 1 or 
—1. Show that the real number 


ere EY 3 eNVa + ee: +e,V2 
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is defined and is equal to 


Qn 
rain(# fe) 
4 k=0 2 


Deduce that lim x, exists and that for each real number x, such that 
n>00 


—2<x<2, there is a sequence (e,) such that x is equal to the 
limit of the corresponding sequence (x,). For what values of x is the 
sequence (e,) unique? For what values of x isit periodic ? (see Exercise 3). » 


8) Show that there is no non-constant mapping 4 of an interval IcR 
into the set N® of all sequences of natural numbers which has the following 
property for each xeI: for each integer n 2 0 there is a neighbourhood 
V of x in I such that, for each ye V, the first n terms of the sequence 
(y) are the same as the first n terms of the sequence (x) (remark 
that this would imply the continuity of y, if each factor N carries the 
discrete topology and N® the product topology). 


g) Show that Cantor’s triadic set K (§ 2, no. 5) is the set of all real 
numbers xe[o, 1] whose triadic expansion (resp. improper triadic 
expansion if x is the origin of an interval contiguous to K) 


ae 


“= > u,3-" 


a=1 
issuch that u, 1 foreach n (sothat u, =o or u,=2). Ifo, = ae Un 
2 2 
for each n, and if f(x) = >) 0,2-", show that f is a surjective continuous 


=1 
mapping of K onto [o, 1]; deduce that K_ has the power of the contin- 
uum. 


§| 10) Let (d,) be a base sequence, let a, = d,/d,_, (n> 1), let (nj) 
be a strictly increasing sequence of integers, and let (5;) be a sequence 
of integers such that 0 < 6;<a,,—1 for each i. Let G be the set 


of all xe[o, 1] such that, if )) u,/d, is the expansion of x, or the impro- 


n=1 
per expansion if it exists, then u,, 5; forall te N. Show that G isa 
totally disconnected perfect set, and that if / is the sum of the lengths 
of the intervals contiguous to G and contained in [o, 1], then 


§ 11) Let X be a Hausdorff topological space. Suppose that, for 
each finite sequence s whose terms are equal to 0 or 1, there is a non- 
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empty subset A(s) of X which satisfies the following conditions: 
(i) If s is a sequence of n terms (each of which is 0 or 1) and s’, s” 
are the sequences of n-++ 1 terms (each of which is 0 or 1) whose first n 
terms are the same as those of s, then A(s) = A(s’) u A(s"); and if 
Sq is the empty sequence, A(s)) = X. 
(ii) For each infinite sequence (u,),29 whose terms are equal to 0 or 1, 
if s, denotes the finite sequence (u,)o<%<¢n, then the filter base formed 
by the A(s,) converges to a point of X. 

Show that under these conditions there is a surjective continuous mapping 
of Cantor’s triadic set K onto X. 


§] 12) Deduce from Exercise 11 that: 

a) If A is a compact subset of R, there is a continuous mapping of 
Cantor’s triadic set K onto A [take the A(s) to be the intersections of A 
with suitably chosen intervals]. 

6) If also A is perfect and totally disconnected, it is homeomorphic 
to K [same method, by arranging that if s, and s, are two distinct 
sequences with the same number of terms (equal to o or 1) then 


A(s1) 2 A(sg) = Gy]. 


§ 13) Let X be a countable Hausdorff space. Suppose that, for each 
finite sequence s all of whose terms are o or 1, there is a non-empty 
subset B(s) of X which satisfies the following conditions : 


(i) If s is a finite sequence of n terms (equal to 0 or 1) and s’, 5” are 
the sequences of n-++ 1 terms (equal to o or 1) whose first n terms are 
the same as those of s, then B(s’) u B(s”) = B(s) and B(s’) n B(s”) = @; 
and if sy is the empty sequence, B(s9) = X. 

(ii) For each xe X, if s, is the (unique) sequence of n terms equal 
to o or 1 such that xe B(s,), then the filter base formed by the B(s,) 
converges to x in X. 

Show that, under these conditions, E is homeomorphic to the rational 
line Q. [Show first that X is homeomorphic to a countable subset 
of Cantor’s triadic set K which is dense in K and contains no end-point 
of an interval contiguous to K. In order to do this, remark that the 
hypotheses associate with each xe X an infinite sequence (u,(x)) whose 
terms are equal to 0 or 1; using the fact that X is countable, show that the 
bijection s-—»B(s) can be modified in such a way that for no xe E do 
the u,(x) form a stationary sequence; finally use Exercise 10 of § 2]. 

Deduce that every countable subspace of R which has no isolated 
points is homeomorphic to Q, 


14) Show that every closed subset of R_ is either countable or has the 
power of the continuum [use Exercise 12 b) above and Exercise 16 of 
Chapter I, § g]. 
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15) Show that the set of open subsets of R and the set of compact, 
totally disconnected, perfect subsets of R_ have the power of the continuum. 


16) a) Let A bea countable closed subset of R andlet f beacontin- 
uous real-valued function defined on R. Show that if f is constant 
in each of the intervals contiguous to A, then f is constant (use Bolzano’s 
theorem). 


b) If f is the continuous mapping of Cantor’s triadic set K onto [o, 1] 
defined in Exercise 9, show that f can be extended to a continuous function 
on R which is constant on each of the intervals contiguous to K. 


17) Let X be a topological space which has a countable dense subset. 
Show that the set of all real-valued continuous functions on X_ has the 
power of the continuum. 


HISTORICAL NOTE 


(Numbers in brackets refer to the bibliography at the end of this note.) 


Every measurement of quantities implies a vague notion of real numbers 
(we shall see the exact reasons for this in Chapter V, § 2). From the 
mathematical point of view, the origins of the theory of real numbers can 
be traced back to the progressive formation by the Babylonians of a system 
of numeration which was (in principle) capable of representing arbitrarily 
close approximations to any real number [1]. The possession of such a 
system, and the confidence in numerical calculation which naturally 
resulted from it, inevitably led to a “‘ naive”’ notion of real number which 
differs hardly at all from that which is current today (linked with the deci- 
mal system of numeration) in elementary education and among physicists 
and engineers. This notion cannot be precisely defined, but can be 
expressed by saying that a number is regarded as defined by the possibility 
of finding approximations to it and using these approximations in calcula- 
tion; this necessarily implies a certain amount of confusion between 
measures of physical quantities, which of course are not susceptible to an infin- 
ite series of successively closer and closer approximation, and “‘ numbers ”’ 


such as \/2 (assuming that one is in possession of an algorithm which would 
make possible an infinite series of successively closer and closer approximation 
of such numbers). 

A similar “* pragmatic *’ attitude appears in all mathematical schools 
in which expertise in calculation is more important than rigour and theory. 
The latter, however, were predominant in Greek mathematics; and it is 
to the Greeks that we owe the first rigorous and coherent theory of ratios of 
magnitudes, thatis, essentially, of real numbers. This theory was the culmi- 
nation of a series of discoveries about proportions and, in particular, 
incommensurable ratios, whose importance in the history of Greek thought 
can hardly be exaggerated, but which in the absence of accurate texts can 
be discerned only in outline. Greek mathematics in its early stages was 
inextricably bound up with speculations, part scientific and part philoso- 
phical and mystical, about proportion, similitude and ratio, especially 


406 


HISTORICAL NOTE 


** simple ratios ” (expressible by fractions with small numerators and 
denominators) ; and one of the characteristic tendencies of the Pythagorean 
school was to attempt to explain all in terms of integers and ratios of inte- 
gers. But it was the Pythagorean school, in fact, which discovered 
that the diagonal of a square is incommensurable with its side (in other 


words, that \/2 is irrational). This is without doubt the first example 
of a proof of impossibility in mathematics, and the mere fact of posing such 
a question implies a clear distinction between a ratio and approximations 
to it, and indicates the immense gap which separates the Greek mathema- 
ticians from their predecessors (*). 

We know little about the movement of ideas which accompanied and 
followed this important discovery (**). We shall give only a brief summary 
of the main ideas which lie at the base of the theory of ratios of magnitudes, 
which was constructed by the great mathematician Eudoxus (a contem- 
porary and friend of Plato), definitively adopted by classical Greek 
mathematics, and is known to us through Euclid’s Elements [2] where it is 
described in a masterly fashion (in Book V of the Elements) : 


1) The word and the idea of number are strictly reserved to natural 
integers >1 (1 is the monad and _ not, strictly speaking, a number), 
to the exclusion not only of our irrational numbers but also of what we 
call rational numbers : to the Greek mathematicians of the classical period 
the latter are ratios of numbers. There is much more here than a simple 
question of terminology : the word ‘‘ number ” was for the Greeks (and 
for the moderns up to a recent time) linked with the idea of a system with 


(*) The discovery that 1/2 is irrational is attributed by some to Pythagoras 
himself but, it seems, without sufficient authority; by others, to some Pythagorean 
of the fifth century B.C. On the authority of Plato in his Theaetetus, Theodorus 
of Cyrene is credited with the proof of the irrationality of /3, /5, ‘ and so on 
up to \/17’, following which Theaetetus appears either to have obtained a general 
proof for VN (N being any integer which is not a perfect square) or at least 
(if, as may have been the case, Theodorus’ proof was general in principle) to have 
gone on toa classification of certain types of irrational number. We do not know 
whether these first proofs of irrationality were arithmetic or geometric ; on this 
point see G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers, 
Oxford, 1938, Chapter IV; cf. also Sir Thomas Heath, A History of Greek Mathema- 
tics, 2 volumes, Oxford, 1921; H. Vogt, Entdeckung des Irrationalen..., Bibliotheca 
Mathematica (3) 10 (1909), p- 97, and H. Hasse and H. Scholz, Die Grundlagenkrise 
der griechischen Mathematik, (Pan-Verlag), 1928. 

(**) On this subject consult in particular the articles by O. Becker and those 
by O. Toeplitz in Quellen und Studien zur Geschichte der Mathematik (Abt. B, Studien), 
vols. 1, 2, 3, Berlin (Springer), 1931-36; also the works cited in the preceding note, 
and B. L. van der Waerden, Zenon und die Grundlagenkrise..., Math. Ann., 117 
(1940), p. 141. 


407 


Iv REAL NUMBERS 


two laws of composition (addition and multiplication); ratios of integers 
were regarded by the classical Greek mathematicians as operators, defined 
on the set of integers or on some subset of this set [the ratio of p to q is 
the operator which, applied to N, if N is a multiple of q, gives the integer 
b.(N/g)], and forming a multiplicative group but not a system with two 
laws of composition. In this the Greek mathematicians separated them- 
selves voluntarily from the “ logisticians ” or professional calculators who, 
like their Egyptian and Babylonian predecessors, had no scruples about 
treating fractions as if they were numbers, or adding a fraction to an 
integer. It seems moreover that this self-imposed restriction on the concept 
of number came from philosophical rather than mathematical motives, 
and followed the reflections of the first Greek thinkers on the unit and the 
multiple; the unit (in this system of thought) being incapable of subdivision 
without thereby losing its character of unit (*). 


2) The theory of magnitudes is based on axioms, which applied simulta- 
neously to all types of magnitudes (there are allusions to earlier theories which 
apparently treated lengths, areas, volumes, times, etc., all separately). 
Magnitudes of the same type are characterized by the facts that they can 
be compared. (that is to say, it is assumed that equality, which is an equi- 
valence relation, and the relations > and < are defined), that they can be 
added and subtracted (A +B is defined, and so is A—B if A>B) 
and that they satisfy “‘ Archimedes’ axiom ” (Theorem 1 of § 2). It is clearly 
realized from the beginning that this latter fact is the keystone of the 
whole edifice (it is in fact indispensable in any axiomatic characterization 
of real numbers; cf. Chapter V, § 2). Its attribution to Archimedes is 
purely accidental: in the introduction to his ‘ Quadrature of the Para- 
bola ”’ [3], Archimedes emphasizes that this axiom was used by his 
predecessors, that it played an essential part in the work of Eudoxus, and 
that its consequences were no less certainly established than determinations 
of areas and volumes performed without its help (**). 

We shall see in Chapter V, § 2, how the theory of real numbers is a 
necessary consequence of this axiomatic foundation. Note that, for 
Eudoxus, the magnitudes of a given type form a system with one internal 


(*) Plato (Republic, Book VII, 525 e) mocks calculators “ who divide up the 
unit into small change ” and tells us that, where calculators divide, philosophers 
multiply; in mathematical language this means, for example, that the equality 
of two ratios a/b and c/d is proved, not by dividing a by 6 and ¢ by d, 
which in general leads to calculations of fractions (this is how the Egyptians or 
the Babylonians would have gone about it), but by verifying that a.d = b.¢; 
and other similar facts. 

(**) This is clearly an allusion to polemics which have not come down to us; 
it reminds one of a modern mathematician speaking of Zermelo’s axiom. 
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law of composition (addition), but that this system has an external law 
of composition whose operators are ratios of magnitudes, conceived of as 
forming an abelian multiplicative group. If A and A’ are magnitudes 
of the same type, and if B and B’ are magnitudes of the same type, then 
the ratios of A to A’ and B to B’ are defined to be equal if, for all integers 
m and m’, the relation mA < mA’ implies mB < m’‘B’, and mA > m'A' 
implies mB > m'B’. Inequalities between ratios are defined by similar 
methods. That these ratios form a domain of operators for every type of 
magnitude is equivalent to the axiom (not explicitly stated but frequently 
used in Euclid’s exposition) of the existence of the fourth proportional : 
if a ratio A/A’ is given, and if B is given, then there exists a B’, of 
the same type as B, such that B/B’ = A/A’. Thus Eudoxus’ brilliant 
idea allowed him to identify all the domains of operators defined by differ- 
ent types of magnitude (*); in a similar way, the set of ratios of integers 
(see above) can be identified with a subset of the set of ratios of magnitudes, 
namely the set of rational ratios (or ratios of commensurable magnitudes) ; 
nevertheless, since these ratios, regarded as operators of the integers, are 
(in general) defined only on a subset of the set of integers, it was necessary 
to develop their theory separately (Book VII of Euclid). 

The universal domain of operators thus constructed was the equivalent, 
for the Greek mathematicians, of what the set of real numbers is for us; 
moreover it is clear that, with addition of magnitudes and multiplication of 
ratios of magnitudes, they possessed the equivalent of what the field of 
real numbers is for us, although in a much less manageable form (**). 
On the other hand, one may ask whether they regarded these sets (the set of 
magnitudes of a given type, or the set of ratios of magnitudes) as complete 


(*) It thus imparts complete rigour to the work of the early Greek mathema- 
ticians, who considered a theorem about proportions as established once they 
were able to prove it for all rational ratios. Apparently before the time of Eudoxus 
there had been attempts to construct a theory which would have attained the same 
object by defining the ratio A/A’ of two magnitudes by means of what in modern 
language would be called the terms of the continued fraction which expresses the 
ratio; these attempts were natural outgrowths of the algorithm (named after Euclid) 
for finding a common measure of A and A’ if one exists (or for the determination 
of the highest common factor). Cf, the articles of O. Becker cited above [note (**) 
on p. 407). ; ; 

(**) So unwieldy that in order to translate the algebraic science of the 
Babylonians into their language, the Greek mathematicians were obliged to use 
systematically a means of quite a different order, namely the correspondence bet- 
ween two lengths and the area of the rectangle constructed on these two lengths as 
sides; this is not, strictly speaking, a law of composition, and does not allow 
convenient expression of algebraic relations of degree higher than two. 

It should be observed that throughout this Note we disregard the question 
of negative numbers. 
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in our sense. It is not clear, otherwise, why they should have assumed 
the existence of the fourth proportional (without even perceiving the need 
to make it an axiom); moreover, some texts seem to refer to ideas of this 
nature; and they certainly assumed as self-evident the fact that a curve 
which can be described by continuous motion cannot pass from one side 
of a line to the other without cutting the line, a principle which they used, 
for example, in their investigations on the duplication of the cube (construc- 


tion of V2 by intersections of curves) and which is essentially equivalent 
to the property in question; nevertheless, the texts which have come down 
to us do not enable us to discern their ideas on this point with complete 
accuracy. 

Such was the state of the theory of real numbers in the classical period 
of Greek mathematics. Admirable though Eudoxus’ construction was, 
and leaving nothing to be desired in rigour or coherence, nevertheless it 
must be admitted that it lacked flexibility and did not encourage the devel- 
opment of numerical calculation, still less the development of algebraic 
calculation. Moreover its logical necessity could not be apparent except 
to those in love with rigour and familiar with abstraction; thus it is natural 
that, with the decline of Greek mathematics, the “naive” point of view, 
which had been preserved through the tradition of the logisticians, should 
gradually re-emerge. This point of view is dominant for example in 
Diophantus [4], who in truth was an upholder of this tradition rather 
than of official Greek science; he perfunctorily reproduces the Euclidean 
definition of number, but in reality he uses the word “number” to 
mean the unknown in algebraic problems whose solution may be either 
an integer, or a fraction, or an irrational number (*). Although this 
change of attitude on the subject of number is connected with one of 
the most important advances in the history of mathematics, namely the 
development of algebra, it does not of course constitute an advance in 
itself, but rather a retreat. 

We cannot trace here the vicissitudes of the concept of number through 
Hindu, Arab and western mathematics up to the end of the Middle Ages. 
The “naive” notion of number predominated, and although the Elements 
of Euclid served as a basis for the teaching of mathematics during this 
period, it is most likely that the doctrine of Eudoxus remained generally 
uncomprehended because the need for it was no longer appreciated. 
The “ratios” of Euclid were customarily described as “numbers”, and 
the rules for calculating with integers were applied to them without 
any attempt to analyse the reasons for the success of these methods. 


(*) “The ‘ number’ is therefore irrational’, Diophantus, Book IV, Problem IX. 
Concerning this return to the naive notion of number, cf. also Eutocius, in his 
Commentary on Archimedes ([3], Vol. 3, p. 120-126 of and edition = pp. 140-148 
of 1st edition). 
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Nevertheless we see R. Bombelli, as early as the middle of the 16th 
century, expounding a point of view on this subject, in his Algebra [5] (*), 
which is essentially correct (provided that the results of Book V of Euclid 
are assumed to be known); having realized that once the unit of length 
has been chosen there is a one-to-one correspondence between lengths 
and ratios of magnitudes, he defines the various algebraic operations on 
lengths (assuming of course that the unit has been fixed) and, representing 
numbers by lengths, obtains the geometrical definition of the field of real 
numbers (a point of view which is usually credited to Descartes) and thus 
gives his algebra a solid geometrical foundation (**). 

But Bombelli’s Algebra, though singularly advanced for its time, 
did not go beyond the extraction of radicals and the solution by radicals 
of equations of the second, third and fourth degrees; of course the possibility 
of extraction of radicals is assumed without any discussion. Simon Stevin [6] 
adopts an analogous viewpoint on the subject of numbers; for him a number 
denotes a measure of a magnitude and is regarded as being essentially 
“continuous” (without giving a precise meaning to this word). If he 
distinguishes between “geometric numbers” and “arithmetic numbers”, 
it is only because of the accident of their mode of definition and not because 
of a difference in nature. His last words on this subject run as follows: 
‘““We conclude therefore that there are no absurd, irrational, irregular, inexplicable 
or surd numbers, but that there ts in them such excellence and concordance that we 
have matter for meditation night and day on their admirable perfection” ({6], p. 10). 
On the other hand he was the first to use decimal fractions as a meth 
of calculation and proposed a notation for them which is very close to 
ours; and he saw clearly that these fractions provide an algorithm for 
indefinitely close approximation to any real number, as is shown by his 
Appendice algebraique of 1594, ‘‘containing a general rule for all equations” 
(the only known copy of this pamphlet was burnt at Louvain in 1914; 
but see [6], vol. 1, p. 88). Such an equation being written in the form 
P(x) = Q(x) [where the degree of the polynomial P is greater than the 
degree of the polynomial Q, and P(o) < Q(o)], he substitutes for x 
the numbers 10, 100, 1000, ... until he finds P(x) > Q(x) which, he 
says, determines the number of digits in the root; then (if for example 
the root has two digits) he substitutes 10, 20, .... which determines the 


(*) We are concerned here with Book IV of his Algebra, which remained 
unpublished until modern times; for our purposes it matters little whether or not 
the ideas of Bombelli on this subject were known to his contemporaries. 

(**) We do not enter here into the history of the use of negative numbers, 
which is within the framework of algebra. Let us nevertheless note that Bombelli, 
in the same context, gives with perfect clarity the purely formal definition (such 
as one would find in a modern algebra) not only of negative numbers, but also of 
complex numbers. 
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number of tens; then similarly for the number of units, then for the success- 
ive decimal digits: “And proceeding indefinitely in this way’’, he says, “we 
approach infinitely near to the number required” ([6], p. 88). As we see, 
Stevin had exactly the idea of Theorem 2 of § 6 (and was without doubt 
the first to have it) and recognized that this theorem was the essential tool 
for the systematic solution of numerical equations; at the same time we 
can see that he had so clear an intuitive conception of the numerical 
continuum that little remained to be done to make it definitively precise. 
Nevertheless, in the following two centuries the definitive establishment 
of correct methods was twice retarded by the development of two theories 
whose history does not come within the framework of this note: the 
infinitesimal calculus and the theory of series. ‘Throughout the discussions 
they gave rise to, we perceive, as in all periods of the history of mathematics, 
the perpetual balance between those who sought to push forward, at the 
cost of some insecurity, convinced that there would always be time later 
to consolidate the conquered terrain, and those of a critical mind who 
(without necessarily being in any way inferior in point of intuitive gifts 
and inventive genius) believed that their energies were not wasted when 
they devoted their effort to the precise formulation and rigorous justifi- 
cation of their conceptions. In the seventeenth century the main subject 
of debate was the notion of “infinitely” small which, though justified a 
posteriori by the results which were obtained with its help, seemed to be 
in open opposition to the axiom of Archimedes; and we see the most 
enlightened minds of this period finally adopting a point of view which 
differed little from that of Bombelli, and which is distinguished above all 
by the greater attention it paid to the rigorous methods of the ancients. 
Isaac Barrow (Newton’s teacher, who himself played an important part 
in the creation of the infinitesimal calculus) gave a brilliant exposition 
of this viewpoint in his Mathematical Lectures given at Cambridge 
in 1664-5-6 [7]; recognizing the need to return to the theory of Eudoxus 
in order to regain the proverbial “geometrical certainty” in the subject 
of number, he presents at length an extremely judicious defence of 
Eudoxus’ theory (which, on Barrow’s evidence, had remained unintel- 
ligible to many of his contemporaries) against those who charged it 
with obscurity or even absurdity. On the other hand, defining numbers 
to be symbols which denote ratios of magnitudes and to be capable of 
being combined by the operations of arithmetic, Barrow obtains the field 
of real numbers in terms which Newton took up again in his Arithmetic, 
and which his successors up to Dedekind and Cantor did not change. 
But it was in this period that the method of expansion in series was 
introduced; this rapidly took on an exclusively formal character in the 
hands of impenitent algebraists and deflected the attention of mathematic- 
ians from the questions of convergence which are essential to any sound 
use of series in the domain ofreal numbers. Newton, the principal creator 
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of the method, was certainly aware of the necessity of considering these 
questions; and if he did not elucidate them sufficiently, he at least realized 
that the power series which he introduced converged “usually” at least 
as well as a geometric series (whose convergence was already known to 
the ancients) for small values of the variable [8]. At about the same 
time, Leibniz had observed that an alternating series whose terms 
decrease in absolute value and tend to o is convergent. In the following 
century, d’Alembert in 1768 raised doubts about the use of non- 
convergent series; but the authority of the Bernoullis and above all Euler 
was such as to make doubts of this nature exceptional at this period. 

It is clear that mathematicians who were in the habit of using series 
for numerical calculations would never have so neglected the notion of 
convergence; and it is no accident that the first to lead the return to correct 
methods, in this domain as in many others, was a mathematician who in 
his early youth was in love with numerical calculation. C.F. Gauss, who, 
when still almost a child, had practised the algorithm of the arithmetico- 
geometric mean (*), could scarcely fail to form a clear notion of the limit; 
and in a fragment dated 1800 (but first published in our times) ([g], Vol. X4, 
p- 390) he gives precise definitions of the least upper bound and the greatest 
lower bound, and the upper and lower limits of a sequence of real numbers; 
the existence of the bounds (for a bounded sequence) he seems to have 
assumed as obvious, and the upper and lower limits he defines correctly 
as the limits, as n tends to + 00, of sup Unt+p and inf Un+p respectively. 

pe 


On the other hand, in his memoir of "812 on the hy perseanietric series 
([9], vol. IIT, p. 139), Gauss gives the first model of a discussion of conver- 
gence conducted, as he says, “in full rigour, and made to satisfy those whose 
preferences are for the rigorous methods of the ancient geometers”. It is true that 
this discussion, which occupies a secondary place in the memoir, does not 
go back to the first principles of the theory of series; Cauchy, in his Cours 
d’ Analyse of 1821 [10], was the first to establish these in a manner correct 
in every point, starting from Cauchy’s criterion (clearly stated, and assumed 
as self-evident). Since he takes the point of view of Barrow and Newton 
on the definition of number, it can be said that for Cauchy the real numbers 
are defined by the axioms of magnitudes and Cauchy’s criterion; and this 
is in fact enough to define them (see Chapter V, § 2). 


_ (*) Tf xo, %) are given and > 0, let xa. = (~, + J,)/2 and 


Jnt1 = V¥W Ins 


as n tends to + o, x, and y, tend (very rapidly) to a common limit, called the 
arithmetico-geometric mean of x, and yo (§ 5, Exercise 16); this function is 
closely related to the elliptic functions and was the starting-point of Gauss’s import- 
ant work on this subject. 
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At the same moment another important aspect of the theory of real 
numbers was definitively cleared up. As we have said, it had always 
been assumed as geometrically obvious that two continuous curves cannot 
cross each other without intersecting — a principle which (suitably made 
precise) is again equivalent to the completeness of the real line (as a uni- 
form space). This principle is at the base of the ‘“rigorous’’ proof, given 
by Gauss in 1799, of d’Alembert’s theorem, according to which every 
polynomial with real coefficients has a real or complex root ([9], vol. III, 
p- 1); the proof of the same theorem given by Gauss in 1815 ([9], vol. ITI, 
p- 31) depends, as does an earlier attempt by Lagrange, on the analogous 
but simpler principle that a polynomial cannot change sign without 
vanishing; this is a particular case of Theorem 2 of § 6, which we have 
already seen used by Stevin. In 1817 Bolzano gave a complete proof, 
founded on Cauchy’s criterion, of this latter principle, which he obtains 
as a particular case of the analogous theorem for continuous real-valued 
functions of a real variable [11]. He enunciates ‘“‘Cauchy’s criterion” 
clearly (and before Cauchy did), and seeks to justify it by an argument 
which, in the absence of any arithmetic definition of real numbers, was 
only and could only be a vicious circle; but, once this point has been 
accepted, his work is entirely correct and most remarkable, since it 
contains not only the modern definition of a continuous function (given 
here for the first time), with the proof of the continuity of polynomials, 
but also the proof of the existence of the greatest lower bound of an arbitrary 
bounded set of real numbers (he speaks not of sets, but of properties of 
real numbers, which comes to the same thing). Cauchy in his Cours 
d’ Analyse [10] also defined continuous functions of one or more real 
variables and proved by, the same reasoning as Simon Stevin used, 
that a continuous function of one variable cannot change sign without 
vanishing. This reasoning becomes correct, once continuity has been 
defined, if Cauchy’s criterion is invoked (or if one assumes, as Cauchy 
does at this point, the equivalent principle of “nested intervals’; the 
convergence of decimal fractions is of course only a particular case of 
this principle). 

Once arrived at this point, there remained for the mathematicians only 
the task of making precise and extending the results obtained, by correct- 
ing various errors and filling various gaps. For example, Cauchy had 
believed at one time that a convergent series, whose terms are continuous 
functions of one variable, has a continuous function as itssum. Abel’s 
rectification of this point, in the course of his important work on series 
([12], vol. 1, p. 219; cf. also vol. 2, p. 257 and passim) led finally to the 
elucidation by Weierstrass of the concept of uniform convergence (in his 
lectures, which remained unpublished but which had a considerable influ- 
ence; see the Historical Note to Chapter X). Again, Cauchy had assumed, 
without sufficient justification, the existence of the minimum of a contin- 
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uous function in one of his proofs of the existence of roots of a polyno- 
mial; and again it was Weierstrass who threw light on questions of this 
nature by proving (in his lectures) Theorem 1 of § 6 for functions of real 
variables, defined on bounded closed intervals. Following his criticism 
of unjustified applications of this theorem to sets of functions (‘Dirichlet’s 
principle ’’ is the best-known example) there began the movement of 
ideas which led, as we have seen in the Historical Note to Chapter I, to 
the general definition of compact spaces and the modern statement of the 
theorem as we have given it. 

At the same time Weierstrass, in his lectures, had perceived the logical 
importance in making the idea of real number entirely independent of the 
theory of magnitudes; the latter is effectively equivalent to an axiomatic 
definition of the points of the line (and thus of the set of real numbers) 
and the assumption of the existence of such a set; although this method is 
essentially correct, it is evidently preferable to start only from the rational 
numbers, and to construct the real numbers from them by completion (*). 
This was achieved, by diverse methods and independently of each other, 
by Weierstrass, Dedekind, Méray and Cantor; while the method of 
“cuts”, proposed by Dedekind [13], came very near to the definitions of 
Eudoxus, the other methods proposed are close to that which is expounded 
in this series. Simultaneously Cantor began to develop the theory 
of sets of real numbers, the idea of which was first conceived by Dedekind 
(see the Bibliography to Chapter I), and thus obtained the principal 
elementary results on the topology of the real line, the structure of its open 
and closed sets, the notion of derived set and of totally disconnected perfect 
set, etc.; he also obtained Theorem 1 of § 8 on the power of the continuum, 
and deduced from it that the continuum is uncountable, that the set of 
transcendental numbers has the power of the continuum, and also (a 
paradoxical result for its time) that the set of points of a plane (or of 
space) has the same power as the set of points of a line. 

With Cantor, the questions studied in this chapter assumed practically 
their definitive form. We refer to the Historical Note on Chapter I for 
the immediate impact of Cantor’s work; let us indicate briefly the 
directions in which it has extended. Apart from leading to work on 


(*) The question of the existence, i.e., in modern language, the non-contradic- 
tion of the theory of real numbers, is thus brought back to the analogous question 
for the rational numbers, provided always that abstract set theory is assumed known (because 
completion involves the notion of an arbitrary subset of an infinite set); in other 
words, everything is reduced to abstract set theory, since the rational numbers 
can be constructed from this theory (See Set Theory, Chapter III,§ 4). On the 
other hand, if we do not assume abstract set theory, it is impossible to reduce the 
non-contradiction of the theory of real numbers to that of arithmetic, and it 


becomes necessary to provide an independent axiomatic characterization of the 
theory of real numbers. 
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general topology (see Chapter I) and applications to integration, which 
will be dealt with thoroughly elsewhere in this series, Cantor’s work has 
led to investigations of the structure and classification of sets of points on a 
line, and of real-valued functions ofa real variable. These have their origin 
in the work of Borel [14] which was directed mainly towards measure theory 
but which led, among other things, to the definition of “Borel sets”, 
i.e., sets belonging to the smallest family of subsets of R which contains 
all intervals and is closed with respect to union and countable intersection 
and with respect to the operation 6 (cf. Chapter IX, § 6, no. 3). These 
sets are closely related to the so-called “Borel functions’ or “Baire func- 
tions”, that is to say functions which can be obtained from continuous 
functions by the operation of taking the limit of a sequence, repeated 
“transfinitely” ; they were defined by Baire in the course of an important 
work in which he entirely abandoned the measure viewpoint for a system- 
atic investigation of the qualitative and “topological” aspect of these 
questions [15]; in this context he defined and studied semi-continuous 
functions (and was the first to do so), and in order to characterize 
functions which are limits of continuous functions he introduced the 
important notion of a meagre set (set “of the first category’? in Baire’s 
terminology) which we shall study in Chapter IX. As to the many 
works which have followed Baire, and which are mainly products of the 
Russian and especially the Polish schools, we can do no more here than 
draw attention to their existence (see for example [16] and the journal 
Fundamentae Mathematicae). 
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A, A (A a subset of a topological space) : I, 1, 6. 
lim X, [(X,,) an inverse system of topological spaces] : I, 4, 4. 
F(@ (f the germ of a mapping) : I, 6, 10. 
limy f, lim f («), lim f (x) : I, 7, 3. 
2, 2 

lim x, : I, 7, 3. 
n> 
lim f (x) (A a directed set) : I, 7, 3. 
rea 
lim f (x) : I, 7. 4. 
“era 

lim f(x), lim f(x): I, 7, 5. 

cra, cea 


a>a,cEA 

Jr: 5, 1- 

tx: I, 10. 

Fr (A) (A a subset of a topological space) : I, 1, Exercise 5. 
©o(X), ©.(X), G_(X) : I, 2, Exercise 5. 

Bo(X), Gg, Go : I, 2, Exercise 7. 

$(X), G@ : I, 8, Exercise 12. 

©* : I, 8, Exercise 20. 

&(X) : I, 9, Exercise 13. 

lim X, [(X,) an inverse system of uniform spaces] : IT, 2, 7. 
X (the Hausdorff completion of a uniform space X) : II, 3, 7. 
dL, GU) : II, 1, Exercise 5. 

X/G (G a group operating on a space X) : III, 2, 4. 
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P(K, L) (K, L subsets of a space with operators) : III, 4, 5. 


Dd «, S «, Dax: UL 5, 1. 
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tS § 


Il Kes Il Hy II, : ITT, 5, 1. 
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ir —3 § 


(x,) (series, by abuse of language) : ITI, 5, 6. 


S Xo tates tart... > x, : IIL, 5, 6. 


n==0 n=0 
P Xn ll x, : ITI, 5, 7. 
n=0 n=0 


K* (K a division ring) : III, 6, 7. 

R, R*, R,, Rt: IV, 1, 3. 

x Vx, xm (x real and > 0) : IV, 3, 3. 
R, + 0©,—o: IV, 4,2. 

sup A, inf A (A a subset of R) : IV, 4, 2. 


R* : IV, 4, 3. 
lim S (x), lim SF (x): TV, 5, 3. 
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f(a—), f(a +): IV, 5, 3- 
sup f (x), inf f (x) (fa real-valued function) : IV, 5, 4. 
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sup /, sup f,, inf f,, inf f, (f, real-valued functions) : IV, 5, 5. 
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lim supg /, lim infg f, lim sup, gf (x), lim inf, 6 f (x) : IV, 5, 6. 
lim sup f, lim inf, lim sup, f (x), lim inf, f (x) : IV, 5, 6. 
lim sup f(x), lim inf f(x) : IV, 5, 6. 

“ara w>a 
lim sup f(x), lim inf f(x), lim sup f(x), lim inf f(x) : IV, 5, 6. 
@>a, rEX xv>a, rex z>a, axa xv>a, aa 
lim sup u,, lim infu, [(u,) a sequence of numbers] : IV, 5, 6. 


n>oo n>o 


lim sup/,, lim inf, [(/,) a sequence of functions] : IV, 5, 6. 
n> noo 


FS+af8 11f (fF g functions with values in R) : IV, 5, 7. 
[x] (x a real number) : IV, 8, 2. 
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Absolute value of a real number : IV, 1, 6. 

Absolutely closed space : I, 9, Ex. 18. 

Absolutely convergent infinite product: IV, 7, 6. 
Absolutely convergent series : IV, 7, 6. 

Accessible space : I, 8, Ex. 1. 

Additive group of the rational line : IV, 1, 2. 

Additive group of the real line : IV, 1, 3. 

Additive uniformity of a topological division ring : ITT, 3, 8. 
Additive uniformity of the real line : IV, 1, 6 

Alexandroff compactification : I, 9, 8. 

Alexandroff half-line : IV, 2, Exercise 12. 

Alexandroff’s theorem : I, 9, 8. 

A-maximal topology : I, 3, Ex. 11. 

Algebraic complement of a subgroup : III, 6, 2. 
Alternating series : IV, 7, 6. 

Approximation to within ¢ by defect (excess) : IV, 8, 1. 
Arbitrarily small subgroups of a topological group : III, 2, Exercise 3o. 
Archimedes’ axiom : IV, a, I. 

Associated. bijective continuous homomorphism : III, 2, 8. 
Associated Hausdorff group : III, 2, 6. 

Associated Hausdorff module : III, 6, 6. 

Associated Hausdorff ring : II, 6, 4. 

Associativity formula : ITI, 5, 3. 

Associativity of the sum of a summable family : III, 5, 3. 
Automorphism, local : III, 1, 3. 

Automorphism of a topological group : III, 1, 3. 

Axiom of Archimedes : IV, 2, 1. 

Axiom of Borel-Lebesgue : I, 9, 1. 

Axiom of Hausdorff : I, 8, 1. 
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Base of a filter : I, 6, 3. 

Base (number) of an expansion of a real number : IV, 8, 5. 

Base of a topology : I, 1, 3. 

Base sequence of an expansion of a real number : IV, 8, 2. 
Bicontinuous mapping : I, 2, 1. 

Bolzano’s theorem : IV, 6, 1. 

Borel-Lebesgue axiom : I, 9, 1. 

Borel-Lebesgue theorem : IV, 2, 2. 

Bounded above, below (function) : IV, 5, 1. 

Bounded above, below (set) : IV, 2, 3. 

Bounded function : IV, 5, 1. 

Bounded (left, right) subset of a topological ring : III, 6, Exercise 12. 
Bounded set (in a uniform space) : IT, 4, Ex. 7. 

Bounds, greatest lower and least upper (of a function) : IV, 5, 9. 


Canonical mapping of the graph of the equivalence relation defined by 
a group operating freely : ITI, 4, 3. 

Cantor’s theorem : IV, 8, 6. 

Cantor’s triadic set : IV, 2, 5. 

Cauchy filter : II, 3, 1. 

Cauchy filter, minimal : IT, 3, 2. 

Cauchy sequence : II, 3, 1. 

Cauchy’s condensation test : IV, 7, Exercise 3. 

Cauchy’s criterion : IT, 3, 3. 

Cauchy’s criterion for series : ITI, 5, 46. 

Cauchy’s criterion for summable families ; ITI, 5, 2. 

Chain (V-) : IT, 4, 4. 

Change of order of summation : ITI, 5, 3. 

Close (V-) : IT, 3, 1. 

Closed covering : I, 1, 4. 

Closed equivalence relation : I, 5, 2. 

Closed mapping : I, 5, 1. 

Closed set : I, 1, 4. 

Closure of a set : I, 1, 6. 

Cluster point of a filter base : I, 7, 2. 

Cluster point of a function at a point relative to a subset : I, 7, 5. 

Cluster point of a function with respect to a directed set : I, 7, 3. 

Cluster point of a function with respect to a filter : I, 7, 3. 

Cluster point of a function with respect to a sequence : I, 7, 3. 

Cluster point of a germ of a function : I, 7, 3. 

Coarser filter : I, 6, 2. 

Coarser topology : I, 2, 2. 

Coarser uniformity : IT, 2, 2. 

Coarsest topology : I, 2, 2. 
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Commutatively convergent series : ITI, 5, 7. 

Compact set : I, 9, 3. 

Compact space : I, 9, 3. 

Compactification, Alexandroff or one-point : I, 9, 8. 

Comparable filters : I, 6, 2. 

Comparable topologies : I, 2, 2. 

Comparable uniformities : IT, 2, 2. 

Comparison principle for series : IV, 7, 1. 

Compatible (division ring structure and topology) : III, 6, 7. 

Compatible (equivalence relation and group of operators) : ITI, 2, 4. 

Compatible (group structure and topology) : ITI, 1, 1. 

Compatible (mapping of spaces with operators and homomorphism of 
groups of operators) : ITI, 2, 4. 

Compatible (ordered group structure and topology) : IV, 1, Exercise 1. 

Compatible (ring structure and topology) : ITI, 6, 3. 

Compatible (structure of group with operators and topology) : III, 6, 1. 

Compatible with a topology : II, 4, 1. 

Complement, algebraic : ITT, 6, 2. 

Complement, topological : III, 6, 2. 

Complete group : III, 3, 3. 

Complete ring : ITI, 6, 5. 

Complete uniform space : II, 3, 3. 

Completely Hausdorff (space, topology) : I, 9, Ex. 20. 

Completely irreducible between two points : IV, 2, Exercise 16. 

Completion of a Hausdorff topological division ring, field : III, 6, 8. 

Completion of a Hausdorff topological group : ITI, 3, 4. 

Completion of a Hausdorff topological module : III, 6, 6. 

Completion of a Hausdorff topological ring : ITI, 6, 5. 

Completion of a Hausdorff uniform space : IT, 3, 7. 

Component, identity : ITI, 2, 2. 

Component of a point : I, 11, 5. 

Component of a subset : I, 11, 5. 

Condensation point : I, 9, Ex. 16. 

Condensation test, Cauchy’s : IV, 7, Exercise 3. 

Connected component : I, 11, 5. 

Connected set : I, 11, 1. 

Connected space : I, 11, 1. 

Constituents, prime : II, 4, Ex. 19. 

Contiguous intervals : IV, 2, 5. 

Continuity, extension by : I, 8, 5. 

Continuous bijective homomorphism associated with a continuous homo- 
morphism of topological groups : III, 2, 8. 

Continuous (mapping, function) : I, 2, 1. 

Continuous section : I, 3, 5. 
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Continuous with respect to a subspace : I, 3, 2. 
Continuously, group operating : ITI, 2, 4. 
Continuum, power of : IV, 8, 6. 

Convergent, absolutely : IV, 7, 6. 

Convergent, commutatively : III, 5, 7. 

Convergent filter : I, 7, 1. 

Convergent filter base : I, 7, 1. 

Convergent infinite product : ITI, 5, 7. 

Convergent infinite product of real numbers : IV, 7, 6. 
Convergent sequence : I, 7, 3. 

Convergent series : ITI, 5, 6. 

Convergent series of real numbers : IV, 7, 6. 
Coprefilter : I, 6, Ex. 17. 

Correspondence, proper : I, 10, Ex. 10. 

Covering, closed : I, 1, 4. 

Covering, open : I, 1, 1. 

Criterion, Cauchy’s : II, 3, 3; III, 5, 2 and ITI, 5, 6. 
Cube root : IV, 3, 3. 


Decimal expansion of a real number : IV, 8, 5. 
Dense set : I, 1, 6 

Direct sum, topological : III, 6, 2. 

Dirichlet’s function : IV, 6, 2. 

Discrete division ring : ITI, 6, 7. 

Discrete field : III, 6, 7. 

Discrete group : III, 1, 1. 

Discrete ring : III, 6, 3. 

Discrete (topological space, topology) : I, 1, 1. 
Discrete (uniform space, uniformity) : IT, 1, 1. 
Division ring, topological : ITI, 6, 7. 

Dyadic expansion of a real number : IV, 8, 5. 


Elementary filter : I, 6, 8. 

Elementary filter associated with a sequence : I, 6, 8. 
Elementary set : I, 4, 1. 

Ends of a locally compact space : I, 11, Ex. 19. 
Entourage : IT, 1, 1. 

Entourage, symmetric : II, 1, 1. 

Entourages, fundamental system of ; II, 1, 1. 
Envelope, lower (upper) : IV, 5, 5. 

Equivalence relation, closed : I, 5, 2. 

Equivalence relation defined by a group of operators : III, 2, 4. 
Equivalence relation, Hausdorff : I, 8, 3. 
Equivalence relation, open : I, 5, 2. 
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Expansion, decimal : IV, 8, 5. 

Expansion, dyadic : IV, 8, 5. 

Expansion, improper : IV, 8, 3. 

Expansion of a real number with respect to a base sequence : IV, 8, 2. 
Expansion, terminating : IV, 8, 3. 

Expansion to base a: IV, 8, 5. 

Expansion, triadic : IV, 8, 5. 

Extended real line : IV, 4, 2. 

Extension of a mapping by continuity : I, 8, 5. 
Extension of identities, principle of : I, 8, 1. 
Extension of inequalities, principle of : IV, 5, 2. 
Exterior of a set : I, 1, 6. 

Exterior point : I, 1, 6. 

External semi-direct product : III, 2, 10. 

External topological semi-direct product : III, 2, 10. 
Extremally disconnected space : I, 11, Ex. 21. 


Factor, general (of an infinite product) : ITI, 5, 7. 
Family, locally finite : I, 1, 5. 

Family, multipliable : III, 5, 1. 

Family, summable ; ITI, 5, 1. 

Field, discrete : III, 6, 7. 

Field of real numbers : IV, 3, 1. 

Field, p-adic : III, 6, Exercise 23. 

Field, topological : ITI, 6, 7. 

Filter : I, 6, 1. 

Filter base : I, 6, 3. 

Filter, Cauchy : II, 3, 1. 

Filter coarser than another : I, 6, 2. 

Filter comparable with another : I, 6, 2. 
Filter, convergent : I, 7, 1. 

Filter, elementary : I, 6, 8. 

Filter, elementary, associated with a sequence : I, 6, 8. 
Filter finer than another : I, 6, 2. 

Filter, Fréchet : I, 6, 1. 

Filter generated by a set of subsets : I, 6, 2. 
Filter, induced : I, 6, 5. 

Filter, intersection : I, 6, 2. 

Filter, minimal Cauchy : II, 3, 2. 

Filter, neighbourhood : I, 6, 1. 

Filter, section : I, 6, 3. 

Filter strictly coarser than another : I, 6, 2. 
Filter strictly finer than another : I, 6, 2. 
Filter subbase : I, 6, 2. 
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Filtered set : I, 6, 1. 

Final topology : I, 2, 4. 

Finer filter : I, 6, 2. 

Finer topology : I, 2, 2. 

Finer uniformity : II, 2, 2. 

Finite open coverings, uniformity of : II, 4, 1. 
Finite partial sum : ITI, 5, 1. 

Finite partitions, uniformity of : IT, 2, 2. 
Finite real number : IV, 4, 2. 

Finite real-valued function : IV, 5, 1. 

Freely, group operating : III, 4, 3. 

Fréchet filter : I, 6, 1. 

Frontier of a set : I, 1, 6. 

Frontier point : I, 1, 6. 

Full subset : I, 11, Ex. 14. 

Function, continuous : I, 2, 1. 

Function, real-valued (or real) : IV, 5, 1. 
Function, uniformly continuous : II, 2, 1. 
Fundamental system of entourages : II, 1, 1. 
Fundamental system of neighbourhoods : I, 1, 3. 


Gelfand ring : III, 6, Exercise 11. 

General factor of an infinite product : III, 5, 7. 

General term of a series : VI, 5, 6. 

Geometric progression: IV, 7, 1. 

Germ of a mapping at a point : I, 6, ro. 

Germ of a mapping with respect to a filter : I, 6, 9. 
Germ of a subset at a point : I, 6, 10.. 

Germ of a subset with respect to a filter : I, 6, 9. 

Greatest lower bound of a real-valued function : IV, 5, 4. 
Greatest lower bound of a set of topologies : I, 2, 4. 
Greatest lower bound of a set of uniformities : II, 2, 5. 
Group, complete : ITI, 3, 3. 

Group, discrete : ITT, 1, 1. 

Group, Hausdorff, associated with a topological group : III, 2, 6. 
Group operating freely on a set : III, 4, 3. 

Group operating trivially on a set : III, 2, 4. 

Group, paratopological : III, 1, Exercise 4. 

Group, product topological : ITI, 2, 9. 

Group, quasi-topological : III, 2, Exercise 5. 

Group, quotient topological : ITI, 2, 6. 

Group, semi-topological : III, 1, Exercise 2. 

Group, topological : III, 1, 1. 

Group, topological, operating continuously on a topological space : ITI, 2, 4. 
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Group, topological, operating properly on a topological space : III, 4, 1. 
Group, topological, with operators : III, 6, 1. 


Half-line, Alexandroff : IV, 2, Exercise 12. 

Hamel base : IV, 6, Exercise 1. 

Hausdorff completion of a topological group : ITI, 3, 4. 

Hausdorff completion of a topological module : III, 6, 6. 
Hausdorff completion of a topological ring : III, 6, 5. 

Hausdorff completion of a uniform space : II, 3, 7. 

Hausdorff equivalence relation: I, 8, 3. 

Hausdorff group associated with a topological group : III, 2, 6. 
Hausdorff module associated with a topological module : III, 6, 6. 
Hausdorff ring associated with a topological ring : III, 6, 4. 
Hausdorff space : I, 8, 1. 

Hausdorff topology : I, 8, 1. 

Hausdorff uniform space associated with a uniform space : II, 3, 8. 
Hausdorff uniformity : II, 1, 2. 

Hausdorff’s axiom : I, 8, 1. 

Homeomorphic topological spaces : I, 1, 1. 

Homeomorphism : I, 1, 1. 

Homeomorphism, local : I, 11, Ex. 25. 

Homogeneous space : III, 2, 5. 


Identification, space obtained by : I, 3, 4. 

Identities, principle of extension of : I, 8, 1. 

Identity component of a topological group : ITT, 2, 2. 
Image, inverse, of a topology : I, 2, 3. 

Image, inverse, of a uniformity : II, 2, 4. 

Improper expansion of a real number : IV, 8, 3. 
Induced by a uniformity (topology) : II, 1, 2. 
Induced filter : I, 6, 5. 

Induced topology : I, 2, 3. 

Induced uniformity : II, 2, 4. 

Infinite product, absolutely convergent : IV, 7, 6. 
Infinite product, convergent : ITI, 5, 7. 

Infinite product defined by the sequence (x,) : IIT, 5, 7. 
Infinite product of real numbers, convergent : IV, 7, 6. 
Infinite product whose general factor is x,: ITI, 5, 7. 
Initial topology : I, 2, 3. 

Initial uniformity : II, 2, 3. 

Inner automorphism of a topological group : ITI, 1, 3. 
Integer, p-adic : III, 6, Exercise 23. 

Integral part of a real number : IV, 8, 2. 

Interior of a set : I, 1, 6. 
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Interior point : I, 1, 6. 

Intersection filter : I, 6, 2. 

Intersection topology : I, 1, 6. 

Inverse image of a topology : I, 2, 3. 

Inverse image of a uniformity : II, 2, 4. 

Inverse limit of an inverse system of groups (rings) : III, 7, 1. 

Inverse limit of an inverse system of sets endowed with internal (external) 
laws : ITI, 7, 1. 

Inverse limit of an inverse system of topological groups (modules, rings) : 
III, 7, 2. 

Inverse limit of topological spaces : I, 4, 4. 

Inverse limit of topologies : I, 4, 4. 

Inverse limit of uniform spaces : IT, 2, 7. 

Inverse limit of uniformities : II, 2, 7. 

Inverse system of groups (rings) : III, 7, 1. 

Inverse system of topological groups (rings) : III, 7, 2. 

Inverse system of topological spaces : I, 4, 4. 

Inverse system of topologies : I, 4, 4. 

Inverse system of uniform spaces : II, 2, 7. 

Inverse system of uniformities : I, 2, 7. 

Irrational numbers : IV, 1, 2. 

Irreducible between two points : II, 4, Ex. 19. 

Isodyne space : I, 2, Ex. 11. 

Isolated point : I, 1, 6. 

Isomorphic uniform spaces : II, 1, 1. 

Isomorphism, local : ITI, 1, 3. 

Isomorphism of a topological group onto a topological group : 
IT], 1, 3. 

Isomorphism of a uniform space onto another : II, 1, 1. 


Kolmogoroff space : I, 1, Ex. 2. 


Least upper bound of a real-valued function : IV, 5, 4. 
Least upper bound of a set of topologies : I, 2, 3. 
Least upper bound of a set of uniformities : IT, 2, 5. 
Left adherent point : IV, 2, Exercise 1. 

Left bounded : III, 6, Exercise 12. 

Left inverse of a linear mapping : ITI, 6, 2. 

Left topology on an ordered set : I, 1, Ex. 2. 

Left uniformity of a topological group : ITI, 3, 1. 
Length of a bounded interval : IV, 1, 5. 

Limit, inverse : III, 7, 1 and 2. 

Limit, lower (upper) : IV, 5, 6. 

Limit on the left (right) : IV, 5, 3. 
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Limit (point) of a filter : I, 7, 1. 

Limit (point) of a filter base : I, 7, 1. 

Limit (point) of a function at a point : I, 7, 5. 

Limit (point) of a function relative to a subset : I, 7, 5. 

Limit (point) of a function with respect to a directed set : 1, 7, 3. 

Limit (point) of a function with respect to a filter : I, 7, 3. 

Limit (point) of a germ of a function : I, 7, 3. 

Limit (point) of a sequence : I, 7, 3. 

Lindeléf space : I, 9, Ex. 14. 

Line, extended real : IV, 4, 2. 

Line, rational : I, 1, 2; IV, 1, 2. 

Line, real : IV, 1, 3. 

Local automorphism of a topological group : III, 1, 3. 

Local direct product of topological groups : III, 2, Exercise 26. 

Local homeomorphism : I, 11, Ex. 25. 

Local isomorphism of a topological group with another : II, 1, 3. 

Local product of a family of topological groups, relative to a family of 
open normal subgroups : III, 2, Exercise 26. 

Locally bounded topological ring : ITI, 6, Exercise 12. 

Locally closed subspace : I, 3, 2. 

Locally compact space : I, g, 7. 

Locally connected space : I, 11, 6. 

Locally finite family : I, 1, 5. 

Locally isomorphic topological groups : III, 1, 3. 

Locally precompact Hausdorff topological group : III, 3, Exercise 8. 

Locally quasi-compact space : I, 9, Ex. 29. 

Locally retrobounded topology : III, 6, Exercise 22. 

Lower envelope of a family of real-valued functions : IV, 5, 5. 

Lower limit of a real-valued function with respect to a filter : IV, 5, 6. 

Lower semi-continuous real-valued function : IV, 6, 2. 

Lower semi-continuous regularization of a real-valued function : IV, 6, 2. 


Mapping, bicontinuous : I, 2, 1. 
Mapping, closed : I, 5, 1. 

Mapping, continuous : I, a, 1. 

Mapping, open : I, 5, 1. 

Mapping, proper : I, ro, 1. 

Mapping, uniformly continuous : II, 2, 1. 
Maximum, relative : IV, 6, 2. 

Maximum, strict relative : IV, 5, Exercise 10. 
Minimal Cauchy filter : IT, 3, 2. 

Minimal Hausdorff space : I, 9, Ex. 19. 
Minimum, relative : IV, 6, 2. 
Mittag-Leffler’s theorem : II, 3, 5. 
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Module, topological : III, 6, 6. 

Morphism of spaces with operators : III, 2, 4. 

Morphism of topological groups : ITI, 2, 8. 

Morphism, strict : III, 2, 8. 

Monotone limit, theorem of the : IV, 5, 2. 

Multipliable family of elements of a multiplicative group : III, 5, 1. 
Multiplicative uniformities of a topological division ring : III, 6, 8. 


Neighbourhood filter : I, 6, 1. 

Neighbourhood of a point : I, 1, 2. 
Neighbourhood of a set : I, 1, 2. 

Neighbourhood, symmetric : ITI, 1, 2. 
Neighbourhood (V-) : II, 1, 2. 

Neighbourhoods, fundamental system of : I, 1, 3. 
Nilpotent, topologically : III, 6, Exercise 9. 

nth root : IV, 3, 3. 

Number, finite real ; IV, 5, 2. 

Number, irrational : IV, 1, 3. 

Number, p-adic : III, 6, Exercise 23. 

Number, real : IV, 1, 3 and (by abuse of language) IV, 4, 2. 


One-point compactification : I, 9, 8. 

Open covering « I, 1, 1. 

Open equivalence relation : I, 5, 2. 

Open mapping : I, 5, 1. 

Open set : I, 1, 1. 

Opposite of a topological group : III, 1, 1. 

Orbit space of a space with operators by its group of operators : III, 2, 4. 
Oscillation of a real-valued function : IV, 6, Exercise 6. 


p-adic field, integers, numbers, topology, valuation : III, 6, Exercise 23. 
p-adic solenoid : ITI, 7, Exercise 6. 

p-adic uniformity : II, 1, 1. 

Paracompact space : I, g, 10. 

Paratopological group : III, 1, Exercise 4. 

Partial sum : III, 5, 3. 

Pasting together of sets : I, 2, 5. 

Pasting together of topological spaces : I, 2, 5. 

Perfect set : I, 1, 6 

Periodic expansion of a real number : IV, 8, Exercise 3. 
Permutable (operations of two groups on a space) : III, 2, 4. 
Poincaré-Volterra theorem : I, 11, 7. 

Point : I, 1, 1. 

Point, cluster : I, 7, 2. 
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Point, condensation : I, 9, Ex. 16. 
Point, exterior : I 
Point, frontier : I, 1, 
Point, interior : I, 1, 
Point, isolated : I, 1, 
Point, limit : I, 7, 1. 
Point, singular : II, 4, Ex. 19. 

Points, V-close : II, 1, 1. 

Power of the continuum : IV, 8, 6. 

Precompact set : II, 4, 2. 

Precompact space : II, 4, 2. 

Prefilter : I, 6, Ex. 17. 

Prime constituents : II, 4, Ex. 19. 

Prime constituents, space of : II, 4, Ex. 19. 

Prime prefilter : I, 6, Ex. 17. 

Primitive set : I, 7, Ex. 8. 

Principle of comparison of series : IV, 7, 1. 

Principle of extension of identities : I, 8, 1. 

Principle of extension of inequalities : IV, 5, 2. 
Product, external semi-direct : III, 2, 10. 

Product filter : I, 6, 7. 

Product, local (direct) : III, 2, Exercise 26. 

Product of a multipliable family : ITI, 5, 1. 

Product of topological groups : ITI, 2, 9. 

Product of topological groups with operators : III, 6, 1. 
Product of topological rings : ITI, 6, 4. 

Product, semi-direct : III, 2, 10. 

Product, topological semi-direct : ITI, 2, 10. 

Product topological space : I, 4, 1. 

Product topology : I, 4, 1. 

Product uniform space : II, 2, 6. 

Product uniformity : II, 2, 6. 

Proper correspondence : I, ro, Ex. 10. 

Proper mapping : I, ro, 1. 

Properly, group operating : ITT, 4, 1. 


Quasi-compact set : I, 9, 3. 

Quasi-compact space : I, 9, 1. 

Quasi-maximal topology : I, 2, Ex. 6. 

Quasi-ring : III, 6, Exercise 20. 

Quasi-topological group : III, 2, Exercise 5. 

Quotient space : I, 3, 4. 

Quotient space of a space with operators by its group of operators: ITI, 2, 4. 
Quotient topological group : IIT, 2, 6 
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Quotient topological group with operators : IIT, 6, 1. 

Quotient topological ring : ITI, 6, 4. 

Quotient topology : I, 3, 4. 

Quotient topology of the topology of a group by a subgroup : ITI, 2, 5. 

Quotient topology of the topology of a space with operators by its group 
of operators : III, 2, 4. 


Radical of a commutative topological group : III, 2, Exercise 28. 
Radical group : III, 2, Exercise 28. 

Rational line : I, 1, 2; IV, 1, 2. 

Rational number space of n dimensions : I, 4, 1. 

Real function : IV, 5, 1. 

Real line : IV, 1, 3. 

Real line, extended : IV, 4, 2. 

Real number : IV, 1, 3 and (by abuse of language) IV, 4, 2. 
Real-valued function : IV, 5, 1. 

Real-valued function bounded above (below) : IV, 5, 4. 
Real-valued function, finite : IV, 5, 1. 

Real-valued function, lower (upper) semi-continuous : IV, 6, 2. 
Regular open set : I, 8, Ex. 20. 

Regular space : I, 8, 4. 

Regular topology : I, 8, 4. 

Regularization, lower (upper) semi-continuous : IV, 6, 2. 
Relative maximum (minimum) : IV, 6, 2. 

Relatively compact : I, 9, 3. 

Relatively quasi-compact : I, 9, 3. 

Residual closed subgroup : III, 2, Exercise 28. 

Residue of a series : III, 5, 6 

Restricted associativity of series : III, 5, 7. 

Retrobounded set : III, 6, Exercise 22. 

Right bounded : III, 6, Exercise 12. 

Right inverse of a linear mapping : ITI, 6, 2. 

Right topology (on an ordered set) : I, 1, Ex. 2. 

Right uniformity of a topological group : III, 3, 1. 

Ring, complete : III, 6, 5. 

Ring, discrete : ITI, 6, 3. 

Ring, Gelfand : ITI, 6, Exercise 11. 

Ring, Hausdorff, associated with a topological ring : III, 6, 4. 
Ring, locally bounded topological : III, 6, Exercise 12. 
Ring, product topological : III, 6, 4. 

Ring, quotient topological : III, 6, 4. 

Ring, topological : III, 6, 3. 

Ring, topological, Hausdorff completion of : III, 6, 5. 
Roots (square, cube, nth) : IV, 3, 3. 
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o-compact : I, 9, 9. 


Saturation of a subset with respect to a group to a group of operators : III, 


2, 4. 
Section, continuous : I, 3, 5. 
Section filter : I, 6, 3. 
Semi-continous, lower (upper) : IV, 6, 2. 
Semi-direct product of subgroups : III, 2, 10. 
Semi-topological goup : III, 1, Exercise 2. 
Semi-regular (space, topology) : I, 8, Ex. 20. 
Sequence, Cauchy : II, 3, 1. 
Sequence convergent : I, 7, 3. 
Series, absolutely convergent : IV, 7, 6. 
Series, alternating : IV, 7, 6. 
Series, commutatively convergent : III, 5, 7. 
Series, convergent : III, 5, 6 and IV, 7, 6. 
Series defined by the sequence (x,) : III, 5, 6. 
Series whose general term is x, : ITI, 5, 6 
Set, bounded : II, 4, Ex. 7. 
Set bounded above (below) : IV, 2, 3. 
Set, Cantor’s triadic : IV, 2, 5. 
Set, closed : IT, 1, 4. 
Set, compact : I, 9, 3. 
Set, connected : I, 11, 1. 
Set, dense : I, 1, 6. 
Set, elementary : I, 4, 1. 
Set, filtered : I, 6, 1. 
Set, locally closed : I, 3, 3. 
Set, open : I, 1, 1. 
Set, perfect : I, 1, 6. 
Set, precompact : II, 4, 2. 
Set, quasi-compact : I, 9, 3. 
Set, regular open : I, 8, Ex. 20. 
Set, relatively compact : I, 9, 3. 
Set, relatively quasi-compact : I, 9, 3. 
Set, totally disconnected : I, 11, 5. 
Set underlying a topological space : I, 1, 1. 
Sign of a real number : IV, 3, 2. 
Singular point : IT, 4, Ex. 19. 
Small (V-) : IT, 3, 1. 
Solenoid, p-adic : III, 7, Exercise 6. 
Solvable space : I, 2, Ex. 11. 
Space, absolutely closed : I, 9, Ex. 18. 
Space, accessible : I, 8, Ex. 1. 
Space, compact : I, 9, 1. 
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Space, complete ; II, 3, 3. 

Space, completely Hausdorff : I, 9, Ex. 20. 

Space, connected : I, 11, 1. 

Space, extremally disconnected : I, 11, Ex. 21. 

Space, Hausdorff : I, 8, 1. 

Space, Hausdorff, associated with a uniform space : II, 3, 8. 

Space, homogeneous : ITI, a, 5. 

Space, isodyne : I, 2, Ex. 11. 

Space, Kolmogoroff : I, 1, Ex. 2. 

Space, Lindeléf: I, 9, Ex. 14. 

Space, locally compact : I, 9, 7. 

Space, locally compact s-compact : I, g, 9. 

Space, locally connected : I, 11, 6. 

Space, locally quasi-compact : I, 9, Ex. 29. 

Space, minimal Hausdorff : I, 9, Ex. 19. 

Space, n-dimensional rational : I, 4, 1. 

Space of orbits of a group operating continuously on a topological space : 
ITT, 2, 4. 

Space of prime constituents : II, 4, Ex. 19. 

Space, paracompact : I, g, 10. 

Space, precompact : II, 4, 2. 

Space, product topological : I, 4, 1. 

Space, product uniform : IT, a, 6. 

Space, quasi-compact : I, 9, 1. 

Space, quotient : I, 3, 4; III, 2, 4. 

Space, rational n-dimensional : I, 4, 1. 

Space, regular : I, 8, 4. 

Space, semi-regular : I, 8, Ex. 20. 

Space, solvable : I, 2, Ex. 11. 

Space, submaximal : I, 8, Ex. 22. 

Space, sum : I, 2, 4. 

Space, topological : I, 1, 1. 

Space, topological homogeneous : ITI, 2, 5. 

Space, topological, underlying a uniform space : II, 1, 2. 

Space, totally disconnected : I, 11, 5. 

Space, ultrafilter : I, 9, Ex. 26. 

Space, ultraregular : I, 8, Ex. 25. 

Space, uniform : II, 1, 1. 

Space, uniformizable : IT, 4,1. 

Square root : IV, 3, 3. 

Stabilizer : IIT, 2, 4. 

Strict morphism : III, 2, 8. 

Strict relative maximum : IV, 5, Exercise 10. 

Strictly coarser filter : I, 6, 2. 
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Strictly coarser topology : I, 2, 2. 
Strictly coarser uniformity : II, 2, 2 
Strictly finer filter : I, 6, 2. 

Strictly finer topology : I, 2, 2 

Strictly finer uniformity : II, 2, 2 
Subbase of a filter : I, 6, 2 

Subbase of a topology : I, 2, 3. 
Submaximal (space, topology) : I, 8, Ex. 22. 
Subspace (of a topological space) : I, 3, 1 
Subspace, locally closed : I, 3, 3. 
Subspace of a uniform space : II, 2, 4. 
Sum, finite partial : III, 5, 1 


Sum of a family of points of a commutative topological group : III, 5, 1. 


Sum ofa series : III, 5, 6 

Sum, partial : III, 5, 3. 

Sum (topological space, topology) : I, 2, 4. 
Summable family : ITI, 5, 1 

Symmetric entourage : II, 1, 1. 
Symmetric neighbourhood : ITI, 1, 2 
Symmetry : III, 1, 1. 


Terminating expansion (of a real number) : IV, 8, 3. 
Theorem, Alexandroff’s : I, 9, 8 

Theorem, Mittag-Leffler’s : II, 3, 5 

Theorem, Poincaré-Volterra : I, 11, 7. 

Theorem, Tychonoff’s : I, 9, 5 

Theorem of Bolzano : IV, 6, 1. 

Theorem of Borel-Lebesgue : IV, 2, 2 

Theorem of Cantor : IV, 8, 6. 

Theorem of the monotone limit : IV, 5, 2 

Theorem of Weierstrass : IV, 6, 1. 

Topological complement of a stable subgroup : III, 6, 2. 
Topological direct sum of stable subgroups : III, 6, 2. 
Topological division ring : III, 6, 7. 

Topological field : IIT, 6, 7. 

Topological group : III, 1, 1. 

Topological group with operators : ITI, 6, 1. 
Topological homogeneous space : III, 2, 5 
Topological module : ITI, 6, 6. 

Topological ring : III, 6, 3. 

Topological semi-direct product : III, 2, ro. 
Topological space : I, 1, 1. 

Topological structure : see Topology 

Topologically nilpotent (element, ideal) : III, 6, Exercise g. 


435 


INDEX OF TERMINOLOGY 


Topology : I, 1, 1. 

Topology, A-maximal : I, 3, Ex. 11. 

Topology associated with a filter : I, 6, 5. 
Topology coarser than another : I, 2, 2. 
Topology, coarsest : I, 2, 2. 

Topology comparable with another : I, 2, 2. 
Topology, completely Hausdorff : I, 9, Ex. 20. 
Topology, discrete : I, 1, 1. 

Topology, final : I, 2, 4. 

Topology finer than another : I, 2, 2. 
Topology generated by a set of subsets : I, 2, 3. 
Topology, Hausdorff : I, 8, 1. 

Topology, induced : I, 2, 3. 

Topology induced by a uniformity : ITI, 1, 2. 
Topology, initial : I, 2, 3. 

Topology, intersection : I, 1, 6. 

Topology, left (on an ordered set) : I, 1, Ex. 2. 
Topology, locally bounded : ITI, 6, Exercise 12. 
Topology, locally retrobounded : III, 6, Exercise 22. 
Topology, p-adic : III, 6, Exercise 23. 
Topology, product : I, 2, 3. 

Topology, quasi-maximal : I, 2, Ex. 6. 
Topology, quotient : I, 2, 4. 

Topology, regular : I, 8, 4. 

Topology, right (on an ordered set) : I, 1, Ex. 2. 
Topology, semi-regular, associated with a topology : I, 8, Ex. 20. 
Topology strictly coarser than another : I, 2, 2. 
Topology strictly finer than another : I, 2, 2. 
Topology, submaximal : I, 8, Ex. 22. 
Topology, sum : I, 2, 4. 

Topology, ultraregular : I, 8, Ex. 25. 
Topology, uniformizable : II, 4, 1. 

Totally adherent : I, 9, Ex. 17. 

Totally disconnected (set, space) : I, 11, 5. 
Triadic expansion of a real number : IV, 8, 5. 
Triadic set, Cantor’s : IV, 2, 6. 

Triangle inequality : IV, 1, 1. 

Trivial ultrafilter : I, 6, 4. 

Trivially, group operating : III, 2, 4. 
Two-sided uniformity on a topological group : III, 2, Exercise 6. 
Tychonoff’s theorem : I, 9, 5. 


Ultrafilter : I, 6, 4. 
Ultrafilter space : I, 9, Ex. 26. 
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Ultrafilter, trivial : I, 6, 4. 

Ultraregular (space, topology) : I, 8, Ex. 25. 

Underlying set of a topological space : I, 1, 1. 
Underlying topological space of a uniform space : II, 1, 2. 
Uniform structure : see Uniformity. 


Uniformities, multiplicative (of a topological division ring) : III, 6, 8. 


Uniformity : II, 1, 1. 

Uniformity, additive (of a topological division ring) : III, 6, 8. 
Uniformity, additive (of the real line) : IV, 1, 6 
Uniformity coarser than another : IT, 2, 2. 

Uniformity comparable with another : II, 2, 2. 
Uniformity compatible with a topology : II, 4, 1. 
Uniformity, discrete : II, 1, 1. 

Uniformity finer than another : II, 2, 2. 

Uniformity, Hausdorff : II, 1, 2. 

Uniformity, induced : I, 2, 4. 

Uniformity, left (right) (of a topological group) : III, 3, 1. 
Uniformity of finite open coverings : IT, 4, 1. 

Uniformity of finite partitions : I, 2, 2. 

Uniformity, p-adic : II, 1, 1. 

Uniformity, product : II, 2, 6. 

Uniformity strictly coarser than another : IT, 2, 2. 
Uniformity strictly finer than another : IJ, a, 2. 
Uniformity, two-sided : III, 3, Exercise 6. 

Uniformizable (topological space, topology) : TH, 4, 1. 


- Uniformly bounded above (below) (family of real-valued functions) : 


52 5- 
Uniformly continuous mapping : II, 2, 1. 
Upper envelope of a family of real-valued functions : IV, 5, 5. 


Upper limit of a real-valued function with respect to a filter : IV, 5, 5. 


Upper semi-continuous real-valued function : IV, 6, 2. 


IV, 


Upper semi-continuous regularization of a real-valued function : IV, 6, 2. 


Valuation, p-adic : III, 6, Exercise 23. 

Value, absolute : IV, 1, 6. 

Value of a germ of a mapping at a point : I, 6, ro. 
V-chain : II, 4, 4. 

V-close (points) : IT, 1, 1. 

V-neighbourhood of a set : II, 1, 2. 

V-small : II, 3, 1. 


Weierstrass’s theorem : IV, 6, 1. 


